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Abstract

The problem of electromagnetic plane wave diffraction on an infinite perfectly
conducting circular cone with periodical longitudinal slots is considered. This cone
structure is a model of a slot cone antenna and reflector. The plane wave propagates
along the cone axis. The method for solving electrodynamics boundary problem is
based on using the Kontorovich-Lebedey integral transforms and the Rieman-Hilbert
problem method. Analytical solutions for a partly transmitted cone and a narrow cone
sector (strip) are derived. Boundary problem spectra, field structure and its behavior
near boundary singularities are investigated.

1. INTRODUCTION

It’s well known that the investigation of open screens scattering problems is of
interest theory and practice both [1-3]. The one of most serious problems of modern
technologies is the wide band and super wide band electromagnetic waves radiation.
Cones and bicones structures have application in radiolocation, surveillance,
communications, telemetry because of them wide bands and ultra wide band behaves
[4,5,7]. There have been several theoretical investigations on the scattering by open
cones and bicones [5-8]. Circumferential slots on cones with elliptic cross section
have been studied by Blume and Grafmuller [6]. As for circumferential slots on
circular cone some results are presented in [8]. Work [7] is devoted to diffraction
problems for radially conducting circular cones and bicones (number of conductors
and their characteristic dimensions were ignored). The electromagnetic field of
radially slotted perfectly conducting elliptic cone has been tackled by Vafiadis and
Sahalos in [8]. However the slot was finite and the slot width was assumed to be much
smaller than its length. The structure under consideration is an infinite perfectly
conducting circular cone with slots cut periodically along generatricies. This structure
can be regarded as a suitable model of controlled slot antennas and reflectors. There
are no restrictions for the slot width of the cone. The radial dipole field scattered by

the cone with periodical longitudinal slots has been given by the present author [9,10].
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The purpose of this study is to solve the problem of electromagnetic plane wave

diffraction on the cone with longitudinal slots.

2. FORMULATION OF THE PROBLEM

z In spherical coordinate system r,3,¢ the
cone structure with N periodical slots cut
along generatricies is defined by an
equation 9=y (Fig.1). The period of the
structure [ =27/N and the slot width d
are angular values. The slot width is a
value of dihedral angle formed by planes
r,8,0) that pass through the cone axis and cone
strip edges. Let the incident linear

polarized electromagnetic plane

y Figurel wave

{E',H'} propagates along the cone axis
(with time dependence exp(-iwt)  suppressed throughout). The total

clectromagnetic field consists of the incident and diffracted field:
E=F+E', H=H+H" (1)
The field components can be expressed via electric and magnetic Debay potentials
U,,U,, as follows [1 1]
E=VxVx(FU)+ikVx(FU,), (2)
H = —ikVx (FU,) +Vx Vx (FU,). (3)
The potentials U,s =12 satisfy the Helmholtz equation, boundary conditions at the

cone, infinity condition, singularity condition (the cone tip, cone strip edges). Let the

incident field be
E'=(E!,0,0),H = (0,H].0), Q)

where E. = H ; = exp(ikz) with k=w/c being the free-space wavenumber,
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One of effective analytical methods for solving diffraction problems with conic
boundaries is the method of the Kontorovich-Lebedev integral transform [12]. The

pair of the transforms is presented in the form

F(r) = J’f() H. (e )d (5)
7 re T

-\/—
F(r)= ——;+ITSF’£?TTE E;P(f)———-—%(; )dr 5 (6)

here H(kr) is the Hankel function. The solution for U, can be written as the sum of

a free-space field potential U’ and a diffracted field potential UY, due to the presence

of the slotted cone:

U, =Vl UL =12, -
where .
Ul(r,9,0) = —-TC?—S_i—(cos Jor +icos Isinkr — ’“w”) 5 ()
k*rsind
Ué(r,&,gy):U]"(r,S,:ﬁr/Z-—gp) ; )
il TR (10)
s i sinkr a7 |, ; |ml. .-
T = - |! - (—f] |5 (1)
2k rody QutayT M
- S I_,—|m+m\"| (i" cos 19') ,-(,,,__n_.\.-}p "
Vm = ngﬂl’\ d,. 1 ] (1‘-')

H==at

= Nl
N - |ueen (+ — ?;)
40 -
ay’ s

i

¢ is represented in terms of the Kontorovich-Lebedev transform (4)

- Ea] _ar (1) ;
e o rshﬂ:*e 24¢ a Hie (W) —ff—=dr (13)
here
MF Z ( 1 |))-] I Pm (COS;’)berﬁ:‘} . (14)
m=—1;1 1

1 T i T 2 1 2 () 1 I]??'Il L
h a0 L 4 + ’ = ——| —+ 1 5 1:)
"k \’ 2% chmr (T /J =3 [ m o
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Pm+n\" (+ cos ‘9)
+it g g
G2 = 3 K = glnemi, (16)
i =] P_l_. (£cosy)
J/ 2 it

Pl(tcosd) are the associated Legendre functions, the upper sign corresponds to
0 <9 <y and the lowerone y <9 <7; éjr‘) ('“)(s =1,2) are unknown coefficients,
EW = Jim x¥ 17

“ e

2. SUMMARY EQUATIONS

Taking into account the boundary condition and the field continuity condition at

the slots we obtain the following function equations

+Z @ [N +v]® |(1 £1)e™ =0, |No <i“f?— (19)
where
[N+ @a = &)
(=)l 1"(1/ +iT+(n+V)) chrr ,(20)
- ?r(sm"/)l s F(/+u —(n+v)) i . P[’““W(co%}/)—--‘—l P(" vw( cosy)
dy*! " e dy
['(z) - Gamma-function, %1 =m, +v,~1/2<v <1/2, m, is the nearest

integer number to %, B(s)=(=1)". By using the Rieman-Hilbert method [1]

function equations (18), (19) can be brought to the pair of infinite systems of

linear algebraic equations for coefficients %@ §=12. The is an infinite system of

e

linear algebraic equations for x!) [10]

2 o iy I|'}?‘r!0| 2) -1 d | I 2) =]
-}E-.Er = O:h == (]' - ErEr,m )I/::R (“) + Z(x:ar 31 5”‘n P J(H ”]}le (”)

['(z) M p=D
£ (x® —70)P, @) + £ Q2 @) n 20

@n
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|
1(1!) ( §mn - —Vm(l o 8{2} )V”’u (h’)

Pv (:?:) + vl ( ) m[.‘l ' (22)
+y Z (xffi, (5””) | ,{ELV” (i),
here
d ! iy
u—cos(-l—ﬂ') O =0,n#myd," =ln=mgy;
Vo) = ( [P )P, () =P, @)E,., )] , (23)
7B, __1__ - P, (u) _ |
e {Pp T ] (zs)]}- 24)

The matrix operators of infinite systems are compact and coefficients x& not depend

on wave number k. It's convenient for analyzing far field (b >> l) and field near the

cone tip (kr << 1). For any problem parameters the system solutions can be obtained
with the reduction method and for special cases of the cone (partly transmitted cone,

narrow cone strips) with the iteration one.

4. RESULTS

Let’s consider the cone configuration when the limit

lim {__m( . /)} =050 (25)

‘\’—Nm

exits. This conic surface is a partly transmitted cone. By using the iteration method for
solving the infinite systems one can derive analytical solution of the diffraction

problem for the partly transmitted cone:

2

f T +on (1} > I xr
i— H k?’ ! e
o = . (Lg% Cos @ I !rg = 4)3 2thze P (cosy)
K\ 2k §oAr e (26)
x P (~cosd)d g —_—«mswmrgz z.:’rgE Sl Jy<8<r,
—E+I'r ku ]. g 2Q 2 2

chﬁT

&y =" +%4)P 1 (cosy)+20 @7)

T

us =0. (28)
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The expression in (26) yields the tip-diffracted field for the incident cone axis plane
wave and observation points provided, however, that & > 2y . The potential U, ¢ in the
region 0 <& <y has the analogous form. The diffracted field due to the presence of
this partly transmitted cone is determined by potential U only. That's why the

diffracted field is the TM one. The field components satisfy the boundary-averaged

conditions at the partly transmitted cone:

Er = . (29)
g ua-z-+k2 (rH ) (30)

Osiny " |ar? P

where H=H*—H ,H* =H\lp s H =Hlg,

The potential U, (7) can be presented as residue series around positive poles of the
integrand in (26)

] T - v 2 _ 1 g
U, =-2 22,5 cosgy. i (V‘f dA)lvq (kr)

2

[P',l . (cosy}} P_’;__ (—cosd), (31)

kN ke = eosav, —o, |, Bl .
!dlu =y,
y<d<m

The infinite series in (31) is useful for computation only in those parameter ranges
where it converges rapidly: in the vicinity of the cone tip (kr<<I). To investigate the
far field behavior (kr>>I) one should make use of the “quasi-optic” integral

representation for the Debay potential in (26). The boundary problem spectrum for the

partly transmitted cone is determined by the positive roots v, of the equation (32).

Solving this equation asymptotically we find

1) forany y and O<<I

1
. 20cosza,

vi=a -
1+ 2 nE | | .

ﬂ'[(a'a ) —1,;4}—[}7] (cosy)P (—cosP)| _ .

; du- -5+ ~5H peay

+0(0Y), (33

P

Lt
7 %

(cosy)=0, P71 (=cosy)=0;
S+

2) forany y and O>>1
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w1 1 y 5
7, :§+q+2_0'ff(9+1)[f’q‘(cosy)]2 +0(@7) i

3) forany Qand y <<1

oL glg+1l) » [ W B )

=—dgt—"—"9"+0 y"In ; 35
KR TRe T 4 A )
g=1,2,3....

Near the partly transmitted cone tip (k? <<1) the total electric field components are

—3/ 2+

equivalent to (k) , where ¥, is the smallest positive root of the equation (32).

The total electric field behavior at the isotropic perfectly conducting cone tip Qf << l)

is of the type [13,14] |E ~ikr§y1"2 . For small cone angles (y << 1)

3 e
T 36
1Yy Hi+20) En

Thus the total electric field scattered by the partly transmitted small angle cone
decreases fast (for & — 0) as one for the isotropic perfectly conducting cone (y << 1).
The partly transmitted cone is a model of cone surface formed by many narrow
conductors (a wire cone antenna or reflector). That’s why the surface current density

has a radial component only

| —inl4 +0 T %
: ' gt 1 cos@ sinkr
T cosg |- shrre ? HY (kr)P cosy)dr +——————
I = Nk sin 4 ¥ [;[crr., 2 () -::-m( 7) 1+20 cos’(y/2) kr
(37

The diffracted field is TM type field of elliptic polarization, as follows (26), (31).
The analytical solution for a narrow cone sector (N =1 and f=27-d <<1), is

determined mainly by the electric potential " that may be written in the form

1 l jm 2
g et o 4 1) et
< S o m(BA) kN 2k Z,,( J 8B
e wr '|1_!(1—§S)) P’ o (i cos 9)
J-z‘rhfrreTP']l (cosy) i P”z ‘ (I- —)df 4
i + cos
0 2 L {FLZL‘-’F?}A’L: ,_]_}_H-f
Aé: p=0| Pl B

isinkr O[Ez) (38)
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here
= 7 P, (cosy)P, (~cosy),1-69 = 1 _
chrr M - 1 e 5}, )
1
v /Air : [ is a cone sector width
T — e o ; .
=L 5 Lo 21n(8/4)
Air p;l}!p| ?

The expression (38) is true for observation points, which are far from the cone sector
edges. The smallest value of the boundary problem spectrum for the narrow cone

sector is

=~ 1
%= 21n(B/4) FO{m? ﬂ} 39

[t corresponds to the wave that propagates along the narrow sector (a sector wave) and

defines the field singularity at the sector tip (k?' <<1). Thus E,field component

behavior in the vicinity of the tip is reduced to the following one

1

B i ol D00 ). 40
s ) o) (40)
1 f . 1-Ce*?
DI8,p) = Ajctg(3/2)+ ——! —1+Re| — : — —— || Ly <9<,
(6.¢)= Alcte(9/2) sin 9\_ A C?e™ +2Ce" cos(ﬁ,-"2)+1} !

C = ctg(9/2)/ctg(y/2).

For region 0 <% <y one should change & to 7 —4 in (40).

5. CONCLUSION

An efficient algorithm for solving electrodynamics boundary problems with slot
cone geometry is described. By using this algorithm one can derive analytical and
numerical solution of plane electromagnetic wave diffraction on cones with
longitudinal slots (three-dimensional gratings). Analytical solutions are obtained for
the partly transmitted cone and the cone sector. The boundary problem spectrum is
investigated. Spectrum analysis shows eigenvalue independence on wave number.
Field behavior at the tip is defined by the smallest eigenvalue.

The algorithm described may be extended over transient electrodynamics

problems for inhomogeneous cone structures.
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