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NnosyAOBA JIOKAJIbHUX MATPULLb CUCTEMMU PITLA
3 BUKOPUCTAHHSIM CMNJIANHIB 5-TO CTENEHA HA TPUKYTHUKY
NMPU PO3B’SI3AHHI BIFAPMOHIYHOI 3AAA4I NPO 3rMH NJIACTUHU

CrutaiiHu I’ ITOTO CTEIeHs Ha TPUKYTHOI CiTLi Jal0Th TOUHY OLIIHKY, aJie iX CKJIaJHO 00YMCIIOBATH, 3a paxy-
HOK TOTO, 1110 1151 KOXKHOTO TPMKYTHOTO eIeMeHTa MOTpiOHO 3HaxoauTH 21 KoedillieHT. Y monepeaHix podoTax
aBTOPIB 3a OMTOMOToI0 SIBHUX (hopMyJl, Oyar MOOYA0BaHi CIIAliHU S5-TO CTereHs, AKi poOJsATh OOUMCIECHHS
3HAYHO IpOCTillle. Y JaHiii poOoTi 3arTporoHOBaHa cXeMa PO3B’sI3aHHS OirapMOHiIYHOI 3a1a4i 3 BUKOPHUCTAHHSIM
cuctemMu PiTua y BUITaaKy rpaHUYHUX YMOB, 1110 BiMOBIIaI0Th YMOBAaM XXOPCTKOTO 3alEeMJIEHHS TJIaCTUHU Y
BUIJISIII CTUIaiiHA 5-TO cTerneHs. 30KpeMa po3IIsTHYTO MoOyaoBy cucteMu PiTia mist JOBiIbHOIO TPUKYTHUKA 3
BUKOPUCTAHHSAM SIBHUX (DOPMYJI VTSI CTUTAIHIB IT°SITOTO CTEIEHS.

CIUTAVIHM ITATOT'O CTENEHS, CUCTEMA PITLIA, TIOKAJIbHA MATPULIS, BITAPMOHIUHA
3ATIAUA

JIurun O.H., Tomanosa 1.C. ITocTpoeHue TOKAJIbHBIX MATPUIl CHCTEMBI PUTIIA C HCNO/Ib30BAHKEM CILIAHOB
5-ii cTeneHd Ha TPEYroJbHUKE MPH pellleHnH OMrapMOHMYECKOii 3a1aun 00 u3rnoe miactudbl. CrulaiiHbl MSITOTO
CTENEeHU Ha TPEYTOJIbHOM CETKE Jal0T TOYHYIO OLIEHKY, HO MX CJIOXKHO BBIYMCIISITD, 32 CYET TOTO, UTO JAJISI KaXKI0T0
TPEYrOJBbHOTIO 3JIeMEeHTa HYXXHO HaxoauTh 21 KoadduimeHT. B npeapiayimx padotax aBTOPOB ¢ TTOMOIIBIO
SIBHBIX (DOPMYJI, OBUIN TTIOCTPOEHBI CIIAHBI 5-11 CTENEHU, KOTOPbIC AC/Ial0T BHIUMCICHUS 3HAYUTEIBHO TTPO-
me. B maHHoIi paboTe mpemioXeHa cxema pelieHus OUrapMOHMUYECKOM 3aa4M ¢ UCIIOJIb30BAHUEM CUCTEMBbI
Putua B cilyyae rpaHUYHBIX YCIIOBUI, KOTOPbIE COOTBETCTBYIOT YCJIOBUSIM XECTKOTO 3allleMJICHUS TUIACTUHBI
B BUJIE CIUIaiiHa S5-I cTenieHM. B 4acTHOCTM paccMOTPEHO MOCTPOEHUE CUCTeMbI PUTLIA 11 TIPOM3BOILHOTO
TPEYroJbHUKA C UCIOJb30BaHUEM SIBHBIX (DOPMYJI ISl CILIAHOB MSATOM CTEIIEHU

CIUVIAMHBI ITATON CTENEHU, CUCTEMA PUTLIA, TOKAJIbHASI MATPULIA, BUTAPMOHMU-
YECKAA 3AJAYA

Lytvyn O.M., Tomanova I.S. Construction of local matrixes of the Ritz system using splines of the 5th degree
on the triangle for solving the biharmonic problem of plate bending. Splines of the fifth degree on the triangular grid
give an accurate estimate, but they are difficult to calculate, due to the fact that for every triangular element it
is necessary to find 21 coefficient. In previous works of the authors using explicit formulas for splines of the 5th
degree were constructed, which make calculations much simpler. In this paper we propose a scheme for solving a
biharmonic problem using the Ritz system in the case of boundary conditions that correspond to the conditions
of rigid clamped plate in the form of a spline of the 5th degree. In particular, we consider the construction of the
Ritz system for an arbitrary triangle using explicit formulas for splines of the fifth degree.

SPLINES OF FIFTH DEGREE, RITZ SYSTEM, LOCAL MATRIXES, BIGARMONIC PROBLEM

Beryn
V poborax [1], [2] Oyau oTpuMaHi sIBHi (opmy-
JIM 1 CIUJIAlHIB I’SITOrO CTEMeHs, sIKi CIPOIIYIOTh
O0YMCJICHHS TIpU PO3B’s3aHHI OaraThoxX 3amad IpHU-
KJmagHoi MmareMaTtuky. CrijlailHM MaloTh YMCJICHHI 3a-
CTOCYBaHHS B Pi3HUX TaIy3sIX HAyKM Ta TexHiku. Tax,
HaIpMKJal, aBTopamMud B podOoTi [3] 3a a0ormomororo
SIBHUX (POPMYJT JIsI CILIAMHIB I1’ITOTO CTENeHs 0yJ10
HaBEICHOTO aJITOPUTM ITOOYIOBU PO3B’sI3KYy OirapmMo-
HIYHOI 3aJa4i IS )KOPCTKO 3allleMJICHOI ITPSIMOKYTHOI
IUIACTUHMU.
B naniii poOOTi 1oCHiIKy€EThCS 3aaa4a 3HAXOIKEH -
Hs1 IBHUX (POpMyJ WISl KoeilliEHTIB JIOKaJIbHOI Ma-
Tpuli B MeToAdi PiTua mist 1oBiIbHOrO MPsSIMOKYTHOTO
TPUKYTHHMKA 3 KareramMu a i b.B pobotax [1], [2] misa
MoJliHoOMa 5-TO CTeNneHs
P(x,y)= Y opxPyP,
0<p|<5

|B|:B] +B,, B=(B;.B,)

HOBEJICHO, 1110 BUMOTH
Df(A)=D"Py(A), i=13, 0<|of<2,
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A IBL G el1,2,23).3.0),

e v; — HOpMaJib JI0 CTOPOHH, LIO 3’€/IHY€ BEPLINHU

X +X; yity;
T’T} CORIS
cepearHa i€l CTOPOHU, € JOCTaTHIMU YMOBaMU s
3HaXOJUKEHHS BKasaHmx 21 koeditienTa oy, 0 < IB]<5.

[ToxinHa 1o BHYTPILIHI HOPMaJIi V; BU3HAYAETHCS
3a (hopMyJI010

4, Ta A;, Touka M,.j=(

61



JinteuH O.M., TomaHoBa I.C.

of _ sign(Ay) [( )gl —(x i_xf)%] ’
x 9y

v, | |
X, ¥ |1
A A ==X+ 0=y ) s Ay =%y ]
Xy 1
BBeneMo 10 PO3IIISILY OIepaTop
(x—x )" (y—y )
hk[}(x:y)= k ] | k w?j(x’y)x
B, !B,!
2-)
1
{ I >}
ne QO] o
x y 1
;) =Xy 1,
X y; 1
{gC N, ) = Z (D) (x;, ;)%
0<y<m

X(X—xk)Yl -y
Ti7,!
i,j,ke{l,2,3},
MaloTh TaKi BJIaCTUBOCTI
D“th|A/ =8,,8,55 Lk e{l,2,3},
5 =98, 50

ne §; ; — cumBon KpoHekepa.
HacrynHwuii oneparop

0 (X,1)0% (X, )0, (x, y)sign(A ;)
03 (X5 )05 (5. 3y)| A A

i#j#k,

ap,fy Can.py 2

Hy(x,y)=

Mae BJIIaCTUBOCTI
D°‘H| =0, 0<|o|<2, ke{l,2,3}, k#i,j,

oH aH,..
L=, —* =0, (i, ))#(mn), (i,)),(m,n) €0,
v, vy,
an
0 (X, 1) =0, @, (X, 3,)=0
x=-x, y-y. 0
0y (V) =X =X yi—-» 0.
Xk Vi 1

B po6ori [1] wist KoxHoi byHKii f(x,y)e C*(T, Ty)
orieparop

Ssf(x,y)=w(x,y)+ 2 li_@_w]
M/

(im0l 9V 9V

3
W(X,y) = 2 2 DBf(A,)hIB(X,y)
i=0 0<[p|<2
D“Saf|A = D“f|A , pe{l,2,3}, 0<|of=0y +a, <2
14 14
BU3HAYAE MOJIHOM 5-TO CTeIIeHs 3 BJaCTUBOCTIMU
PSf o df
axﬁl ayﬁz EEwo ’/) ox Bi asz (A’/)

62

1. ITocTanoBka 3agaui

Tpeba 3HaNTH PO3B’SI30K OirapMOHIYHOI 3a1a4i Ha
obnacti G, gKa cKyIaneThes 3 00’ €HAHHS TIPSIMOKYT-
HUX TPUKYTHUKIB 3 KaTeTaMu @ Ta b rapajieIbHUMU OCi
Ox Ta oci Oy BifIoOBiIHO.

Jlns moyatky obepeMo MOBiNbHUI TPUKYTHUK i3
BepuMHamMu (x,,),), (X, +a,y), (x,y +b) HaBene-
HUI Ha puc. 1.

(x1,yl+b)

(x1yl) (x1+a,yl)

Puc. 1. CxemaTHyYHUii BULJISIL TPUKYTHUKA

3rinHo i3 Teopiero [1],[2],[3] B BepLIMHAX 1ILOTO
TPUMKYTHUKA BBAaXKaEMO HEBIJOMUMM 3HAYEHHS Tapa-
METpIiB MpU QYHKUIAX fyg(X,y), k=1,3 y BepumHax
TPUKYTHMKA Ta 3HAYEHHSI MapaMeTpiB Mpu QYHKILisSIX
H,(x,y), Hy(x,y), H5(x,y) Ha cepennHax BiImo-
BinHUX cTopiH. KoxHiil i3 pyHKIii cTaBUTHCS Y Bifl-
MOBIHICTb KOHCTAHTA ¢;, i =1,21.

7151 cripoleHHST BUKJIaJaHHSI HACTYITHOTO MaTepi-
ajy BBEIEMO /10 PO3IJISIAY HACTYITHI TO3HAYEHHST:

N

29 (x, y)= {a ‘Daf( ,y) _m}
X

2 —
%) (x,y) = {w’ i 1,21}_
y

KoxHa 3 BBegeHUX DyHKIIiNH € 21-MipHUM BEKTO-
poMm.

BukopucroByloun BBeAeHI ITO3HAYECHHST OMMUILIEMO
oOya0By JoKanbHOI MaTpulli [4] cuctemu Pitua ans
pO3B’s13aHHS OirapMOHIYHOI 3a/1a4i Ha TPUKYTHUKY

9tu o'u o'
D —4+2T+—4 =q, (X,y)EG,
ox ox°dy” dy
sIKa IOBUHHA 3aJ0BOJIBHITH TPAHMYHUM YMOBaM (YMO-
BaM KOPCTKOTO 3alleMJICHHS)

u|aG:0’
ool g
Xy ,ayao .

3rinHo i3 [4-9] naHiit 3agayi BianoBigae BapialiiiHa
3ajiaya Mnpo MiHiMyM (DyHKIiOHAJTY:

J () = ”[(8 u gyl’zlj -2.q- u]dxdy
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2uY () au Y
T =[] Z4] +[ 241 42 ~2.g-uldxd
=[] (5] (55 ) oy ) 2o

IIPU TUX XK€ YMOBaX.

3acTocyeMO 11 pO3B’SI3KYy AHOI 3agadi METOHd
Pitua. HaOmukeHuii po3B’si30K 3TiZHO METOIY IIIy-
KA€ETHCS Y BULJISIL:

.2
u :zciq)i

Ie ¢; — IOCTIliHI, IKi BAOMPAIOTHCS TAK 100 BEJTMYNHA
J (u ) OyJia MiHIMaJIbHOIO.

JIJ1s1 BUBHAUEHHSI LIUX CTAJIMX OTPUMYEThCS JIiHiliHA
anrebpaiyHa cucrema

oJ

E:O,k:O,ﬂ.
Lst cucrema O6yae MaTy BUTJISI
[01,0;1c; +[05,0 1, +[dy1,0 1o = (f0;)
(91,021, +[07,0,1C,+... 451,05 15 =(f,9,)

(01,0711 405,051 1Co+ . +[0y1,051 15 = (f,07;)

B sikocti Habopy yHKILii {cpk(x, y)} JUTST METo/a
PiTua obepemo Habip i3 21-1 6a3ucHO1 hyHKIIIT, SIKi MU
BUKOPHCTOBYBAJIM ISl MOOY/IOBU MOJiHOMA 5-TO cTe-
TIeHs.

J1J1s1 3HaXOIKeHHS HEBiTOMMX KOHCTAHT ¢;, i =1,21
MiZCTABISIOUM & 3aMicThb u Yy (YHKILOHAT Ta IIpH-
PIiBHIOIOUM TOXifHI MO ¢;, i=1,21 Hymo, oTpUMyeMO

CUCTEMY PiBHSIHb:
2’0,  0°0,
+ —q-0, |dxdy=
J[ PYEIP q-O ly

fif 22
H 5 az¢k+az¢k 0%, , 90, |_
G ox?  9y? N ox? ay
—q-q)s]dxdy:O s=1,21.

OTpUMY€EMO JIiHiliHY CUCTeMYy piBHSIHb BilIHOCHO

3MIHHUX ¢;, i=1,21:

3 (2022022

dxdy =
x’ ay)xy

= Ij[q~¢s]dxdy, s=1,21
c

3aMiHIMO OTPMMAaHy CUCTEMY PiBHSHbB Ii MaTpuy-
HUM BULJISIIOM:

M.-c=P

Teopema 1. Enementu matpuii M MoxXHa 3amucaTu
Yy HACTYIIHI sIBHilA (popMi:

M, = [0 50+ 02 )
G

(0950 o,

Teopema 2. Enementu matpuli P MoxHa 3anucatu
y HACTYITHI sIBHili (popmi:

P = [[[a(x.y)- @,(x,y)]dxdy.
G

3HaliieHnii B pe3y/bTaTi PO3B’A3Ky JAaHOI CUCTe-
MU BEKTOP HEBIIOMUX ¢;, i:1,_1 MiICTaBIISIETBCS Y
crutaia S5 f(x,y) .

Hapenena Bule cxeMa 3HAXOJKEHHSI €JIEMEHTIB
MaTpuli cuctemu PiTiia sl TPUKYTHUX €JIEMEHTIB,
110 HE MAalOTh CIUJIbHUX TOYOK i3 TpaHUIIE0 00JIacTi

(puc. 2).

Puc. 2. Ilpukian po3MilieHHsI TPUKYTHOTO €J1eMeHTa,
110 He MA€ CHiJIbHUX TOYOK i3 rPAHUIIEI0 00J1aCTi PO30OUTTS

Y BUNAAKY KOJIU €JIEeMEHT PO3OUTTSI HaJIEXKUTh rpa-
HUILIi 00JacTi 3a/J1s1 3aJJ0BOJIEHHSI YMOBaM >KOPCTKO-
ro 3alleMJIEHHS AesiKi 3 TapaMeTpiB MPUPiBHIOIOTHCS
HYJIIO.

ITpruoMy 11 BeplIMH TPUKYTHMKIB, SIKi 3HaAXO-
JISIThCS Y BeplliMHax objacti G. napaMeTpI/I 1110 BiAIO-
BiIaloTh 6a3UCHUM QYHKILIAM Ay, B, By, hhy Ta
hy , TIPUPIBHIOIOTHCS HYJTIO.

g BeplIMH TPUKYTHUKIB, IO 3HAXOAAThCS Ha
rpaHuui obaacti G, mapaneabHux oci Ox, IPUPiIBHIO-
FOTHCS HYJTIO TTapaMeTpH, 110 BiAIIOBigal0Th 0a3UCHUM
bynkuiam fy o, B, By Ta by

Mg BEepIIMH TPUKYTHUKIB, IO 3HAXOAATbCH Ha
rpaHui obsacti G, mapaneabHux oci Oy, PUPiIBHIO-
I0ThCSl HYJIIO TapaMeTpH, 110 BiAINOBiIal0Th 6a3MCHUM
ynkuiam ko, by, By, T2 by,

AHaJoTiYyHO, SIKIIIO KaTeT TPUKYTHMKA HaJIeXUTb
rpaHMLi 00JaCTi, TO BIAMOBIAHUI TTapaMeTp IJIs1 HOp-
MalJli, 1110 po3TallloBaHa Ha IIbOMY KaTeTi TeX MoKJI1aaa-
€TbCSI PIBHUM HYJIIO.

Ha puc.3-6 HaBeneHi MOX/IMBI BapiaHTU pPO3Mi-
IIIEHHS TPUKYTHUKIB PO30OUTTS 3 Pi3HOIO KIJIBKICTIO
rnmapamMeTpiB B KOXXHOMY 3 HUX.
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B 3aranbHOMYy BUIagky (puc. 2), SIKIIO TPUKYTHUK
HE HaJIeXXUTh I'PaHULI 00JIaCTi, TO KiJbKiCTh Mapame-
TpiB B HbOMY csiratume 21.

SIKIIO TPUKYTHUK PO3OUTTSI MA€ OAHY, i TiIbKU
OIHY, CHUJIbHY TOYKY i3 TIpaHMUICIO, TO KiJIbKiCTb
rmapameTpiB Oyae TopiBHIOBaTH 16, OCKIJIBKM mapame-
™U Hyo s B s Byy s g TA By, IUTS BEPUIMHM, SIKA HA-
JIEXKUTb TPaHMLLi, TPUPIBHIOIOTHCS HYJIIO.

e

Puc. 3. Ilpuknan po3MilieHHs: TPUKYTHOTO eJIeMeHTa,
[0 MA€ OJIHY CHiJbHY TOYKY i3 rpaHUIIE0 001aCTi PO3OUTTS

Y BUIaaKy KOJIY ABi 3 BepILIUH (ajie He BeCh KaTeT)
TPUKYTHMKA HajeXaTb IpaHuli obacTi (puc. 4), Kib-
KicTh HeBimoMux ctaHoBUuTUME 11. OcKinbKu mmapame-
TPH, 110 BIANOBIAAI0TH 6a3uCHUM DYHKIISM Ay , /g
hyy s My Ta By, TIpU KX IBOX BEPIIMHAX PUPiBHIO-
I0TbCSI HYJTIO.

Puc. 4. IIpukian po3MilieHHsI TPUKYTHOTO €JIeMeHTa,
IO MA€ JIBi CNiJIbHI TOYKH i3 rPAHMIEI0 00J1aCTi PO30OUTTS
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SKII0 TPUKYTHUK PO3OUTTS Ma€ OAWH, i TUIBKA
OJIMH, COILHUIA KaTeT i3 rpaHulieo (puc. 5), TO Kib-
KicTh TlapaMmeTpiB Oyne nopiBHioBaTu 10, 60 MoOpiBHSI-
HO 3 morepeaHiM BUMaaKoM (puc. 4) 10 HyJs Mpu-
PIBHIOETBHCS 1lIe ITapaMeTp, 10 BiAIOBiga€ HOpMai,
pO3TaIlloBaHill Ha IIbOMY KaTeTi.

Puc. 5. Ilpukaan po3minieHHs: TPUKYTHOTO eJIeMeHTa,
OJIMH KATeT SIKOT0 HAJIEXKUTH TPAHUIL 00J1aCTi pO30UTTS

AHQJIOT{YHO, Y BUIIaAKYy KOJU €JeMEHT pPO30UT-
TS Ma€ JIBa CIUIbHUX KaTeTHU i3 TpaHMIICl0 obyac-
Ti (puc. 6), TO HEBIIOMMX MapaMeTpiB 3aIUILIUTHCS
nuuie 4.

Puc. 6. IIpukian po3MilieHHsI TPUKYTHOTO €J1eMeHTa,
JIBA KATETH SIKOTO HAJIeXKATh IPAHMII 00J1aCTi pO30UTTS
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BucHoBku

JaHa poboTa mpUCBsSUYeHA 3HAXOIXKEHHIO JTOKalb-
HUX MaTpullb s cuctemMu PiTiia 3 BUKOpUCTaH-
HSIM SIBHMX (DOpMYJ JJIs1 CIUIaliHiB 5-TO CTereHsl Ha
TPUKYTHIN CiTLi By3J1iB, HABEACHUX B MTOIEPEAHIX PO-
0oTax aBTOPIB, 11 pO3B’sI3aHHS OirapMOHIYHOI 3aa4i
JUJISI )KOPCTKOTO 3allleMJIEHHOI IIJIaCTUHU.

B naniit poboTi HaBeneHO BUpa3u IJis ITOOYIOBU
CIUIAliHIB IT’SITOTO CTEMeHsI, sIKi BUKOPUCTOBYBAIUCH
aBTOpaMu JIsI MOOYIOBM PO3B’SI3KY OirapMOHIYHOI
3aj1a4i AJIs1 )KOPCTKO 3alleMJICHOI IUIACTUHU Y BUTTAIKY
pO30UTTST 00JIACTi HA MPSIMOKYTHI TPUKYTHUKM, KaTe-
TU SIKKX MapaiesibHi 0CSIM KOOPAUHAT.

Pesynbrat maHoi poOOTM aBTOpaMu IUIAHYETHCS
BUKOPHUCTATU MJISI TOOYIOBU TJOOAJIbHUX MAaTpPUllb
3rimHo Merony Pitua npu po3s’si3aHHI OirapMOHIYHOT
3ajJa4i y BUMTaAKy >KOPCTKO 3alleMIeHOI TPaHMIIi.

Cmucok aiteparypm: 1. Cepeuenko, 1. B. SIBHbIe DOPMYITBI 1151
MHTEPIOISILIMOHHBIX CIUIAMHOB 5-1 CTENIEHU Ha TPEYyroJib-
Huke / U.B Cepruenko, O.H.Jluteux, O.0. JIutunH, O.U.
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Resume
Lytvyn O.M., Tomanova L.S.
CONSTRUCTION OF LOCAL MATRIXES OF THE
RITZ SYSTEM USING SPLINES OF THE FIFTH
DEGREE ON THE TRIANGLE FOR SOLVING THE

BIHARMONIC PROBLEM OF PLATE BENDING.

Background: Splines are involved in a large number of
physical processes. The use of splines for the study of the bi-
harmonic problem is widely used in practice, in particular
when studying the deflection of plates. A number of exact so-
lutions were developed for isotropic linear elastic thin plates;
most of them can be found in Tymoshenko’s monographs
(Timoshenko and Woinowsky-Krieger, 1959). In this paper
we propose a scheme for solving the biharmonic problem for a
rectangular plate in the case of rigidly clamped boundary con-
ditions by the Ritz method. The Ritz method is used to solve
problems in the calculus of variations. The Ritz method is
based on the construction of a minimizing sequence of func-
tions. Splines of the fifth degree on the triangular grid give an
accurate estimate, but they are difficult to calculate, due to
the fact that for each triangular element it is necessary to find
twenty-one coefficients. In the previous works of the authors
using explicit formulas, splines of the fifth degree were con-
structed, which make calculations much simpler.

Materials and methods: In this paper we consider the
construction of local matrices of the Ritz system for solving a
biharmonic problem with a rigidly constrained boundary for
an arbitrary right triangle which cathetus are parallel to the
coordinate axes using explicit formulas for splines of the fifth
degree.

Results: A scheme is given for constructing local matrixes
of the Ritz system for solving a biharmonic problem with rig-
idly clamped boundaries. Depending on the location of the
triangular element of the partition with respect to the bound-
ary of the region, the principle of satisfying the boundary con-
ditions of the problem is shown.

Conclusion: In given article present the method of con-
structing local matrixes of the Ritz system for solving the bi-
harmonic problem of the bending of a rigidly clamped plate.
The considered method can be used to construct a global Ritz
matrix for finding the solution of the biharmonic problem in
the case of partitioning a domain into rectangular triangles
which cathetus are parallel to the coordinate axes.
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