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Annotation: The work examines the Digital Twin concept as a key technological solution for
modeling, simulation, and intelligent control of collaborative robots in Industry 5.0 environments.
The analysis focuses on mathematical and computational methods underlying Digital Twin systems,
including kinematic and dynamic models, probabilistic state estimation methods, environment
representation models, sensor fusion techniques, and predictive simulation models. Their
mathematical foundations, computational complexity, accuracy, scalability, and suitability for real-
time control are compared. The advantages and limitations of each method are evaluated. Practical
recommendations are provided for implementing Digital Twin systems in collaborative robotics,
autonomous navigation, and cyber-physical production systems.
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Anomauia: Y poOOTi AOCIIPKEHO KOHIEMIiI0 HU(POBOTro JBIHMKA SK KIFOYOBOI TEXHOJIOTIT
MOJIETIOBaHHS, CUMYJISLIT Ta 1HTENEKTyalbHOIO KEPYBaHHS KOJAOOpaTUBHUMHU poOOTaMHU B YMOBax
Industry 5.0. [IpoBeneno aHai3 MaTeMaTHYHUX 1 OOYMCITIOBATBHUX METOJIB, IO JIEKaTh B OCHOBI
nuppoBUX JBIMHHUKIB, BKIIOYAIOYM KIHEMAaTHYHI Ta JWHAMIYHI MOJEJI, WMOBIPHICHI METOIU
OLIIHIOBAHHS CTaHy, MOJIENI IMpPEJICTaBICHHS CEpPEeNOBMINA, METOIAM 3JIUTTS CEHCOPHUX HaHUX 1
MPEANKTUBHI MoJieil. BUKOHAHO iX TMOPIBHAHHS 3a TOYHICTIO, OOYMCIIOBAIHHOIO CKJIAIHICTIO Ta
NPUIATHICTIO Ui poOOTH B peanbHOMY uaci. Hanano pexomenaanii mo/10 BAKOPUCTaHHS U(PPOBUX
JBIMHUKIB Y KOI1a0OpaTUBHIN poOOTOTEXHILI Ta KiOeppI13UUHUX CHCTEMaX.

Knwuoei cnoea: uudpoBuil 1BIHHUK, KojaOopaTHBHI poOOTH, KiOepdi3uuHi cHucTeMH,
MOJICTFOBAHHS, IUTaHyBaHHsI TpaekTopii, Industry 5.0.

A Digital Twin is a virtual mathematical and computational model that accurately reproduces the
physical state, dynamics, and behavior of a collaborative robot and its environment in real time. It
provides continuous synchronization between the physical and virtual systems using sensor data,
mathematical models, and predictive algorithms. This approach significantly increases the reliability,
safety, adaptability, and efficiency of robotic systems in cyber-physical environments of Industry 5.0.

The mathematical basis of the digital twin is based on the state space model:

x(t) =[x,v,20,v,w]" (1)

Where: x,y, z - robot position coordinates; 6 - orientation angle; v - linear speed; w - angular
velocity.
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The evolution of the state of the system is described by the equation of dynamics:

x(t) = f(x(t),u(t),w(r) )

Where: u(t) - controlling influence; w(t) - process noise.
Sensor measurements are described by the equation:

2(t) = h(x(0),v(1)) ©)

Where: v(t) - measurement noise.

These equations (1-3) form the mathematical basis for synchronization, prediction, and control of
the digital twin.

The digital twin integrates several fundamental mathematical modeling techniques, including:

— kinematic models,

— dynamic models,

— probabilistic state estimation models,

— environmental representation models,

— sensor data fusion models,

— predictive models.

Kinematic models describe the robot motion without considering forces and are represented by the
equations:

% = vcosh, y = vsinh, 0 = w 4)
Model 4 provides efficient real-time simulation and is widely used in digital twins for motion

prediction and trajectory planning.
Dynamic models describe the robot's motion taking into account forces and inertia:

M(q)§+C(q,q)q+G(q) =r (5)

Model 5 provides high-precision simulation and is essential for digital twins of manipulators and
high-precision robots.
Probabilistic models estimate the state of the robot based on sensor data:

P(x¢|zy.) (6)

These include: Extended Kalman Filter (EKF), Unscented Kalman Filter (UKF), Particle Filter.
The digital twin uses mathematical models of the environment, such as:

- Occupancy Grid:
P(c;) (7)
- Point Cloud:
P ={x,y,z} (8)
- Graph-based model:
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G=(V,E) (9)

Models 7-9 provide a spatial representation of the environment.
Sensory data fusion models are described by the function:

X = f(z1,22,.,2n) (10)

This method combines data from various sensors such as: LIiDAR, camera, IMU, ultrasonic
sensors.
Predictive models predict the future state of the robot:

Xee1 = f (%) (11)

This allows: to predict the trajectory, avoid collisions, optimize control.
A comparative analysis of digital twin models is given in Table 1.

Table 1 - Comparative analysis of digital twin models
Method Accuracy Computational Real-time operation Digital Twin
complexity suitability
Kinematic model Medium Low High High
Dynamic model High High Medium Very high
Probabilistic model High High Medium Very high
Environmental High Medium High Very high
model
Sensor fusion Very high Medium High Critical
Predictive model High Medium High Critical

Digital twin is a key technology for modeling and controlling collaborative robots in Industry 5.0
systems. Kinematic models are recommended for real-time motion modeling and trajectory planning.
Dynamic models are required for high-precision systems and manipulators. Probabilistic models are
critical for digital twin synchronization and operation under uncertainty. Environment representation
models provide spatial awareness of the system. Sensor data fusion methods increase the accuracy
and reliability of the digital twin. Predictive models provide prediction and intelligent control. The
integration of all these methods ensures maximum accuracy, adaptability, reliability and safety of the
digital twin of the collaborative robot.

CONCLUSIONS. Digital twin is an effective mathematical and software tool for modeling,
synchronization and intelligent control of collaborative robots in cyber-physical systems Industry 5.0.
The analysis showed that the use of kinematic and dynamic models provides adequate reproduction
of the motion and physical properties of the robotic system, while probabilistic methods allow to
compensate for the uncertainty and noise of sensor measurements. Models of environmental
representation and methods of sensor data fusion ensure the formation of the current spatial state of
the digital twin and increase the accuracy of localization. Predictive models allow to predict the
behavior of the system and timely adjust the control, which increases the safety and efficiency of
work. It was established that the most effective approach is the integration of several mathematical
models into a single digital architecture, which ensures adaptability, scalability and high accuracy of
the functioning of collaborative robots. The results obtained confirm the feasibility of using digital
twins as a basic technology for the development of intelligent robotic systems of a new generation.
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