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HEKOTOPbBIE CBOACTBA NMPEAWKATOB NMOPJAAKA

Ilpenukat E, onpejae/ieHHbI Ha N€KapPTOBOM KBaJpaTe MHOXe-
ctBa M, HasbiBaeTcsi peghaexcusHoim, ecad Aasa Jwoboro x u3z M:
E(x, x)=1.

Ilpeankat E Ha3biBaeTCsl TPAH3UTUBHOIM, €CJIH JJs JIOOLIX X, Y
Hzu3 M: E(x, yy NE(y, 2)=E (x, 2).

IIpeaukar E Ha3blBaeTCsl GHTUCUMMETPULHOIM, €CIHH IJs1 JTIOGbIX
x, yus M: E(x, yy NE(y, x)=>x=y.

Ilpenukar E Ha3oBeM NpeiHMKaTOM KBa3WMOPsAKA, €CJAH OH ped-
JIeKCHBEH H TPAH3HTHBEH. AHTHCHMMETPHUHBbIH MpPEeJHKAT KBa3HIO-
psilKa Ha30BeM MNPeIUKAaTOM HecTpozozo nopadka. HokaxeMm Teo-
pemy o6 oflieM Bule KJacca MPeIHKATOB KBa3HIIOPSAKA.

Teopema 1. [Tycre E(x, y) — npeduxkar ksa3unopsoka, onpede-
AeHHbLl Ha Oexaprosom keaodpare mruoxcecrsa M. Tozda cyujectsy-
er Takoe mroocecteo N, ¢pynkyus f: M—N u npedukar wectpozoco
nopadka W na mroocecrse N, uto dasn aobeix x, y usd M: E(x, y)=
=W (f(x), f(y)) (1). O6parno, ato6oii npedukar E (x, y), koTopsLii
MmoxcHo npedcrasure 8 sude (1), ssasercs npedukatom K8a3uno-
padka.

JokasarteabcTBo. JokaxeM cHauasa BTOPYIO 4acTb TEO-
pembl. Ilycte npeaukar E(x, y) npencraBien B Buae (1); nycTsb
E(x, y)=E(y, 2)=1. dto o3uauaer, uto W (f(x), f(¥))=W(f(y),
f(z))=1. B cuay TpaH3uTHBHOCTH npeaukata W, MOMkKHO yTBep-
xaate, uto W (f(x), f(z)) =1, orkyna E(x, z) =1. 3nauut, npeau-
kKat E tpansutuBen. Has nwboro x usa M E(x, x) =W (f(x), f(x)) =
=1, B cuny pedekcuBHOCTH npeaukata W. 3Hauut, npeaukat E
pedaekcusen. Mrak, npeaukar E(x, y) obnamaer cBocTBaMHu ped-
JIEKCHBHOCTH M TPAaH3HTUBHOCTH H, CJ€J0BaTeJNbHO, SIBJSETCH MPeau-
KaTOM KBa3HIOPsiAKa.

Hoxkaxewm nepByio dacte TeopeMbl. Ilycrs Ti={y|E (x, y) =1}
B kayectBe MHOXecTBa N B0O3bMeM MHOXKECTBO BcexX T, a B KauecT-
Be npegHKaTa HecTpororo nopsaka W — npenukatr W (X, Y), pas-
HBIA 1 Torpa u Toabko Torma, korga X=Y. ®yukuuio f(x) moctpo-
UM caenyoluM o6pasom: f(x) =T, 3amerum, T,%~J, Tak KaK AJ4
noboro x u3 M E(x, x) =1, 1. e. x&T,. Ilycts E (x, y)=1. Toraa
T.,=T,, tak kak ecniu 2T, (1. e. E(y, 2)=1), T0 B cuav tpan-
3UTHBHOCTH npeaukara E, E(x, 2) =1, a 3uauut, 2&7T,. CaelgoBa-
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renbHO, B 3ToM cayuyae W (f(x), f(y))='1. Ilycts Teneps E (x, y) =
=0. Toraa y=T. Ho, B cuay pedaeKcHBHOCTH, y=T,. 3Hauur,
T,= Tx, 1. e. W(f(x), f(y))=0. Teopema noKa3aHa.

31y TeopeMy MOXHO NOJYYHTh M3 GoJee OGLIMX COOGpParKeHHIl.
[Jokaxem TeopeMy 06 o6lieM BHIe KJacca TPAH3HUTHBHBIX INpPEIH-
KATOB.

Teopema 2. ITycre E(x, y) — Tpan3utusnsili npeduxar, onpede-
1eHHbLE Ha dekapTogom keadpare mHoxcectsa M. Toeda cyuwjecrsyer
rakoe muoxcectso N ynxyuu fi:M—N,, fo:M—N, (N, No.=N)
1 npeduxar Hectpozoeo nopadxka W na muoscecree N, uto 0as aro-
boux x, y uz M

E(x, y) = W(f (%) f2(uN) N W(fa(9) f1(9)). (2

O6parno, awbod npeduxar E(x, y), KoTOpobLli MONCHO npedcTasuTs
8 gude (2), A648€TCA TPAHSUTUBHHLIM NPEOUKATOM.

HdokaszarteanbcTBo. JlokaxeM cHauaja BTOPYIO  4acThb
reopembl. Ilycte E (X, y) npeacraBaed B Buie (2), E(x, y)=1,
E(y, z)=1. Torma W(fi(x), f2(y))=1, W(f(y), h(p)=1,
Wili(y), [2(2)) =1, W(f2(2), [1(2))=1. Otcona caenyer, uro
W(i(x), fo(2))=1 (B cuay TpaH3uTHBHOCTH mnpeaukaia E) u
W (fo(2), fi(2))=1. 3naunt, E(x, 2) =W (f1(x), f2(2)) AW (f2(2),
fi(2))=1. Mbl nokasanau, yTo npeaukat E, npeacraBJeHHHIH B BH-
Ie (2), Bceraa TPaH3HTHBEH.

JlokaxkeM nepBywo uacTb TeopeMmbl. B kauecTBe MHoOXecTBa N
BO3bMEM MHOXKECTBO BCEX NMOAMHOXecTB MHoxectBa M. Ilpegukar-
WV onmpegesuM TOYHO TakK Ke, KAK H B JOKAa3aTesJbCTBe TeOopeMbl I.
Mycty To={y|E (x, y) =1}, Py=T,U{y}. Torna B Kauectse N| BO3b-
MeM MHOXecTBO Bcex P,. Ilocrpoum oyHkuuu f; u fo caenyromum
ospasom: fi(x)=T., fo(y)=P,. Ilyctp E(x, y)=1. Otcrona cJe-
ayer, uto y=T, Ilokaxem, uyto Ty=T,. J[lelAcTBUTEJIbHO, MYCThb
2€Ty. D10 o3Hauaer, uto E(y, 2)=1. B cuay TpPaHSUTHBHOCTH
nonyuaem £E(x, 2)=1, 1. e. 2z&T,. 3uauur, T,=T,. Ho Torapa
T,U{y}=P,=T,, otryna W (f,(x), f2(y)) =1. U3 noctpoenuss pyHk-
uait f; u fo wemocpeactBenno BeiTekaer, uto W (fa(y), fi(y))=1.
CaenosatesnbHo, B 3ToM cayuae W ([, (x), f2(4)) AW (f2(y), 1(y)) =
=1. Ilyctb teneps E(x, y) =0. Torna y=Ty, 3nauut, Py=T,, oOT-
kyaa W (1 (%), fo(¥)) AW (f2(y), f1(y))=0. Teopema mokasaua.

ITokaxcem, kKak U3 obuiero Buaa (2) kjaacca TPaH3UTHBHBIX Tpe-
JUKAaTOB MOXKHO NOJAY4YHTb oOwWHHA BuA (1) Kiacca mnpeaukartos
kBasunopsinka. Paccmorpum  Beipaxkenne E(x, x)=W(f, (x),
(x)) AW (fa(x), fi(x)). Ecau E — npeaukaT KBasuNOPsiAKa, TO
oH oGsanaer cBOMCTBOM pedJ/IeKCHBHOCTH, CJEI0BATENLHO, IJs JIO-
Goro x: W(fi(x), fo2(x)) AW (f2(x)), f1(x))=1. B cuay aHTHCHM-
MeTpHYHOCTH mnpeaukata W, aas mawoboro xfi(x)=fs(x), caenosa-
teabho, fi=fo. Torna W (f2(y), fi(y))=1 u Mb noaysaem mnpex-
craBienue (1).
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IlokaxeM TeopeMy 06 oGLIEM BHIE KJacca NPeAHKAaTOB, YAOB-
JIeTBOPSIOLINX YCJIOBHSM:

VxVyAz(E(x, Y N Ely, X) N E(y, 2)=E (x, 2)), 3)
VxAyAz (E(x, Y) N E(y, 2) N E (2, y)=E (x, 2)) (4)

H YCJOBHIO pedIeKCUBHOCTH.
Teopema 3. [lycte E(x, y) — npedukar, yoosieT8opaOUUl

ycaosuwo pegaexcusrocru u ycaosuam (3), (4), onpedesenHoiii Ha
dexaprosom ksadpare mroxectsa M. Tozda cyuwjecrsyer Ttakoe
muoxcecrso N, ¢pynkyus [:M—N u npedukar W*, ydosaersopsio-
wull ycaosuam pepaekcUBHOCTU U QAHTUCUMMETPUHHOCTU, onpede:
AeHHbldl Ha dekaprosom ksadpare mHoxcectéa N, 4To Oaa a06bly

X, yus M
E(x, )= W*(f (x), f(¥)). (®

Obparno, awboii npedukar E(x, y), xoTopeiil mosxcHo npedcTasutt
8 sude (b)s ydosaergopser Yycaosurd pedhieKCUBHOCTU U YCAOBU
an (3), (4).

INokxaszaTtenbcTBo. JokaxkeM cHauaja BTOPYIO YacTb Teo-
pembi. Ilyers npenukat E(x, y) npeacrasiedH B Buge (9), X, y, 2
takoBol, uto E (x, y) AE (y, x) AE(y, 2)=1. Torma, B cuny npez-
crasenns (5), W*(f (x),F(4)) = W* (F(y), F(x)) =W*(f(y).(2)) =
=1. B cuJly aHTHCHMMETPHUYHOCTH npeaukata W*, MoKHO yTBep-
®aaTh, yto f(x)=f(y), otkyna W*(f(x), f(z))=1. Orciona, B cuy
npeacraBaenus (5) caenyer, uto E(x, z) =1. CpofictBo (3) noxa-
3ano. Ilycts x, y, z TaKOBbI yro E(x, )/\E(y, 2)NE(z, y)=1
Torxa W* (f(x), f(4)) = W* (F(9). fZ))—W*(f 2), [(y))=1.B cw
ay aHTHCHMMETquHOCTH npeaukata W*f(y) = f(z), oTkyna
W*(f(x), f(2))=1. CnenoBateasHo, f(x, 2) —l CeoiictBo (4) no
KasaHo. PedsekcuBHOocTh nmpepnkata E BboiTekaeT u3 pedraeKkcHs:
HOCTH npeaukara W*.

Jokaxem nepByio uacTb TeopeMmbl. Ilycte npeauxkar E peduJek-
CHBEH H yJoBJeTBopsieT ycaoBusMm (3) u (4). BBenem Ha MHOXe
ctBe M oTHOLIeHHe T cJenylomuM obpasoM xty «— E(x, y)A
AE(y, x)=1. IlokaxeM, yTo T — OTHOIIEHHE 3KBHBAJIEHTHOCTH.
JeficTBUTENBHO, AJs1 N1060r0 X BepHO XxTX, 60 E(x, x)=1 B cumy
pedekcHBHOCTH npeaukata E. 3HauuT, OTHOIIEHHE T pedJIEeKCHBHO.
Ilycte xty, tTorma mno onpepenenuto E(x, y)=1, E(y, x)=1. Hc
TOrma, oueBuAHO, ytx. Ilycts xty, yt2. Toraa, B cuny (3), xt2. Ms
0Ka3aJd CHMMETPHYHOCTh H TDAH3UTHBHOCTb OTHOIIEHHs T. Tak
KaK T — OTHOIIEHHE 3KBHBAJEHTHOCTH, OHO HHAYLUUPYET Ha MHO
*KecTBe M pa3GueHHe Ha MONAapPHO HemepeceKalolllHecsl KAacchl IKBH
BaJIEHTHOCTH.

B kauectBe MHOXecTBa N BO3bMEM MHOXKECTBO KJacCOB KB
BaJIeHTHOCTH ((aKTOp-MHOXKECTBO), B KauecTBe pyHKuuH f:M—>N—
(YHKIHIO, CTaBSLLYI0O B COOTBETCTBHE JIIOOOMY 3/1eMEHTY MHOXKEeCTB:
M Kkjaacc 3KBHBaJIEHTHOCTH, copepxamui ero. [Tpeaukar W* ompe
IeNuM Tak:

W*(F,, Fo)=1levyx€F, yyeFR E(x, y) =1,
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rie F,, Fo — HekoTOpHLIe 37eMeHTH (aKTop-MHOXKecTBa. PedJiekcus-
HocTh npeaukara W* ciaeiyer u3 onpefeseHHs] OTHOLIEHHS1 5KBHBa-
JeHTHOCTH. JleHCTBHTENbHO, X U Yy NPUHALJIEXKAT OZHOMY KJjaccy
3KBHBaJIEHTHOCTH F Torga u TOJbKO Toraa, koraa E (x, y) NE (y, x) =
=1, cnexpoBaTebHO, AJs Jioboro xF u awboro y=F E(x, y)=1,
KakoB Gbl HH OblLT KJaacc F. 3Hauut, anas jaw6oro kKjaacca FW*(F,
F)=1.

[Tokaxem, uto npeauxkatr W* autncummerpuuen. Ilyctp W*
(Fi, F2) ANW*(F, Fy)=1. Ilo onpeaenexnuto nosyuaem

vx€EF,, yvyeFy, E(x, )N E(y, x)=1,

oTkyga cJjaenyet, uto VA xF,, y=F,;xty. D10 03Hayaer, uTo
Fy=F,. AutucummerpuuHocTh mnpexukata W* mokasana. Ocraercs
nokasaTh, YTO cnpaBenauBo npeacrasienue (5). Ilycrs E(x, y)=1.
‘Torna f(x) — xJacc 3KBHBAJEHTHOCTH, COAep:KaWHUH X, f(Y) —
Klacc 3KBHBAJIEHTHOCTH, cofepxawuil y. [lokaxeM, uto aJs Jio-
boro x,=f(x) u awob6oro y1=f(y) E (x5, y1) =1. lycts x,Ef (x). D10
3Hauut, uto E (x;, x) AE(x, x;) =1. YuureiBas, uto E (x, y)=1, no-
aysaeM B cuay (3) E(x;, y)=1. U3 y,=f(y) caeayer, uro
E(y, y\) ANE (y1, y) =1. YuurbiBas, uto E (x;, y) =1, nosyyaem B cH-
a1y (4) E(xi, y1)=1. U3 cka3aHHOro BhILle U ONpeJeeHHs MPeau-
kata W* caenyer, uto W*(f(x), f(y)) =1. Ilycrp Teneps E (x, y) =
=0. Torma HemocpenCTBEHHO W3 omnpeneJeHUs npeaukata W* cae-
ayer, uto W*(f(x), f(y))=0. Teopema mokasaua.

Hast ogHoro W Toro e npeaukata E (X, y) BO3MOXKHBI, BOOG-
lie rOBOPsi, pa3JHuHble NpeacTaBjeHus THna (5).

Teopema 4. Ilycre pedgrexcusnolii npedukar E(x, y), ydosaerso-
paowguii ycaosuam (3), (4), donyckaer npedcrasaenue (5) dsymsa

cnocobamu:
E(x, y) = W*(f (x), f (9, (6)
E(x, y)=W**(f"(x), f' (%), f (9), (7)

20e f:-M—N, [":"M—N’, W* u W** — pepaexcusnole u anrucummer-
puunsie npeduxatst Ha mHoxcectsax N u N’ coorsercrsenno. Tozda
npeduxaret W* u W** yzomopgner [1].

HokaszaTteabcTBO. [Onsg mpokasaTeabcTBa H3oMopdu3Ma
NokKaXeM CcyllecTBOBaHHE TaKOH B3aHMHO OJHO3HAYHOH (DYHKUHH
¢:N—N’, uro ['(x)=¢f(x). PaccMoTpuM MHOXKecTBO mnap Bula
(f(x), f'(x)). INMoayuum HekoTopoe oTHouieHue ¢. [Tokaxkem, urto
ecan f(x1)=f(x2), T0 f'(x1)=f"(x2). HekicTBUTENBHO, ecau f(X) =
=f(x2), T0o W*(f(x1), f(x2)=1 B cuay pedJekcHBHOCTH, OTKyIa
B cuay (6) E(x;, xo)=1. B cuny (7) W*(f(x1), f'(x2))=1. Ho
Takke, OueBMAHO, HMeeM f[(xp)=f(x)), ‘(3x){) .4 ‘OHIIraLREOYILD
f(x;))=1wu E(x, x1)=1. B cuay (7) mnoayuaem W**(f (x,),
F(x1))=1. Tak kak W** — aHTHCUMMeTDHUHBII MNpeJHKAT, TO
['(x1)=f(x)2. MBI mOKaza/ju, uYTO OTHOLIEHHE ¢ SIBJASETCH OTO-
6paxenneM. Korma x npo6eraer Bce MHoxecTBo M, f’(x) npoGera-
er Bce MHOoxKecTBo N’. CienoBaTtenbHO, 0TOOpaxkKeHHe ¢ CIOPbHEKTHB-
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Ho. ITokaxeM, 4TO @ TaK:Ke HHBEKTHBHO. [lJIS 3TOro JOCTaTOUHO.
noxaaa'rb gto ecqd [/ (x1) =f" (%), To f(x)) =f(x2). HekicTBUTENBHO,
us ' (x1) f’}xg) B cuay (7) caeayert, uto E (x, xo) =E (x93, x1) =1,
orkyna W*(f (x1), f(x2))=W*(f(x2), [(x1))=1. B cuay antucum-
MeTpuuHocTH npeankata W* umeem f(x;) =f(x2). MubekruBHOCTY
otobpaxeHHs ¢ AoKa3aHa. M3 ckasaHHOro BhIILIE BLITEKAeT, 4TO ¢
ABJSIETCS B3aHMHO OJHO3HAayHbBIM oTo6paxenueMm. Teopema mo-
KasaHa.

U3 teopem 3 u 4 caeayer, uTto 10608 pedaeKCHBHBIHA NpeaHKarT,
yaoBJerBopsiioliuil yciaoBusiMm (3), (4), ¢ TOYHOCTBIO AO H30MOD-
¢hHu3Ma MOXKHO NpeacTaBHTh B BUJe (D). 3aMeTuM, 4TO KJacc Npenu-
KaTOB KBAa3HIOPsiKa SIBJSIETCS YacTblO KJacca pedJieKCHBHBIX mpe-
IHKaTOB, YAOBJETBOPSIOWHUX ycaoBusim (3), (4), Tak KaK 3TH yCJo-
BHSl TPAH3UTHBHOCTH. JTO BHAHO TakKXe U3 npeacrasjeHul (1) u (5)
(npenukat HecTPOroro nopsiika Bcerfa pedJieKCHBEH H aHTHCHM:
merpuuen). CienoBaTtesbHO, JIOOOH NMpefUKAT KBa3UNOPSLKA C TOY-
HOCTbIO 10 H30MOpPGhH3Ma MOXHO NpeacTaBuTh B Buae (1).

PaccMOTpuM Temepb OJHY HHTEDECHYIO HHTEpPNpETalHio Teopew
3 u 4. B npeneraBiaenun (H) QHUTypHPyeT HekoTopas GQYHKLHS
f:M—N.3ta QyHKUHS ecTeCTBEHHBIM 06pa3oM HHAYUUPYET Ha MHO-
XKectBe M omomeune 5KBHUBAJIEHTHOCTH 7, MpHYEM AJs JIOOBIX I
u y u3 M:xry—f(x)=f(y). Takylo 5KBHBaJEHTHOCTb B JIHTEPATY Pt
Ha3blBAIOT ;w,epuou skBuBaJseHTHOCThIO [2]. OTHouwleHue r onpepne
JsieT Ha MHOXecTBe M pa3GueHHe Ha NOMapHO HenepeceKaloLHecs
HEMyCTble KJacchbl 3KBMBaJEHTHOCTH. Toraa QyHKUHIO f MOXHO HH
TEePNPeTHPOBATh KaK (QYHKIHIO, CTABSAILYI0 B COOTBETCTBHE KaX10M)
3JIeMeHTy MHOXxKecTBa M KJsiacC 3KBHBAJIEHTHOCTH, €Tr0 coJepKallHii
Ilpenukar E(x, y) onpenensieT HEKOTOPOe OTHOLIEHHE e Ha MHOXe
crBe M, npuuem xey«—E(x; y)=1. Ilpeagukatr W*(f(x), f(y)) on
IeJisieT Ha MHOXECTBE KJacCOB 3KBHBaJIeHTHOCTH ((daKTOP-MHO
JKecTBe) TaKXKe HEKOTopoe OTHoulenHe w. Torma (teopema 3)

xey = f(x)of (y), (8

rae f(x) u f(y) — kaaccH, coaepxallie X H Y COOTBETCTBEHHOS
W3 teopembl 4 caenyer, uto ecau npeaukat E(x, y) yaoBierBops<
et ycaoBHsiM pedsekcuBHocTH (3) u (4), TO cyliecTByeT enuH-
CTBeHHOe (haKTop-MHOXKecTBO F # eaHHCTBeHHOe pedJekcHBHO
H aHTHCHMMETPHYHOE OTHOLIEHHE ) TaKHe, 4To BepHO (8). D10 BUAL
HO M3 TOro, uTO, B COOTBETCTBUU C TeopeMol 4, niobbie aBe QyHK!
uuy [ u f/, durypupyiomue B NpeACTaBJIEHHH OJHOTO M TOTO XK
npenukata E(x, y), OTIHYAIOTCS JIHIIb B3aHMHOOJHO3HaUHOM
¢yHKuMe# M, clelOBaTeJbHO, He BJHSIOT Ha (aKTOP-MHOXKECTBO!

BBeneM mNoOHATHe mnpeaHKaTta JuHeHHoro ymopsinoyeHusi. Ilpe|
IUKATOM JAuUHeliHoeo ynopsadodexus Ha3oBeM J1060H mpeguKaT He
crpororo nopsaka E(x, y), ynoBaerBopsiioluii yeaosuio E(x, y)\/
VE(y, x)=1 (9) Ans Jo6bix X, y #3 M. Eciu npeaukar HecTpos
roro nopsaka W, ¢urypupyoluii B Teopeme 1, yaoBJeTBOpsel
ycaoBHio (9), TO " npeaukat E (x, y) B npeacraBienun (1) Takxe
VIOBJIETBOPSIET 3TOMY yCJOBHIO, H Ha060pOT, ecau npeaukar £ (x, y)
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yaosaersopsier (9), To u W ynosaerBopsier (9). Orciona cieayer,
ut0 ar060ti npeduxar Keasunopaodxa, ydoanersopmou;uu (9), moox-
‘Ho npedctasute 8 eude (1), ede W — npedukar auneiinoco ynops-
Oowenus, u naobopor, ecau W — npedukar auneiinozo ynopsdoue-
JHus, o npeduxar E(x, y), ¢ueypupyrowuii 8 (1), asaserca npe-
,Oukarom keasunopadka u yoosaereopser ycaosuro (9). OueBHaHO,
JH B 9TOM cJsyuae npeacraBgenue (1) O6yner eIHHCTBEHHBIM € TOY-
HOCTbIO 10 H3oMopdu3Mma. [JokaxkeM Teopemy, B HEKOTOPOM CMbIcJe
060611aI0L1YI0 MOJYUYEeHHBbIH BhILE Pe3yJbTarT.

. Teopema 5. [Tycre npeduxar E(x, y), 3adanneiii na dexaprogom
.ksadpate muoxcectsa M, yodosaersopsier ycaosuro

YAVYVX VY, (E(x, 9) AE (x5, ) AE (x5, ) =E (x, y)). (10)
1Toeda e2o moxHO npedcTasuts 8 sude

) E(x, o) =L(fi(x), f2(9), (11)
ede fi:M—>N,, fo:M—N,; N, No=N, N — nekxoropoe muoscecrso,
1L — npedukar AuHeliHO20 Ynopsado4eHUs HA 3TOM MHOXCEeCTae.

1Haob6opor, awboii npedukar E(x, y), donyckarouyui npedcrasie-
-tue (11), yoosaersopser (10).
¢ HNoxasateabcTBo. JloKaxeM INepPByI0 UYacTb TEOPEMHI.

NMycts npenukar E(x, y) ynosaerBopsier (10). Beexem B paccmor-
-peHHe MHOXKeCTBa
1

) Te=lEM =1k K,{x[E(x. y)=1}.

"Mokaxem, uto ecau y=Tx, y1&=Tx, 10 Ky, =K, JeilicTBHTeNbHO,
nyets y=Tx. A1o 3uauut, uto E(x, y) =1. Myers y,=Tx. 1o 3Ha-
aut, uto E(x, y;) =0. [lyets xy&€ Ky» 1. €. E(xy, y1)=1. Toraa,
-B cuny (10) E(x), y)=1, 1. e. x;=K,. BriaouyeHHe MHOXKeCTB
K, =K, noxasaro. PaccMoTpum npoHM3BOJNBbHbBIA 3JeMeHT x H3 M.
wEcin Tx He mMyCcTO, TO AJS KaXKAOro y M3 Tx MOCTPOHM MHOXKECTBO
K, u paccmotpum nepeceuenne P, Bcex TaKMX MHOXKecTB. MbI 060-
).3HAYHJIH 3TO NepeceyeHHe yepe3 P NMOTOMy, UTO OHO OJHO3HAUYHO
(-onpenensercs snemeHTom x. Ecan xe Tr=J, 10 nosoxum Py=M.
- B kauectBe MHOXecTBa N BO3bMeM MHOXeCTBO Bcex Py, 00b-
eelHHeHHOe ¢ MHOxkecTBOM Bcex K,. IIpeaukar L(X, Y) nHa mHoxKe-
-ctBe N onpepeaum chaepywoiuuMm obpasom: L(X, Y)=1 Torma u
-To1bko Torna, korga X<=Y. Ilokaxewm, uto npeaukatr L(X, Y)
efiBJISETCA NpeiHKaTOM JiHHeHHOro ynopsigouenusi. OueBHAHO, npe-
fioukat L ynosieTBopsieT akcHoMam Hectpororo nopsinka. Ocraercs
).M0Ka3aTh, 4TO OH yaoBJeTBopsieT (9). Ias 3TOro AOCTAaTOYHO INO-
:-Kasath, uTo u3 L(X, Y)=0 caenyer L(Y, X)=1. JlelicTBHTeNbHO,
:-myete L(X, ¥Y)=0 (X, Y=N). Bo3amoxHbl cjellylollHe BapPHAHTHI:
/1) cywecTByioT x u y Takue, uto X=P,, Y=K,. Toraa P-CK,.
’STo 3HAUHT, YTO CYINECTBYET TaKOH 3JeMeHT X, &Py uTo xneK,.
CACIIOBH’IEJleO, yE Txl_ Has awboro y, € T, BepHO y, € T"l-

,)B cuny Aokasanuoro panee K, — Ky (aas aw6oro y, € T,). 910
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osHauaer, uto K, P, T. e LY, X)=1; 2) cywecrsyioT 2

M Y TaKue, 4TO X K, Y=P,. Torna K, P,. Torama, oue
BUAHO, P,CK,, u60 B MPOTHUBHOM CaAYuyae, comacno 1), K,=P,,
3) CyWeCTBYIOT Yy H Yy Takue, uro X = Ky, Y =K,,. Torﬂa
K,,ICK,, DTO 3HAYUT, YTO CYIIECTBYeET TaKOf S1EMEHT x€Ky |
uto x€Ky, OTKyna Y, € T\, Yo € T,. V3 noka3anHoro panee cie-
ayer K, <Ky, suaunt, L(Y, X)=l- 4) CymwecTBYOT X; H X,

takue, yto X = Px, Y=P, ,- Toraa Py P, . D10 O3Hauaer,
YTO CYLIECTBYET TAKOH 5JEMeHT X3, 4TO xaer. x3€ Px,. Ws
Xg € Px caenyer, 4To /s Jo60ro y € T BEPHO Xg € Ky,OTKy.u.a
IS .mo6oro YyE Tx BEDHO Y € Tx Hs xsepx cnenyer, 4To
cyuecTtByer Yy, € Tx TAKOH, UTO xaeKy, oTkyna Y, € Tx 3Ha-
YyurT, K,, <K, aas aw6oro y us T,. Ho Px CKy, 3Ha'{HT
P,ECK b0 moéoro YyeTy C.nezlosaTeano, P, CP,, OTKY-
na L(Y, X)=1. B npuBeAeHme BHIIIIE paccyxmenuﬂx l'lpEDJIO

Jaaranocb, yto 7, He mycro. B Tom cayuae, korna T,= O,
P,=M u, oueBHIHO, NOKa3bIBAEMOE YCJOBHE BbHINOJHSETCS.

Hrak, Mb BBeqn MHOXKeCTBO N M MOCTPOHJM HA HEM NpPEIHKal
L nuueitnoro ymopsinouenusi. B kauectBe MHOkecTBOo N, u Nj, du
TYPHPYIOLIHNX B YCJIOBHH TEOPEMbl, BO3bMEM COOTBETCTBEHHO MHO
>)KecTBO Bcex Pr u MHOXecTBO Bcex P,. OueBuano, Ny=N, N,=N
[MTocTpoum ¢yHKuuu fi u fo:

fl(x):va fz(’/)zK

ITokaxem, uto cnpaBemnuBo mnpexcraeienne (11). JeficTBuTenn
Ho, myctb E(x, y)=1. Torma y=Ty. u, cnepoBarenbHo, P.=K;
(tak kak P, npeicrtasasieT co6oii nmepeceyeHHe MHOXECTB, OJHHM
n3 kotopeix siBasercsi K,). 3Hauut, B 3Tom cayuae L(f (x))
f2(y)) =1. Ilycts Tenepn E(x, y) =0. Toraa Bo3MOXKHEI ABa Cayuas:
1) T-=¢. 3nauut, Pxr=M, orkyna P.CK,, Tax KaK B IPOTHBHONM
cayyae E(x, y)=1); 2) Tx=g. Torna xP,, x=K,. Cnenosa:
TeJIbHO, H B 3TOM cayyae P,C K, Mu nokasanu, uto u3s E(x, y)=
=0_caeayer L(fi(x), f2(y))=0.

JlokaxkeM BTOpylo uactb TeopeMbl. [Iycts E (X, y) npexncraBiiek
B Buae (11). Iyets E(x, y1) =1, E(x\, y1) =0, E(x,, y)=1. Torna
L(fi(x), T2(y)))=1, L(h(x), F2(y1))=0, L(fi(x1), [2(y))=1
B cuay cBofictBa (9) mnpeankaTa JHHEHAHOTO YNOPSAOYEHHS
BepHo L(f2(y1), f1(*1))=1. B cuay TpaH3HUTHBHOCTH npeaukarta L
BepHo L(fi(x), fo(y))=1, otkyna, coraacuo (11), E(x, y)=1
CpoiictBo (10) npeamkata E(x, y) mokasano. TeopeMa poKasaHa

Caenyiollas TeopeMa MOKa3biBaeT, 4TO J06Go# GHHAPHbBIA mpe

aukat E(x, y) Tak uiM HHaye CBsI3aH C NPeJHKATOM HECTPOIOIC
nopsjaka. ,
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Teopema 6./J4a a06020 6unaprozo npedurara E(x, y) nai-
Oerca mruoscectso N, mnuosecrea N, N,=N, pynxyuu fi:M—N,,
faM—N, u npeduxar wecrpozozo nopadca W na mnoxcecree N ra-

Kue, 4TO
E(x, yy=W(f,(x), fa(m). (12)

HorkaszarenbcTBo. B kauectBe MHOXecTBa N, MHOXKECTB
Ny, Ny u oyukuuit f; u f, Bo3bMeM Te e MHOMKECTBA H Te Ke
(yHKLUHH, YTO W B JOKasaTelbCTBe TeopeMbl 5. B xauecTBe mpe-
mkata W(X, Y) BoabMeM npeaukaT, paBHBIH eIMHHIle TOTAa
B TOJbKO TOraa, koraa X<=Y. BosmoxHocTh mpexacrasienus (12)
JI0OKa3blBACTCA TAK XK€, KaKk U BO3MOXKHOCTb mnpenacrtasjeHus (11)
(cM. mokasarteabcTBO Teopembl 5). Teopema pokasaHa.
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