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Abstract

The paper introduces a new characteristic of a random variable with a bounded support titled a
distribution indicator, defined as the ratio of the squared support length to the random variable
variance. It is shown that this characteristic of the whole family of random variables of the same
distribution law type. Computer simulation of random time series signals and evaluation of the
distribution indicator had demonstrated the possibility of detecting the distribution law of the

series observations by analyzing this characteristic only.
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1. Introduction

In the development of intelligent measuring,
control and diagnostic instruments, the tasks of
automatic recognition of objects, represented by a
time series, arise. In the case when the initial data
are random by nature, the recognition may be
reduced to just in identifying the probability
distribution type for these data. Respectively, the
knowledge of the distribution allows choosing
optimal algorithms for modeling or information
processing  [1]-[3], in  particular  for
infocommunication technologies of information
transfer [4]-[6].

The quantitative characteristic of the
distribution law acquires special significance in
tasks related to the time series classification or
clustering by machine learning [7]-[8]. In this
case, a quantitative assessment can be used as a
feature that is an input for the classifier or a metric
in the case of clustering [9]-[12].

So, in this paper, we pose a problem of
experimental detecting of the probabilistic
distribution law of sample data, including the time
series, based on the calculation of a quantitative
value.
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2. Related Work

The classical method for identifying the
distribution law of a random variable (RV) is the
construction of a histogram and it analysis [13],
[14]. When using this method, human
participation is required to determine the
distribution law. Another method is the analysis
of such numerical characteristics as the
mathematical expectation, variance, mode and
median by evaluating the corresponding sample
statistics, such as mean, sample variance, etc. This
stage is followed by validating statistical
hypothesis on a particular distribution law with a
specific expectation and a standard deviation.
Respectively, detecting a type of distribution such
as normal, uniform, Poisson etc. might require
significant effort since it is closely related with
rather precise estimates of the distribution
parameters. These methods are described in detail
in[1], [15].

Most of the considered tests for determining
the distribution law of the observed data have
been implemented in modern software tools [16]-
[18]. We introduce a new numerical characteristic
of a continuous RV with a bounded support, i.e.
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defined on a bounded interval [a, b] titled a
distribution indicator.

It will be shown that this characteristic
depends only on the RV distribution law, it can be
considered as an identifier of the type of
distribution. Also, it can be qualitatively assessed
by a sample from the distribution by a sample
identifier.

3. Indicator of Distribution Law
3.1. Distribution
indicator

type

By the type of distribution we will mean a
family of RVs ¢ with variance o and
mathematical expectation m obtained from a RV

&, with zero mathematical expectation and unit
variance by linear transformation
E=k& +b,where keR!, meR'.
If &, has a probability density function (PDF)
p., (x) andis defined on [a, ,b. ],then the PDF
of the transformed RV & determined on the
interval [a,b]=[a,,b.] will be equal to

pg(x)zipgn(x—m}

g

It is easy to see that, in order the conditions
M [5] =m, Var[f] ="
hold given that &=k¢& +b,

M[& =0, Var[&]=1,
the coefficients k,b should be taken as
follows: k=, b=m . Thus
E=08 +k.
Definition. The distribution type indicator
Id[£] is calculated by the formula

b—a)
ld[&]= (6-a) ,
Var[£]
where [a,b] is the RV support, and Var[&] s its
variance.
The following statement can be proved.
Proposition. The indicator /d[] is constant
for all RVs of the same type.
Proof. Let us use the properties of the variance
of the RV:
a) if the random wvariables
independent, then
Var[X +Y]=Var[X]+Var[Y];
b) if & is a constant, then

X.,Y are
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Var [kX] = szar[X] ;
c) the variance of the constant random
variable C is equal to zero —

Var [C] =(.
By assumption M[&]=0, Var[£]=1 and
& € [a;” 5By ] From that,
[a,b] = [cm:‘l + m,O"bé_.” + m],

wherefrom b—a = O'(b:" —d. ) . Hence it follows

that /d[&,]= (b:“ —a, )2 . On the other side,

Id[£] = Id[0&, +m] (b-a)
= (o] = =

43

(U(béo — 4, )) (

2
S = (b -y ) = IS

o

Thus, the proposition is true.

Since & was chosen in an arbitrary way in the
family of RVs of the same type, which follows
from the linear dependence of & on &, this
statement is true for an arbitrary random one of
the same type.

Remark. Theoretically, it is possible to
expand the family of RVs with a certain
probability type indicator /d[&,]. For example,
with the same support and having mirror-
symmetric PDF will have the same distribution
type indicator. In this case, in order to distinguish
the RV from the mirror one, it is necessary to
analyze other characteristics, such as mode,
coefficient of asymmetry and kurtosis. However,
in practice, such situations are quite few.

Table 1 shows the values of the distribution
type indicator [d[£] for three common

probability distributions [19] with support [a,b]
and the PDF p, (x):

p(x)= - Uniform;
—a
| .
plx)= - Arcsine;
() T (x—a)(b—x)
p(x)= 2 —%L’J +b—2x| - Symmetric
b-a (b—a)

triangular.
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Table 1
Id[£] values for the probability distributions
Distribution
Ve Id
e Varlel ]
Uniform M 12
12
Arcsine (b-a) 8
8
Syrnmetric (b—a) ’1
triangular 24
3.2. Practical application and

evaluation of the distribution
type indicator

In practical applications, the distribution type
indicator can be used to identify the type (law) of
RV distribution by values X" ={x,} _ ofa time

[:G
series of length n [20].
As an estimate of the indicator Id[&], we

propose to use a numerical characteristic (further
referred to as the sample distribution type
indicator of the RV &)

A X =X_.)
ldﬂz(¢"—““)-,,
S

5

and X

max min

are the maximum and
X

max min

where X
minimum values of the series X", (X
is the range of the sample X°, S* is an unbiased

sample variance. The latter means that S”is an
unbiased and consistent estimate of Var[£], i.e.

limS* = Var[/,‘],M[SZ] =Var[£].

n—x

It follows that the estimate IJH is also
consistent:

~ ]im(Xmm - Xmin )2 b = ]
lim/d, === ™ o)
Var{c]

o6 lim §?
However, it can be biased and shifted to the
left:

ld[Z].

M([C;’ ): M(X'“"“ — X’“i")2 = M(Xmux S )(mm)2 <
" M(s?) Varlg]
(b—ay

< - 1d[£],

oy

whence it can be seen that it is unbiased estimate
if and only if the range of the sample coincides
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with the range of the random variable
X, —X, =b—a,otherwise it will be biased to
the left.

For an experimental evaluating the distribution
type indicator /d[£], a numerical simulation of
values of the RV §ela,b], where [a,b] is
bounded was done for the
distributions listed in Table 1.

The RV values were presented as a time series
of length n. Figure 1 shows plots of dependence

probability

of ]c?n on n. The figure shows the convergence of

the estimate Ic;’" of the distribution type indicator
to the corresponding theoretical value /d[&].

e Symmetric
triangular r4 =22

wl Uniform 1 =12

; w Arcsine [d =8
1

Figure 1: Dependence Idonn

The consistency of the estimate Id implies the
mean square convergence of the series

Ic;’f.,i:l,2,... to Id[£]. The average value of n

for which the condition is satisfied
l n

Z(M[.{j]—m"ﬂ.): <e

n—n i

arbitrary &£>0 on the interval
characterizes the rate of this

for an
[n,n], n,<n
convergence. The values n, calculated for the
different values of & are given in Table 2.

Table 2

Convergence of the estimates
Probability ~ B -
distribution & =0,3 &=0,5 ¢=1
uniform 53 48 30
arcsine 19 16 12
S\{mmetrlc 401 215 2od
triangular

The convergence rate is closely related to the
values of the PDF in the vicinity of the boundaries
of the RV support [a,b].
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Standard uniform distribution PDF

a) Uniform

Standard arcsine distribution PDF

b) Arcsine

Standard Symmetric Triangular distribution PDF

¢) Symmetric triangular
Figure 2: PDF of the standard distributions with
support [0,1]

Figure 2 shows that the probability of falling
out of numbers near the ends of the interval [0,1]

for the standard arcsine distribution is greater than
that of the standard uniform distribution, so the

range (X, —X,. ) approaches its true value

faster as n increases. For the symmetric triangular
distribution, the probability of falling close to the
bounds of the support [0,1] is relatively small
compared to the one of falling near the mean value
0.5, so the convergence to is slow. The values
given in Table 2 can be considered as the size of
the time series required for identifying the
probability distribution type with the accuracy &
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Also in the work, a numerical experiment was
carried out on the clustering of model data. Three
samples of independent random variables, which
were discussed above, were generated. Clustering
was performed using the k-means method; sample
lengths were different: 20, 30, and 3 wvalues.
Figure 3 shows the results of clustering.

..“"‘7.":

Figure 3: Results of clustering various
independent random variables

4. Conclusions

The paper proposes and theoretically
substantiates a method for identifying the
probability distribution type of a continuous RD
with a bounded support. The distribution type
indicator /d[&] introduced for this purpose
provides a numerical characteristic of the
distribution. Numerical studies have shown that
the proposed method makes it possible to identify
the distribution type of a RV using a statistical

characteristic [d playing a role of an estimate of
Id[&] value and called the sample distribution
indicator is the latter is evaluated on samples of a
relatively small size. The contributions can be
used for the development of measuring
instruments, control, diagnostics and many tasks
of object recognition, where speed and quality of
the recognition is important.
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