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MATEMATUYECKHUE MOJAEJIN
PA3JIOZXKEHUA ITPOEKTUBHDBIX
INPEOBPA3OBAHUMN B 3AJAYAX
HOPMAJIM3ALINN

JIIOEYEHKO B.A., IYTATHH E.II

BriepBble pacCMaTpPMBAIOTCSI MOICIM PA3JIOKEHUST MTPOEK-
TUBHBIX NPeoOpa3oBaHUi Ha Gosiee MpocThie: adGUHHBIEC,
TIEPCIIEKTUBBI, LIEHTPATbHOE MpoeKTHpoBaHue. Ipemiara-
€TCSI aJITOPUTM HOPMATHM3ALIK [JIs1 OAHOTO M3 PA3JIOXKEHMIA.

PacniosHaBaHue 00pa3oB — oHA U3 BaXKHENLLIUX (DyH-
KUMI MHTeJIJIEKTa. 3aJauu paclio3HaBaHUs TpeICTaB-
JISTIOTCS OCOOEHHO aKTyaJIbHBIMU U TPYAHBIMHU, €CIIN
BXOIHOE N300pakeHUe MOABEPTrHYTO FeOMETPUIECKUM
npeodpazoBaHUsIM. [1pu pelieHuM 3ThX 3a1a4 NOA0M -
paeTcs MaTeMaThuecKasl MOJIeJIb, KOTopasi Haubosee
TOYHO OTBeuaeT TpeOOBaHUSIM pelllaeMoii 3amaun. B
OOJIBIIIMHCTBE CIy4YaeB JHOCTAaTOYHO paccMaTpuBaTh
npeodpa3oBaHus, OTBevarole ahGUHHOM IpymIle, a
WHOTIIA U €€ MOArpyIIaM.

OnHako rpeodpazoBaHusI U300PaKEHUI B psIIE TEXHU -
YeCKMX 3a/1a4 BbIXOIAT 3a paMKu ach(UHHON TpyIIibl
(aspodoTocheMKa, BUAEOChEMKa ITOBEPXHOCTH 3eMIN
U T.A.). 151 5TUX 33124 UCIOIb3YIOT MaTeMaTUUECKHE
MOJIEJI, KOTOPbIE OCHOBBIBAIOTCS Ha IMMPOESKTUBHBIX
npeobpazoBaHMsIx. Takue mpeoOpa3oBaHus Harbosee
TOYHO OMUCHIBAIOT peasibHbIe FEOMETPUUECKUE U3Me-
HeHUs 00bekToB. KoopanHaTHast 3aBUCMMOCTD IIpU
9TOM OIMChIBaeTCs (hopMyaaMu

_byx+bpy+bis , byx+byy+bys

’

x'= ,y'=
b3x +b3yy+bs3 b3x + b3y +bsz”’ )
bjp by b3
rae |by,; by, boz|=0. Marpuiy npeoOpa3oBaHus
b3y b3y bis
obo3Hauum I1.

MHOXeCcTBO MPOEKTUBHBIX ITPeoOpa3oBaHuii 00pasyeT
rpymy [1].

Hopmanuzanuus nzodpaxeHuit [2], monBeprHyThIX BIU-
STHUIO TIPOEKTUBHOTO IPeoOpa3oBaHMs, TOCTaTOYHO

CJIOXKHadA 3aJada, ITIO3TOMY IPEACTABIACT MHTEPEC ITOJTYy-
YUTDb €€ PA3JIO2KCHUA HA Ooee IIPOCTBhIC COCTABHEIC.

B nutepaType mpuBOAUTCS JOKA3aTEIBCTBO TOTO, YTO
BCSIKOE TIPOEKTUBHOE OTOOPAKeHUE MOXKET ObITh OCYIIIE-
CTBJICHO ITyTeM HaJIeXKalllero rnepeMeleHHus II0CKo-
CTH B IIPOCTPAHCTBE U ITOCJICAYIOIIETO ITePCIEeKTUBHO-
ro oToOpaxkeHus (U3 HaaJIexKalluM o0pa3oM BEIOpaH-
HoTo LieHTpa IepcrieKTuBhl) [3]. Kak Oyzner mokasaHo
HIKe, TAKOE IPeICTaBIeHIEe IIPOSKTUBHOTO Ipeodpa-
30BaHUsI BOBMOXHO B TOM CJIydae, KOraa LIEHTp Tep-
CIIEKTUBBI BIOpaH TaKUM 00pa30oM, 4TOObI KO3hPu-
LMeHT b330, B 3TOM Ccitydae ripeoOpa3oBaHue IpeacTa-
BUMO B BUJIE

o Prx+bpy+bis
b31X+b32y+1
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r_ba1X+boyy +bos 5
by x + b3y +1 2

OaHAKO OHO He TTOKPHIBAET BCE MHOXKECTBO IPOCKTUB-
HBIX TpeoOpa3oBaHuii. [ToaTomy Lieecoodpa3Ho pac-
cMaTpuBarh 3 BUAA Mpeodpa3oBaHUit, a MUMEHHO Mpe-
00pa3oBaHUsl, OTBeUalOIINe YCAOBUAM b3y#0, b0,
b3,#0. Martpuiibl 3THX IIpeodpa3oBaHMI IIPeaCTaBUMBL
COOTBETCTBEHHO B BUJIE:

by by b3 by by b3
I =1by; byy boy| Iy =|by by b
b3; 1 b3 by; by 1
by by bz
I3 = by by by
1 b3y bs;

Yreepxkaenue 1. [Tycts [, sBisitores mpeodbpa3oBaHu-
avu Il npn ycimoBum bz#0. Torma I1; momyckaior
pa3noXeHusI

1, = AHC, (3)
ajp app a3 10 0
roe A= apy apy ajnz |, C= a3 1 azy | — a(b—
0 0 1 0 0 1
1 00
¢uHHBIC Tpeodpa3zoBaHus; H=0 0 1
010

Hoxka3zaTtenbcTBO. ECciu mmeer MmecTo paBeHCTBO (3),
TO KomIto3uLus rpeoopazoBanuii AHC nomkHa omHO-
3HAYHO MPEJCTABIATHCS [TapaMeTpaMu Ipeodpa3oBa-
Huii I1,. leficTBUTEIBHO, U3 CUCTEMBI YpPaBHEHU

by =ay +aj3az;, byy=aj +azasz, byj=azy,

by =ay3, by =as3, biy =as3,
bj3=ajzaz3+ajy byz=ajazz+ar,
cIIe[lyeT CHCTEMa ypaBHEHHIA:
ajp=by1—bypbsy, az;=by;—bybsy, az; =byy,
ajp =bj3—bypbssz, agy =by3—bybsz, az; =bsy,

a;3=byy, a3 =byy,
YTO IOKA3bIBAET OAHO3HAYHOCTD ITPEICTABICHHSI.

PaccMoTprM reoMeTprIecKyIo MHTEPITPETAIINIO ITPe00-

pa3oBaHMs, 3amaBaeMoro Matpuiieii H, T.e. mpeodpaso-

BaHMST KOOPIWHATEI KOTOPOTO NMEIOT 3aBUCMOCTh
=T Y= 4)

®opmynamu (4) ompenelieHO TTPeoOpa3oBaHUe ST
J1100601 (UTYpHI, HE TepeceKatolieit mpsimyro y=0, T.e.
He TiepeceKarieii 0Cb aOCIIUCCHI.

Ilyctb Touke (a, b) mpeobpa3oBaHue (4) CTaBUT B

a 1
COOTBETCTBHE 00pa3 ( b ). Uepe3 3TH TOUKU MTPOBE-
JeM npsiMylo TuHu1o. Ee ypaBHeHMe MMeeT BU/:

y-b
%_b atacab) g2 XD -ya-a=0.(5)
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ITycts Touke (c, d) mpeobpa3oBaHue (4) CTaBUT B

C
COOTBETCTBUE 0O0Opa3 (E’ E)' VYpaBHeHUE TIpSIMOIA,
TIPOXOISIIEH Yepe3 3TH TOYKU, UMeeT BUI;

x(I+d)—yc—c=0. (6)
HaiizeM TOYKy mepeceyeHust STUX IBYX MPAMBbIX:
1+b
y=x -1,
x(1+b)—ya—-a=0, a
x(1+d)—ye—c=0, |y 1*d
1+b 1+d I+b 1+d
Xx——-l=x——"-1, X (_—_j 0, x=0 = y= -1
a c a c

Hrak, (0, -1) ssBJIsIeTCSI TOUKO#M MepeceyeHUs MPSIMbIX
(5) u (6).

L ITpoBepyM, TTPOXOINT JIU TIPSI-
Mas1, TIpOBeZIeHHAsT Yepe3 TOU -

Xo 1
KU (X u(. »_ qyepes
( 05 YO) ( Yo Y )a p

Touky (0, -1). YpaBHEHMe TIps-
MO, IIPOBEAECHHOM Yepe3 TOU-

F Xo
K1 (X09 YO) n ( y

g BUJI:

1
> ), IMeeT
y

4

(0,-1)

x(1+yg)—yxg —x9 =0. (7)

IlonctaBum Ttouky (0,-1) B
ypaBHeHue (7): 1-xg - xg =0, 0<0.

BriBoa: npeoOpaszoBaHue (4) eCTh LIEHTPAJIBHOE ITPOEK-
TupoBaHue ¢ LeHTpoM B (0, -1) [4].

3ameuanue 1. Toukm, nexainue Ha IpgMoil y=lI,
nepeBoAsITCS MpeodopazoBaHueM (4) caMu B ceOsl.

3ameuanue 2. Ecim durypa F jexuT Bbile ocu
abcuucchl, T.€. y>0, To ee 00pa3 F’ Takzke OyneT Bbliiie
OCH X(, 1 HA000pOT (PUCYHOK).

Yreepxkaenue 2. [Tycts [, sBisitoTcs mpeodbpa3oBaHu-
smu Il pu ycnoBum bsz=0. Torma Il, momyckaior
PpazIoXKeHUsI

I1,= AP, (n)Py(m) , (8)
)= AP, (h), )

rae A — adpduHHbIe mpeodpasoBaHus; Py(n) — mpeoo-
pa30BaHUs MepCNeKTUBLI BAOJb OCU a0CILIKCC C TTapa-
MeTpoMm n; Py(m) — nepcrnekTuBbl BIOIb OCU OPAMHAT
c nmapameTpom m; P, (h) —mpeobpa3zoBaHus nepcnex-
TUBBI BIOJIb MPSIMOI C YIJIOM HAKJIOHA, PABHBIM .,

aj; a;p ag 1 00
T.e. A=|ay; a az|, Pk(n)=0 1 0],
0 0 1 n 0 1
0 0 1 0
Py(m)=0 1 0 ’ P,(h)= 0 1 0 '
0 m 1 —hcos(at) hsin(a) 1

Hoxka3zarenbcTBo. [Tokaxem, 4TO KOMIIO3ULIUS TTPE-
obpasoBanuit AP, (n)Py(m) 01HO3HAYHO IIPECTaBIIS-
eTcs napameTpamu rpeodpazoBanus [1,.
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M3 cucteMbl ypaBHeHUI
byp =ajp+apm, by =ay +aym, by =m
bjy =ajp +apzn, by =ap +ann, by =n,
b3 =ays, by; =m

CJIeIyeT CUCTEMA YPAaBHEHUIA

a;=by-byjzm, a31=by;-bysm, m=bs,
a;p=bp-bysn, a»=byy-bysn, n=b;,.
a;3=bys, a3=by3,

AHAaJIOTMYHO OHO3HAYHOCTh MpeacTaBiaeHus (9) cie-
JIyeT U3 CUCTEM YPaBHEHMIA:

bll =ajp; +a;zm, b21 =aj) +apm, b31 =-h COS((X,),
b12 =ajp +a13n, b22 =an +3231'1, b32 =hsin(0c).

b3 =ay3, by3 =ay3,

2 2
ajp =by-byzm, ap; =by;-byym, h==%ya3; +a3,,

arctg( 32}
ajp =bjy -byan, as =by -byn, a= 31
12 12 13% 22 22 23
npuajz; =0,
90,3.3120,

a3 =bis, as3 =by3,

,HOKBBB.TCHLCTBO 3aKOHYCHO.

Yreepxkaenue 3. [Tyctb I1; saBisitoTcst mpeodpa3oBaHu -
avu I1 npn ycinoBum bs#0. Torma Il; momyckaror
pa3noXeHus

;= APy (n)Py(m) I, (10)
3= AP, (h) I, (11)

rae A — adpduHHBIe Tpeodpa3zoBaHus; P,(n) — mpeoo-
pa3oBaHUs TEPCITEKTUBBI BIOJIb OCH a0CIIHCC € ITapa-
MeTpoM n; Py(m) — nepcreKkTuBLI BAOIb OCU OPAMHAT
cmapameTpom m, P, (h) — mpeoOpazoBaHus nepcrek-
TUBbI BAOJIb MIPSIMOI € YIJIOM HakKJIOHa, paBHBIM o; [
— Ipeobpa3oBaHe CHMMETPHM, T.€.

aj; ap 1 00
A=|ay apy a23 P (n)=[0 1 0
0 0 n 0 1)
1 00 0 01
P,(m)=0 1 0| I={0 1 O
0 m 1 1 00

1
P, (h)= 0
—hcos(at) h s1n(a)

Jloka3aTeIbCTBO aHAJIOTMYHO JOKA3aTEILCTBY YTBEP-
XKIEHU 2.

VYrBepxkaenne 4. [ToaHas mpoekTuBHas rpymmna (1)
MOXKET OBITh TPEACTaBICHA XOTsI Obl OMHUM U3 Pasiio-
xkeHuit (3), (8)-(11).
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HokazatenbcTBO. [TOCKONBKY IeTepMUHAHT MaT-
puibl [1 He paBeH HyIIIO, CIeIOBATEILHO, TTapaMeTPhI
bs1, b3y, b3z OTHOBpEeMEHHO He paBHBI HYJIIO. A 3HAUUT
maTtpuna Il Moxer OBITH IIpencTaBlieHa XOTS OBl B
ogHoM u3 BuaoB I1,, I1,, I3, pazmoxeHUss KOTOPBIX
MpeacTaBlIeHbl B yTBepxKIAeHUSIX 1-3.

,HOKBBB.TCHLCTBO 3aKOHYCHO.

CaencrBue. MHOXecTBO ITpeodpazoBannii 1, IT,, I3
MOKPBIBAeT BCIO MpoeKTuBHY1o rpynmny I1 Buga (1).

PaccMmoTpuM ciyyam HOpManu3aiuyi H300paskeHUM,
JUTST KOTOPBIX HOPMAaJTM3aII s BOBMOXKHA.

[IpencraBuM n3o0paxkeHUE Kak (GMHUTHBIE DYHKIIUN
JBYX IepeMeHHbIX B(X, y) B IpSIMOYTroibHOI 00/1aCTH
D [2]. ITycTp sTanonHoe By(x,y) u BxogHoe B(x,y)
U300paKEHU ST UMEIOT 3aBUCUMOCTh

bl 11X+ blzy + b13 b21X + b22y + b23
b31X+b32y+1 b31X+b32y+1 ’

B(Xay) = BO(

T.. M300paxkeHUsI CBsI3aHbI mpeodpaszoBaHueM 1.
CremoBaTeIbHO, TSI HUX BO3MOXXHA HOPMAaJTA3AIINS C
MOMOIIIBIO pa3inoxeHus (8). OTMeTrM, 4To mpeodpaso-
BaHUSI TEepCIeKTUBH KOMMYTATHUBHBI, T.€.
P, (n)Py (m) =Py (m)Py (n) . [MosTOMy KOMIIEHCALIVSI
MEPCIIEKTUBBI P, (n) HE BIMSET Ha TapaMeTp MepcreK-
tuBbl Py(m), 1 Ha0GOpOT.

Ecnu Ha n300pakeHUK U3BeCTHA XapaKTepUCTUUYECKas
TOYKA (Xyp.,Xxp-) (TOYKA, KOTOPYIO MOXKHO HAWTH TIPU
JII0OOM Mpeodpa3oBaHNM ), HAXOAAIIAsICS B HEKOTOPOU
OKPECTHOCTH LIEHTPA TSLKECTU M300paskeHUsI, TO STaIl
KOMIIEHCAIlUU MIEPCIIEKTUBBI OCYIIIECTBAM IEPEXOI0M
OT 3TaJIOHHOTO N300paxkeHus By(X,y) K n300paxkeHUIO
B'o(x,y) 1 oT BxomHoro B(x,y) K u3oopaxenuto B'(x,y)
TaKM 00pa30oM, YTOOKI XapaKTepHasi TOYKa COBITIagajia
¢ LIEHTpaMU TspKecTelt u3oopaxkenuii B'o(x,y), B'(x,y).

IMonyyeHHbIe U300paxkeHUsT OYIYT CBSI3aHBI TOJIBKO
a¢dGUHHBIM IpeoOpa3oBaAHUEM.

Hnsa atoro Bo3dmeiicTByeM Ha uzobOpaxeHue By(x,y)
Mpeobpa3oBaHUEM MepCcHeKTUBLI Py(m+Am ) ¢ HeKo-
TOPBIM IIIAaTOM Am ¥ IpeoOpa30BaHUEM EPCIEKTUBbI
Py(n+An) ¢ HEKOTOPBIM LIArOM AN, ITPOBEPAS BBITIOJ-
HEHUS YCIOBUIA

[[Bo(x,y)xdxdy

D

[[Bo(x,y)dxdy ’
HDBb(x, y)ydxdy
Yxp. = Yur.- :W .
BrinonHuB aHaJ'[OFI/I‘{Hy}(l)) MPOLIEAYPY IJISI BXOTHOTO

usoopaxenust B(x,y), moayunm uzoopaxkeHue B(x,y),
JUIST KOTOPOro TakKKe OYAYT BBITOJHEHBI YCIIOBHS
XXp.=XLL.T.5 YXp.=Yu.T.

IToxyyeHHBIE M300paKeHUSsT 00JIaJal0T TEM CBOMCTBOM,
YTO LIEHTPHI TSLKECTU Y HUX COBMAIAIOT, YTO XapaKTep-
Ho mig adprHHOTrO IpeodpazoBaHus. TakMm oOpa3oM,
OCYLLIECTBIISIETCS TIepexo K n3obpakeHusiM B'o(x,y) u
B'(x,y), KOTOpEbIe CBSI3aHBI TOJBKO ah(PUHHBIM IIPpe00-
paszoBanueMm. Hopmanmmzanuio appruHHOTo MCKaXKeHUST
MOKHO OCYILIECTBUTh JIIOOBIM M3BECTHBIM METOIOM [2].

Xxp. =Xyt =

PH, 2002, Ne 2

Paccmorpum ciygaii, korga bj3=b,;=0, T.e. Korma
n300paxeHus: HecMelleHHbIe. [1pu 3ToM U3 ycitoBus
CYLLECTBOBAHUS TPeoOPa30BaHUSI CIIEAYET, UTO b330.
TaxuMm 06pa3om, BXOOZHOE 1 3TaJIOHHOE U300 pake HusI
CBSI3aHBI COOTHOIIIEHNEM:

b;x+b byx+b
B(x,y):BO( 11 12Y 21 22Y j

b31X +b32y+1’b31X+b32y+1

ITockonbKy mepcIieKTBa BCeraa BIMSIeT Ha 3HAYeHHe
LIEHTPA TSLKECTU M300pakeHUsI, CJIeIOBATENIBHO, TTPH-
3HaK HECMEIIIEHHOCTH IIEHTPa TSKECTU MOXHO pac-
CMaTpUBaTh KaK MPU3HAK OTCYTCTBHS IIEPCIIEKTUBHO-
r'0 UCKaXXEeHMS Ha N300 paKeHUN.

BbinesiviM 13 MpoeKTUBHOTO MPeo0pa3oBaHusI LIEHTPO-
aduHHOE, MCIIOIbL3Ys MPOLEAYpYy HOpMaIu3aluu
cienguiero Tuia [ 2].

JI1st HopMaIu3ayuy BO3ASHCTByeM Ha BXOTHOE U300-
paxeHue rnpeodpasosaHueM Py(n+An) ¢ HEKOTOPLIM
IIaroM An 1 10OWBaeMCs BEITTOJTHEHUS YCIOBUS
[[B(x,y)ydxdy  [[Bg(x,y)ydxdy
D D -0
[[B(x,y)dxdy - [[Bo(x,y)dxdy
D D
TEM CaMbIM KOMIIEHCHPYS TIEPCIIEKTUBY BIOJIb OCHU
opauHar. Terepb, BO3MEHCTBYS HA BXOTHOE N300pake-
Hue ImpeobpazoBaHreM Py(m+Am) ¢ HEKOTOPBIM 111a-
TOM Am, T0OMBaeMcCsl BHITIOJTHEHUSI YCIOBUS
HB(X, y)xdxdy HBO (x,y)xdxdy
D D -0
[[Be,y)dxdy - [[Bo(x,y)dxdy
D D
TEM CaMbIM KOMIIEHCHUPYS MEPCIEKTUBY BAOJIb OCU
aocimccnl. OcTaeTcs TOIbKO HOPMaIM30BaTh MCKaXKe-
HUe, BHECEHHOE ap(PpUHHBIM IIpe0Opa30BaHUEM.

Takum o0pa3zoM, Iji1 HECMEIIEHHBIX M300pakeHUit
Mpoleaypa HopMaJIM3alK OKa3blBaeTcsl Oojiee Mmpo-
CTOM, Ge3 repexoa K MpOMeKyTOUHBIM U300PaKEHUSIM.

IMonyyeHHbBIe Pe3yabTAThI TTOKA3bIBAIOT BO3MOXHOCTH
Pa3oKeHHMs TPYITITHI IPOEKTUBHBIX IIPe0Opa30BaHMIA Ha
Goree IpocThIe cocTaBHEIE. [1py 5TOM 1St U300paske HUIA,
MTOABEPKEHHBIX BIVSTHHIO TIpeoOpazoBanmii Buma 1,
TpoLIeAypa HOpMaJTM3alIMH OKA3bIBAETCS BO3MOKHOIA.
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