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Abstract—We solved the problem of determining the angle 
of polarization plane rotation for wave transmitted through 
anisotropic one-dimensional photonic crystal. Transfer matrix 
method is used to obtain analytical expressions for reflection 
and transmission coefficients of a plane wave of orthogonal 
polarizations for a limited number of photonic crystal periods. 
Crystalline quartz layers are used as anisotropic elements of 
photonic crystal. Effect of the gasoline permittivity varying 
that refers to octane number changing on the angle of 
polarization plane rotation is investigated.  
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I. INTRODUCTION  

Photonic crystals are artificial periodic structures that 
represent unique physical properties stipulated by their 
spectral characteristics [1]. One-dimensional photonic 
crystals are in fact periodic multilayer media consisting of 
alternating layers with different material parameters and 
geometrical sizes. Theoretical analysis of such media is 
usually performed on the base of Floquet theory and transfer 
matrix method [2-6]. Dielectric and metallic photonic 
crystals are used for the development of waveguides, 
resonators, filters, and other functional devices [7-11].  

Characteristics of the photonic crystals are defined by the 
physical properties of their elements. If at least one of the 
layers on the period of 1D photonic crystal characterized by 
tensor permittivity or permeability then periodic structures 
are identified as anisotropic or gyrotropic photonic crystals 
[6, 12-14]. Such structures have advanced capabilities for 
controlling electromagnetic radiation. Application of 
anisotropic uniaxial crystals such as crystalline quartz in 
photonic crystals results in the possibility of radiation 
polarization plane rotation [15, 16]. It is apparent that 
rotation angle is function not only anisotropic layers 
parameters but entire structure ones [16, 17]. Therefore 
anisotropic photonic crystals can be used as sensors or 
measuring cells for controlling of solids and liquids 
parameters. It should be noted that ellipsometric methods are 
well known for measurements of material parameters of 
various media [18, 19]. Moreover, these methods have 
benefits in terahertz and optical bands in comparison with 
convenient microwave measuring techniques [20, 21]. 

In this work, we consider theoretically multilayer sensor-
polarimeter on the base of 1D anisotropic photonic crystal. 
The sensor consists of parallel quartz plates separated by air 
gaps in which solid or liquid isotropic substances can be 
placed. Varying of these substances permittivity results in 
rotating of transmitted radiation polarization plane. Thus 
measurement of polarization plane rotating angle allows to 

controlling the changing of physical properties of medium 
under investigation.  

II. STATEMENT AND SOLUTION OF THE PROBLEM 

It is necessary to know the transmission coefficients for 
two perpendicular polarizations (p-polarization and s-
polarization) to determine the rotation angle of the 
polarization plane of the wave passing through anisotropic 
medium. In this regard, we will consider the problem of 
scattering of the electromagnetic plane wave with arbitrary 
polarization by anisotropic Bragg reflector, consisting of a 
finite number of periods of the two-layer structure. Each 
period contains anisotropic crystal layer and isotropic 
dielectric layer (Fig. 1). 

Anisotropic layers of a one-dimensional photonic crystal 

are characterized by a diagonal permittivity tensor 
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Other layers of the Bragg reflector are solid materials or 
liquids with isotropic dielectric constant. The period of the 
structure can be represented as  L a b . 

Note that by virtue of the principle of permutation 
duality [6, 13] it is sufficient to consider only one of the 
problems of electromagnetic plane wave scattering by a 
Bragg reflector: zH -polarization (p-polarization) or zE -
polarization (s-polarization). The characteristics of the 
scattered fields for another polarization can be obtained 
through the replacements z zH E  and   

 
. 

Fig. 1. Schematic of anisotropic photonic crystal.
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First, we will consider the scattering of a zH -polarized 

plane wave ini x i yin
zH e    by a Bragg anisotropic reflector 

with layer parameters 1


 and 2.  Here 

2 2
in in ink      is the transverse wave number,   is 

the longitudinal one, in  and in  are permittivity and 
permeability of the medium outside the Bragg reflector. 

The angle of the polarization plane of the incident wave 
is found through the amplitudes of the waves of two 
polarizations, namely:  arctan / ,y zE E   where 

 1/ / .y in zE ik H x    When waves of different 

polarizations pass through the Bragg reflector, the 
transmission coefficients for a given frequency take 
different values due to the fact that one of the reflector 
layers is anisotropic. This fact leads to rotation of the 
polarization plane of the wave. Let us consider the solution 
of the problem of scattering of the initial field by the Bragg 
anisotropic reflector. 

From the Maxwell equations follows the Helmholtz 
equation for the field component zH   
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The Helmholtz equation for zE -polarization has the 
form 
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In general case components of tensor (1) 1  and   have 

different values. Then it is seen from equations (2) and (3) 
that the anisotropic dielectric affects the scattered field 
differently.  

As can be seen from the presented equations, the 
problem reduces to finding solutions of Hill's equation with 
variable coefficients. To find the transmission and reflection 
coefficients of plane waves of two polarizations through the 
anisotropic photonic crystal, we use the transfer matrix 
method [5, 6].  

Equations (2, 3) can be reduced using the method of 
variables separation    , i y

zH x y X x e   to one form of 

the Hill's equation with periodic coefficients, namely: 
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where  2 2 2 2( ) ( ) ( ) ( ) ( ) j jq x p x k x p x x p        , 
1( ) ( )p x x   , for p-polarized  waves.  

To find the reflection and transmission coefficients s
NR  

and s
NT  for plane s-polarized wave passing through the 

anisotropic Bragg reflector, it is necessary to find a solution 
of the Hill's equation (4) for three regions. As a rule, the 
main attention is paid to solving Hill's equation in the 
domain of the reflector itself. 

Taking into account the solution of Hill's equation (4) 
for two layers ( 1,  2j  ) on the period of the anisotropic 
Bragg reflector, we represent the tangential components of 
the s-polarized fields in the form:  
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where 1a , 1b  and 2a , 2b  are unknown fields amplitudes; 

2 2
j j jk      ( 1,  2j  ) are transversal wave numbers 

in structure period layers. 

Using the boundary conditions for the tangential 
components (5, 6) at the boundaries of each layer, we obtain 
matrix equations for determining unknown amplitudes 
through the transfer matrix, namely: 
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is unimodular matrix. For unimodular matrices the following 
identity should be satisfied: 
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Here TEK  is Floquet-Bloch wave number which для 
ТЕ-waves is defined by the dispersion equation for infinite 
photonic anisotropic crystals [6, 13], namely: 

1 2

1 2 2 1
1 2

2 1 1 2

cos cos
1

arccos .1
sin

2
sinTE

a b

K
aL b

   
 





 





 
      

  

    (9) 

Elements of the transfer matrix ABCD  for the periodic 
structure have the following form: 
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Elements of matrix M  can be calculated numerically by 
multiplication of matrix ABCD  or analytically from 
Chebyshev polynomial NU . Using the property of inversed 
matrices one can also find: 
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Fields in last layer of the Bragg reflector can be written 
as 
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Fields in the space before the Bragg reflector and behind 
it have the form: 
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From equations (11) and (13) we obtain the matrix 
equation of a standard type, connecting the unknown 
coefficients in the last layer of the reflector ( j N ) with 
the field coefficients behind the reflector: 
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In the same way, it is possible to determine the elements 
of the input matrix ijn , which have the form: 
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Finally one can simply find the reflection H
NR  and 

transmission H
NT  coefficients for a plane wave that incident 

on the Bragg reflector, namely: 
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To determine the angle of rotation of the polarization 
plane of the wave after passing through the Bragg reflector 
it is necessary to determine transmission coefficients for 
both the H-polarized wave H

NT  and the E-polarized one E
NT . 

For a normal incidence of the wave on Bragg reflector the 
rotation angle of the polarization plane is 

 arctan /H E
N NT T  .                          (17) 

As noted above, to determine the characteristics of the 
scattered field for E-polarization, it is necessary to use the 
principle of permutation duality with substitutions 

,z zH E    
 

 in expressions (9), (15), (16), where 

2 2
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III. ANALYSIS OF RESULTS 

Fig. 2 shows results of transmittance calculations for 
bounded one-dimensional photonic crystal that contains 10 
periods. Solid curve corresponds to TM polarization ( zE
polarization) and dashed curve indicates transmittance for TE 
polarization ( zH polarization). Calculations are performed 

for such parameters values: 0.9a L ; 1 4.643  ; 

4.847  ; 2 2  ; 1 2 1   . Values of permittivity 

tensor diagonal elements for layer 1 correspond to -quartz 
SiO2 [22]. It is supposed that layer 2 of photonic crystal 
period is the gasoline with octane number (RON) near 80 
[23]. Anisotropy of SiO2 layers of photonic crystal results in 
difference between spectral characteristics for two 
perpendicular polarizations. Therefore polarization plane of 
radiation is rotated during passing through the photonic 
crystal. It's obvious that rotating angle is the function of 
material and structure parameters of photonic crystal. Thus 
such periodical structure can be used for precision 
measurements of samples material parameters including 
liquids. Measurement accuracy is determined by sensitivity 
of polarization plane rotating angle to changing of material 
parameters of photonic crystal elements. For example, let's 
consider polarization plane rotating for changing of gasoline 
octane number from 80 to 95. This deviation of octane 
number leads to permittivity 2  changing from 2 to 2.2 [23]. 

Fig. 3 shows transmittances of photonic crystal for 
different values of isotropic layer permittivity 2 . This 
permittivity varies from 2 to 2.2 by step 0.05. Fig. 3a and 3b 
correspond to TE and TM polarization respectively. It is 
clear to see that most pronounced changes in spectral 
characteristics occur near high-frequency edges of forbidden 
zones for both polarizations. Moreover forbidden zones for 
different polarizations are shifted along frequency axis in 
such manner that high-frequency edge of TM band gap lays 
near center of TE band gap. Because of that one can choose 
operation frequency providing varying transmittance only for 
TM polarization when permittivity 2  is changing. It should 
be noted that to ensure the accuracy of measurements it is 
necessary to use a sufficiently large number of structure 
periods providing sufficient steepness of the characteristics at 
forbidden zones edges. 

Let's consider changing of transmittance for TM 

polarization by virtue of gasoline octane number varying in 
layer 2 (Fig. 4). Vertical dashed line indicates operation 
frequency value ( / 2 1.678  L c ). Black circles show 
transmittance values for different octane numbers. It is 
apparent from Fig. 3a that transmittance changing for 
chosen operation frequency for TE polarization is very 
small. Therefore the polarization plane rotating, in this case, 
is mainly due to transmittance changing for TM 
polarization. This transmittance varies approximately from 
0.1 to 1 (Fig. 4), providing ability of precision 
measurements of polarization plane rotating angle.  

Fig. 5 shows the polarization plane rotating angle as a 
function of permittivity of an isotropic layer of the periodical 
structure under investigation. It is supposed that zero angle 
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corresponds to initial value of permittivity ( 2 2  ). 
Permittivity changing by 0.05 results in polarization plane 
rotating on some degrees. Such rotating angle values can be 
easy measured with modern equipment that provides ability 
of precise defining of different media material parameters. 

IV. CONCLUSION 

Sensor-polarimeter on the base of one-dimensional 
anisotropic photonic crystal has been considered. Theoretical 
analysis is performed for a bounded multilayer structure that 
contains anisotropic parallel plates separated by isotropic 
layers. Floquet theory and transfer matrix method are used 
for deriving analytical expressions for sensor transmittance 
and reflectance for two orthogonal linear polarizations of 
incident radiation. Sensor response for isotropic layers 
permittivity changing is investigated. The effect of the 
gasoline octane number changing on the rotation angle of 
transmitted radiation polarization plane is shown. 
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Fig. 5. Polarization plane rotating angle vs permittivity of isotropic layer. 
 


