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Synchronized Oscillators With the Phase-Negative
Feedback

Vladimir Rapin

Abstract—A novel idea, a phase-negative feedback for fundamentally
injected LC oscillators, is discussed, and a new method of linear approxi-
mation of their shortened equations has been presented.

Index Terms—Approximation, feedback, oscillator, shortened equa-
tions.

I. INTRODUCTION

The injection-lockedLC oscillators can perform a wide variety of
functions [1]–[4]; however, their potentialities were not realized be-
cause of the oscillator analysis difficulties and for lack of technical
innovations. To study the oscillators, several methods have been de-
veloped, for example, see [4]–[14], but in most cases the investigation
results in solving very complex sets of nonlinear shortened differential
equations. They are studied by numerical methods, which take a great
deal of time and effort, as a topological approach, even if simple sys-
tems of oscillators are taken into consideration [14]. The phase feed-
back is known and is useful in various fields, but it is not used in syn-
chronized oscillators and their systems. Thus, the purpose of the paper
is to show the advantages of the oscillators with the phase-negative
feedback and a new analytical method for their investigation.

II. PHASE-NEGATIVE FEEDBACK

The phase-negative feedback is formed by introducing feed-
back signal phase into a synchronizing signal of oscillator. The
main procedure is as follows. Letue = Ue cos(!ct + '0) be the
original synchronizing signal, and the feedback signal is given by
uf = Uf cos(!ct + 'f ). Then the synchronizing signal is squared,
and we obtainu1 = U1 cos(2!ct + 2'0) after the elimination of the
constant term. The direct synchronizing signaluc is the first harmonic
of the productu1 � uf , uc = Uc cos(!ct +  ),  = 2'0 � 'f ,
and the other harmonic is filtered out. In the general case, for each of
N oscillators of the system with the phase feedback, its signal and
the signals of other oscillators, except one, are the feedback signals.
This signal is the only original synchronizing signal. For one of the
oscillators, the original synchronizing signal is the external signal.
Repeating the above process for each feedback signal at first with the
original synchronizing signal and then with the synchronizing signal
found on the previous step, the phase of the direct synchronizing
signal of thejth-system oscillator can be obtained as

 j = mjr

r 6=j

'r �

N

n=1
n6=r

m0

jn'n

where0 � r � N , 1 � j � N;'r , and'n are the phases of the orig-
inal synchronizing and feedback signals andmjr andm0

jn are positive
integers. For the external synchronizing signal phase,r = 0. This is
the system of general structure, as each oscillator is coupled with all
others. The systems of other structures are obtained from this one.
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Fig. 1. Circuit diagram of the synchronized oscillator.

III. T HE MODEL OF THESYNCHRONIZED OSCILLATOR SYSTEM WITH

THE PHASE-NEGATIVE FEEDBACK

To be specific, we shall consider a nonautonomous system ofN fun-
damentally injected oscillators. The circuit diagram of one of the os-
cillators is shown in Fig. 1. The obtained results of course can also be
used for other types of oscillators. We shall consider that the transis-
tors are nonlinear and inertialess, and other elements are linear.ijc =
Ijc cos(!ct+ j) is a direct synchronizing signal whereIjc = const.
The resonant frequencies of the oscillator tanks!0 are identical. A non-
linear characteristic of the oscillator nonlinear device is approximated
by the expressioni = aj0 + aj1ujd + aj2u

2

jd + aj3u
3

jd + aj4u
4

jd

whereujd = uj + uj0, uj is the voltage at the gate of the transistor,
anduj0 is constant and is a dc bias point. Then the set of Van der Pol’s
type fundamental differential equations of the nonautonomous system
is as follows:

d2uj
d� 2

� "j
!0
!c

1� 2�juj � 3
ju
2

j � 4�0
ju

3

j

duj
d�

+
!20
!2c
uj

= kjRj�j
!0
!c

dijc
d�

; 1 � j � N

where� = !ct, "j = �j�j is small parameter,�j = (kjRj�j0 � 1),
�j = �j0=�

0
j0, 
j = 
j0=�

0
j0, �j0 = aj1 + 2aj2uj0 + 3aj3u

2

j0 +
4aj4u

3

j0, �j0 = aj4, �j0 = aj2 + 3aj3uj0 + 6aj4u
2

j0, 
j0 = aj3 +
4aj4uj0, �0

j0 = 1=(kjRj)� �j0, �0
j = �j0=�

0
j0, �j = 1=Qj ,Rj ; Qj

are the resonant resistance andQ -factor of the tank,kj = Mj=Lj
is the feedback factor of the oscillator, andLj , Mj are the tank and
mutual inductances.

We shall seek the periodic solutions of these equations in the form:
uj = Aj cos(!ct+'j), whereAj and'j are slowly varying functions
of time. In this case, the system model is a set of the shortened equations

dyj
d�

�
"j
2

1� y2j yj =
"jBj

2�1
cos �j

d�j
d�

+
"jBj

2�jyj
sin �j =�

�!

!0
�
d j
d�

; 1 � j � N (1)

obtained by means of the averaging method [11]–[13] where
�j = 'j �  j , yj = Aj=Aj0 > 1 is a dimensionless amplitude,

Aj andAj0 = 4�0
j0=(3
j0) are signal amplitudes of the syn-

chronized and free running oscillator, respectively,Bj = Ijc=Ij0,
Ij0 = Aj0=(Rjkj), �!=!0 = (!c � !0)=!0, and!0 is a resonant
frequency of the tank.

Assume that the oscillators are synchronized already. For their inves-
tigation, a method of linear approximation of the shortened equations
is proposed. Let�j = F ((�!=!0)jn) be a phase characteristic of the
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synchronized oscillator, which is computed from the set (1), recast as
follows:

y3j � yj =
Bj

�j
cos �j �

2

"j

dyj
d�

�j =arcsin �

�!

!0 jn

yj (2)

where(�!=!0)jn = (�!=!0 + d j=d� + d�j=d�)2�j=("j�j) is
a normalized detuning.�1 � (�!=!0)jn � 1. Bj � 1. In the
stationary state,d�j=d� = dyj=d� = d j=d� = 0 and the phase
characteristic can be easily computed. The first equation in (2) has only
one root foryj > 1. For dynamic consideration, the first equation of
(1) should be rewritten as

dyj
d�

=
"jBj

2�j
cos �j �

"j
2

y3j � yj : (3)

The phase characteristic in this case can be also computed, since the
range of values of normalized detuning is known, the influence of the
transient process of change ofyj is small, especially for small phase
shifts (if cos �j � 1), and we can consider that the process of change
of yj is transient-free. The confirmation is in Section V. The reason
lies in slow change�j , cos �j and faster changey3j , (yj > 1). This
means that the term"j(y3j � yj)=2 of (3) follows fast enough the term
"j�j=(2�j) cos �j and the value of derivativedyj=d� is small.yj can
be represented by its stationary value for a given value of�j , i.e.,yj is
calculated, assuming thatdyj=d� = 0 So, if we deal with the slowly
varying functions, we shall consider that the phase characteristics for
the stationary state and dynamics are identical. They are odd functions
and only a range of negative or positive detunings can be considered.
The phase characteristic evolve from thearcsin type for small levels of
the synchronizing signals, when the greatest value of the dimensionless
amplitudeyjmax = yj0 � 1 toward a linear function ifyjmax =
yj0 � �=2 because of the changes of amplitude of oscillations with the
detuning. The phase characteristic can be approximated by the linear
function

�ja = �j =
� �!

!
jn
yj0

(1��j)
: (4)

�j is determined so as to minimize the errors of the approximation.
This equation takes into account the variation of the amplitude of os-
cillations as a first approximation. In our case,yj0 < �=2. yj0 is
computed from the first equation in (2) if�j = 0 anddyj=d� = 0.
From (4), we get the phase shift�ja. The reference phase shift�j is
obtained from the phase characteristic. The even function of the de-
tuning��ja = (�ja � �j)=�j is the error of approximation and to get
�j the largest range of detunings of the same sine is used. In practice,
(�!=!0)

(1)
jn = 0, and (�!=!0)

(2)
jn < 1 are the endpoints of this

range. Errors at these points are as follows:

��
(2)
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�
(2)
ja � �

(2)
j

�
(2)
j

=
� �!

!

(2)

jn
yjo

(1��j)�
(2)
j

� 1 < 0

��
(1)
ja =

�
(1)
ja � �

(1)
j

�
(1)
j

= lim
�(�!

!
)jnyj0

[(1��j)(arcsin(�(
�!

!
)jnyj))]

� 1

=
1

(1��j)
� 1 > 0

if (�!=!0)jn ! 0. Let the approximation be optimum if��(1)ja =

���
(2)
ja , i.e., the absolute values of errors are identical. Then, we obtain

�j = 0:5 +

y

2
�!

!

(2)

jn

�
(2)
j

: (5)

0 < �j < 0:181 if 1 < yj0 < �=2. In this case, the whole range
of the detunings we deal with is symmetrical with the endpoints
�(�!=!0)

(2)
jn . So, the shortened equations of the synchronized oscil-

lator is approximated by (4), therefore the model of the synchronized
oscillator system (1) can be approximated by (4). Using the expression
for a normalized detuning, this set can be rewritten as

d�j
d�

+ �j(1��j)�j = �
�!

!0
�
d j
d�

; 1 � j � N (6)

where�j = "jBj=(2�jyj0). The coefficients�j(1 � �j) should be
identical for identical system oscillators with the identical amplitudes
of the direct synchronizing signals, as well as the terms�j . Now, to
analyze the oscillators with the phase negative feedback, a new variable
�0j = 'j � '0 will be used.

IV. EXAMPLES

Let us consider an oscillator amplifier of PM and FM signals shown
in Fig. 1. Letue = Ue cos(!ct+'0) be a small external synchronizing
signal, and letu1 = U1 cos(!ct+ '1) be a considerable signal of the
oscillator. The synchronized oscillator will be an amplifier if'1 � '0.
If the oscillator signal is the feedback signal thenic = Ic cos(!ct +

2n'0 � (2n � 1)'1) is the direct synchronizing signal obtained by
means of the procedure of Section II whereIc = const. The model of
this oscillator is the set (1) whereN = 1, �1 = 2n�01 , �01 = '1 � '0,
i.e.,

dy1
d�
�
"1
2

1� y21 y1 =
"1B1

2�1
cos(2n�01)

d�01
d�

+
"1B1

2�1y1
sin(2n�01) =�

�!

!0
�
d'0
d�

: (7)

For stability investigation equations for small perturbations�y1 and
�'1 are obtained from (7) as

d(�y1)

d�
=a�y1 + b�'1

d(�'1)

d�
=d�y1 + c�'1

where

a =�
"1
2

3y21 � 1 ; b = �
"1B1

2�1
2n sin �1

c =�
"1B1

2y1�1
2n cos �1; d =

"1B1

2y21�1
sin �1:

�2�(a+c)�+ac�bd = 0 is the characteristic equation.�(a+c) > 0

and(ac � bd) > 0 if ��=2 < �1 < �=2 or��=2� 2�n < ('1 �

'0) < �=2�2�n Then, the oscillations are stable in this range, which
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Fig. 2. Block diagram of the synchronized oscillator system. BF= block
of feedback, O1 = first oscillator, BS= block of synchronization, O2 =

second oscillator.

is consistent with the detuning range�"1B1=(2�1) < �!=!0 <

"1B1=(2�1). It follows from (6) that

d�01=d� + 2n�1(1��1)�
0
1 = ��!=!0 � d'0=d�:

Assume that�01(0) = 'm is the initial condition,�!=!0 = 0 and
'0 = 'm cos(
�) = 'm cos(M0� ). Then

�01(�) =
'mM0

2n� 1 +
( )

2

2

sin(M0�)�
M0

2n�
[cos(M0� )� exp(�2n�� ]

+'m exp(�2n��) (8)

whereM0 = 
=!c, � = �1(1��1). For the oscillator without phase
feedback,n = 0 i.e.,

�01(�) =
'mM0

�(1 + (M0=�)
2)

sin(M0�)�
M0

�
[cos(M0� )� exp(��� ]

+'m exp(���): (9)

The signal phase of the oscillator is described by the expression
'1 = �01(�)+'0. The phase shift�01(�) is an error, introduced by the os-
cillator, and the phase feedback reduces it as well as a time of transient
process. However, for a considerable decrease in phase shift (largen),
the direct synchronizing signal forming device is comlex enough.

Let us consider now an oscillator amplifier shown in Fig. 2. This is a
system of two identical synchronized oscillators.ue = Ue cos(!ct +

'0) is a small external synchronizing signal, andu1 = U1 cos(!ct+

'1) is a signal of the first oscillator O1.u2 = U2 cos(!ct + '2) is a
signal of the second oscillator O2 and is a feedback signal. The direct
synchronizing signals of the oscillators O1 and O2 are formed in the
blocks BF and BSi1c = I1 cos(!ct+2'0)�'2, i2c = I1 cos(!ct+

'1), I1 = const. The model of the system is a set of (1) whereN = 2,
�1 = �01 + �02 , �2 = �02 � �01 , �01 = '1 � '0, �02 = '2 � '0, i.e.,

dy1
d�

�

"

2
1� y21 y1 =

"B

2�
cos(�01 + �02)

d�01
d�

+
"B

2�y1
sin(�01 + �02) =�

�!

!0
�

d'0

d�
dy2
d�

�

"

2
1� y22 y2 =

"B

2�
cos(�02 � �01)

d�02
d�

+
"B

2�y2
sin(�02 � �01) =�

�!

!0
�

d'0

d�
: (10)

For a stationary-state stability investigation, the equations for small
perturbations�y, �' are found from (10) as

d(�y1)

d�
=a�y1 + b(�'1 + �'2)

d(�'1)

d�
=c(�'1 + �'2) + d�y1

d(�y2)

d�
=a�y2 + b(�'2 � �'1)

d(�'2)

d�
=c(�'2 � �'1) + d�y2

where

a =�
"

2
3y21 � 1 ; b = �

"B

2�
sin �1

c =�
"B

2y1�
cos �1; d =

"B

2y21�
sin �1:

In the stationary state, the phase shift is defined by the frequency
detuning which is identical for the oscillators. Then�1 = �2 andy1 =

y2.The characteristic equation is the expression�4 + a1�
3 + a2�

2 +

a3� + a4 = 0 wherea1 = �2(c+ a), a2 = 4ac+ a2 + 2c2 � 2bd,
a3 = 2abd + 4bcd � 4c2a � 2a2c, a4 = 2c2a2 � 4abcd + 2b2d2.
The investigation shows that the range of stable oscillations is��=2 <

�1 < �=2 or�"B=(2�) < �!=!0 < "B=(2�).
Let'0 = 'm cos(
�) = 'm cos(M0� ). Using the linear approxi-

mation of the shortened equations (10), we have

d�01
d�

+ �(�01 + �02) =�
�!

!0
+ 'mM0 sin(M0�)

d�02
d�

+ �(�02 � �01) =�
�!

!0
+ 'mM0 sin(M0�)

whereM0 = 
=!c and� = �(1 ��). Let �01(0) = �02(0) = 'm be
the initial conditions. Then

�01(�) ='m 1 +
M0

�

2
�1
�2

exp(���)

� [cos(��)� sin(��)]�
1

�

�!

!0

+'m
M0

�

2
4

�2

� exp(���) sin(��) + 'm
M0

�

2

�

��1
�2

cos(M0� ) +
M0

�

2

�2
sin(M0�) (11)

where�1 = (M0=�)
2
� 2; �2 = (M0=�)

4 + 4.
The phase of oscillations of the first oscillator is'1 = �01(�) + '0.

Analyzing (8) and (11), it can be seen that the system of two oscil-
lators reduces the error�01(�) far stronger then the single oscillator.
�01(�) close to zero if inertia of the synchronized oscillators is small,
i.e.,M0=� << 1. This is the new property of this system, obtained
by means of the phase-negative feedback. It is quite possible that this
system can be used also as a phase-locked loop. This system has a
simple direct synchronizing signal forming devices.

The investigation of this system by the new method takes far less
time and effort than numerical one. This advantage is reflected strongly
when large amount of systems with a different phase feedback should
be analyzed to find a system with required property.
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Fig. 3. Phase-shift variations of the synchronized oscillator signal.

V. EXPERIMENT

To verify the theoretical results, an experiment in the form of numer-
ical integration of the shortened equations of the oscillator represented
in the example, performed with the fourth-order Runger–Kutta algo-
rithm, has been presented. The parameters of the oscillator are as fol-
lows. Resonant frequency of the tankf0 = 50 kHz," = 1:712�10�3,
B = 0:0494, y0 = 1:2262, A0 = 0:9 V, R = 7:5 � 103 
,
u0 = �1 V, k = 0:16 V, � = 4:2704 � 10�4, � = 0:0804,
and Ic = 37 � 10�6 A,. The nonlinear characteristic of the tran-
sistor was approximated by the polynomiali = 1:538 + 1:302ud �
0:356u2d � 0:502u3d � 0:098u4d mA. If the working range is symmet-
rical with the endpoints(�!=!0)

(2)
n = �0:95, then�(2) = �1:445

and�1 = 0:0967. Variations of the phase shift of the oscillator signal
in dynamics in the case of the harmonic phase deviation of the ex-
ternal synchronizing signal for oscillator with feedback forn = 1 and
without feedbackn = 0 are shown in Fig. 3. Calculations were made
by means of (7)–(9) whereM0 = �, 'm = 0:5, and�01(0) = 0:5,
after the introduction of the new independent variable�� . Bold curves
represent the results obtained by solving the shortened equations by
means of the numerical method, and other curves were obtained using
the proposed method. Analysis shows good agreement between the an-
alytic solution of the shortened equations, obtained by means of the
new method, and its numerical solution.

The derivativedy=d� is considered to be zero in calculating the
phase characteristic by means of (2). Its maximum error��max = 5%
at the end of the locking range as compared with the phase character-
istic whendy=d� 6= 0 for �! = 0 andd =d� = �0:12�� .Thus, the
derivativedy=d� indeed can be ignored.

VI. CONCLUSION

The paper describes the fundamentally injectedLC oscillators with
the phase-negative feedback and demonstrates the advantages of the

new method in solving the shortened equations. It is shown that the
phase-negative feedback reduces the phase shift and the time of tran-
sient process. Due to the phase-negative feedback, the system of two
oscillators acquires a new property. The phase shift of one of the oscil-
lators is close to zero. This leads to the improvement of the device char-
acteristics, where the oscillators are used. The phase feedback allows
us to use many novel properties of oscillators. The new method was
developed to obtain a solution of the shortened equations with small
expenditure of time and effort and with small errors. It does not permit
the evaluation of nonlinear distortions, but it is quite general, is easily
applied in practice, and is applicable to many problems in nonlinear
mechanics. This method also permitted us to obtain simple and suffi-
ciently accurate analytic expressions. They are necessary to develope
simple and sufficiently accurate techniques for the design of oscillator
devices.
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