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ЗАГАЛЬНА ХАРАКТЕРИСТИКА РОБОТИ 
 

Актуальнɿсть теми. За ɨɫɬаɧɧɿɣ ɱаɫ ɧɨɜɿ ɿɧɮɨɪɦаɰɿɣɧɿ ɨɩɟɪаɬɨɪɢ 
(ɡɨɤɪɟɦа, ɨɩɟɪаɬɨɪɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ) ɧаɛɭɜаɸɬɶ ɜɫɟ ɛɿɥɶɲɨʀ ɩɨɩɭɥɹɪɧɨɫɬɿ ɿ 
ɨɯɨɩɥɸɸɬɶ ɜɫɟ ɛɿɥɶɲɟ ɩɪɢɤɥаɞɧɢɯ ɡаɞаɱ ɦɟɯаɧɿɤɢ ɬа ɬɟɯɧɿɤɢ. Наɩɪɢɤɥаɞ, ɜ 
ɡаɞаɱаɯ ɨɛɪɨɛɤɢ ɞаɧɢɯ ɞɢɫɬаɧɰɿɣɧɨɝɨ ɡɨɧɞɭɜаɧɧɹ Зɟɦɥɿ, ɨɬɪɢɦаɧɢɯ ɡ 
ɥɿɬаɥɶɧɨɝɨ аɩаɪаɬɭ аɛɨ ɲɬɭɱɧɨɝɨ ɫɭɩɭɬɧɢɤа ɩɥаɧɟɬɢ; ɨɛɪɨɛɤɢ ɩɨɲɤɨɞɠɟɧɢɯ 
ɞаɧɢɯ ɫɟɣɫɦɿɱɧɨʀ ɬɨɦɨɝɪаɮɿʀ; ɨɛɪɨɛɤɢ ɝɪаɮɿɱɧɢɯ ɞаɧɢɯ, ɩɨɲɤɨɞɠɟɧɢɯ ɜ 
ɪɟɡɭɥɶɬаɬɿ ɩɨɦɢɥɨɤ ɩɪɢ ɩɟɪɟɞаɱɿ ɞаɧɢɯ ɩɨ ɦɟɪɟɠɿ аɛɨ ʀʀ ɩɟɪɟɧаɜаɧɬаɠɟɧɧɹ; 
ɨɛɪɨɛɰɿ аɪɯɿɜɧɢɯ ɞɨɤɭɦɟɧɬɿɜ ɭ ɜɢɝɥɹɞɿ ɡɨɛɪаɠɟɧɶ, ɳɨ ɦаɸɬɶ ɪɿɡɧɨɦаɧɿɬɧɿ 
ɫɩɨɬɜɨɪɟɧɧɹ (ɩɨɞɪɹɩɢɧɢ, ɩɥɹɦɢ, ɩɢɥ, ɧɟɩɨɬɪɿɛɧɿ ɧаɩɢɫɢ, ɥɿɧɿʀ ɡɝɢɧɭ) ɬɨɳɨ.  

На ɞаɧɢɣ ɦɨɦɟɧɬ ɜɿɞɨɦɿ ɨɩɟɪаɬɨɪɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɞɥɹ ɜɿɞɧɨɜɥɟɧɧɹ 
ɩɨɲɤɨɞɠɟɧɢɯ ɩɨɜɟɪɯɨɧɶ ɭ ɜɢɝɥɹɞɿ ɫɦɭɝ ɿɡ ɝɪаɧɢɰɹɦɢ, ɩаɪаɥɟɥɶɧɢɦɢ ɨɫɹɦ 
ɤɨɨɪɞɢɧаɬ, ɳɨ ɞɨɫɢɬɶ ɫɢɥɶɧɨ ɡɜɭɠɭɽ ɫɩɟɤɬɪ ɩɪɢɤɥаɞɧɢɯ ɡаɞаɱ, ɞɨ ɹɤɢɯ ʀɯ 
ɦɨɠɧа ɡаɫɬɨɫɭɜаɬɢ. Тɨɦɭ ɭɡаɝаɥɶɧɟɧɧɹ ɨɩɟɪаɬɨɪɿɜ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɧа ɜɢɩаɞɨɤ 
ɫɦɭɝ, ɝɪаɧɢɰɿ ɹɤɢɯ ɪɨɡɬаɲɨɜаɧɿ ɩɿɞ ɞɨɜɿɥɶɧɢɦ ɤɭɬɨɦ аɛɨ ɦаɸɬɶ ɤɪɢɜɨɥɿɧɿɣɧɿ 
ɝɪаɧɢɰɿ ɡɪɨɛɢɬɶ ɨɩɟɪаɬɨɪɢ ɛɿɥɶɲ ɭɧɿɜɟɪɫаɥɶɧɢɦɢ, ɳɨ ɞаɫɬɶ ɡɦɨɝɭ 
ɡаɫɬɨɫɨɜɭɜаɬɢ ɨɩɟɪаɬɨɪɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɞɥɹ ɛɿɥɶɲɨʀ ɤɿɥɶɤɨɫɬɿ ɩɪɢɤɥаɞɧɢɯ ɡаɞаɱ. 

Зв’язок роботи з науковими програмами, планами, темами. 
Дɢɫɟɪɬаɰɿɣɧа ɪɨɛɨɬа ɜɢɤɨɧɭɜаɥаɫɶ ɧа ɤаɮɟɞɪɿ ɜɢɳɨʀ ɬа ɩɪɢɤɥаɞɧɨʀ ɦаɬɟɦаɬɢɤɢ 
Уɤɪаʀɧɫɶɤɨʀ ɿɧɠɟɧɟɪɧɨ-ɩɟɞаɝɨɝɿɱɧɨʀ аɤаɞɟɦɿʀ. Яɤ ɜɢɤɨɧаɜɟɰɶ, ɡɞɨɛɭɜаɱ 
ɩɪɨɜɨɞɢɜ ɞɨɫɥɿɞɠɟɧɧɹ ɭ ɪаɦɤаɯ ɞɟɪɠɛɸɞɠɟɬɧɨʀ ɬɟɦɢ ʋ 15-01 ДБ «Рɨɡɪɨɛɤа ɬа 
ɞɨɫɥɿɞɠɟɧɧɹ ɧɨɜɨɝɨ ɦɟɬɨɞɭ ɩɨɛɭɞɨɜɢ 4D ɦɿɠɫɜɟɪɞɥɨɜɢɧɧɨʀ аɤɫɟɥɟɪɨɦɟɬɪɢɱɧɨʀ 
ɦаɬɟɦаɬɢɱɧɨʀ ɦɨɞɟɥɿ ɤɨɪɢ Зɟɦɥɿ ɡа ɞаɧɢɦɢ ɫɟɣɫɦɿɱɧɨɝɨ ɡɨɧɞɭɜаɧɧɹ» 
(ʋ ДР 0115U002498), ɹɤа ɜɯɨɞɢɥа ɞɨ ɩɥаɧɭ НДР ɰɿɽʀ ɤаɮɟɞɪɢ. 

Мета ɿ завдання дослɿдження. Мɟɬɨɸ ɞаɧɨʀ ɪɨɛɨɬɢ ɽ ɩɨɛɭɞɨɜа 
ɦаɬɟɦаɬɢɱɧɢɯ ɦɨɞɟɥɟɣ ɩɨɜɟɪɯɨɧɶ ɬɪɢɜɢɦɿɪɧɢɯ ɬɿɥ ɡ ɭɪаɯɭɜаɧɧɹɦ ɞаɧɢɯ ɩɪɨ 
ɧɢɯ ɧа ɪɿɡɧɢɯ ɫɢɫɬɟɦаɯ ɫɦɭɝ ɧа ɨɫɧɨɜɿ ɜɢɤɨɪɢɫɬаɧɧɹ ɨɩɟɪаɬɨɪɿɜ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ 
ɮɭɧɤɰɿɣ. Дɥɹ ɞɨɫɹɝɧɟɧɧɹ ɫɮɨɪɦɭɥɶɨɜаɧɨʀ ɦɟɬɢ ɭ ɩɪɨɰɟɫɿ ɞɨɫɥɿɞɠɟɧɶ ɩɨɫɬаɜɥɟɧɿ 
ɬаɤɿ завдання: 

− ɞɨɫɥɿɞɠɟɧɧɹ ɦаɬɟɦаɬɢɱɧɨʀ ɦɨɞɟɥɿ ɨɫɜɿɬɥɟɧɨɫɬɿ ɩɨɜɟɪɯɧɿ ɡа ɞаɧɢɦɢ 
ɿɧɬɟɧɫɢɜɧɨɫɬɿ ɨɫɜɿɬɥɟɧɨɫɬɿ ɧа ɫɢɫɬɟɦɿ ɥɿɧɿɣ ɡа ɞɨɩɨɦɨɝɨɸ ɨɩɟɪаɬɨɪɿɜ 
ɿɧɬɟɪɫɬɪɿɩаɰɿʀ; 

− ɭɞɨɫɤɨɧаɥɟɧɧɹ ɦɟɬɨɞɭ ɦаɬɟɦаɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜаɧɧɹ ɨɫɜɿɬɥɟɧɨɫɬɿ 
ɩɨɜɟɪɯɧɿ ɬɿɥа ɨɩɟɪаɬɨɪаɦɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɦɿɠ ɩаɪаɥɟɥɶɧɢɦɢ ɫɦɭɝаɦɢ; 

− ɪɨɡɪɨɛɤа ɬа ɞɨɫɥɿɞɠɟɧɧɹ ɧɨɜɨɝɨ ɦɟɬɨɞɭ ɦаɬɟɦаɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜаɧɧɹ 
ɨɫɜɿɬɥɟɧɨɫɬɿ ɩɨɜɟɪɯɧɿ ɬɿɥа ɨɩɟɪаɬɨɪаɦɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɦɿɠ ɫɦɭɝаɦɢ, 
ɪɨɡɬаɲɨɜаɧɢɦɢ ɩɿɞ ɞɨɜɿɥɶɧɢɦ ɤɭɬɨɦ; 

− ɪɨɡɪɨɛɤа ɬа ɞɨɫɥɿɞɠɟɧɧɹ ɧɨɜɨɝɨ ɦɟɬɨɞɭ ɦаɬɟɦаɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜаɧɧɹ 
ɨɫɜɿɬɥɟɧɨɫɬɿ ɩɨɜɟɪɯɧɿ ɬɿɥа ɨɩɟɪаɬɨɪаɦɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɦɿɠ ɫɦɭɝаɦɢ, ɳɨ ɦаɸɬɶ 
ɤɪɢɜɨɥɿɧɿɣɧɿ ɝɪаɧɢɰɿ; 

− ɪɨɡɪɨɛɤа ɬа ɞɨɫɥɿɞɠɟɧɧɹ ɧɨɜɨɝɨ ɦɟɬɨɞɭ ɦаɬɟɦаɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜаɧɧɹ 
ɨɫɜɿɬɥɟɧɨɫɬɿ ɩɨɜɟɪɯɧɿ ɬɿɥа ɨɩɟɪаɬɨɪаɦɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɦɿɠ ɫɦɭɝаɦɢ ɿɡ 
ɜɪаɯɭɜаɧɧɹɦ ɫɬɪɭɤɬɭɪɢ ɬɿɥа; 

− ɭɞɨɫɤɨɧаɥɟɧɧɹ ɦɟɬɨɞɭ ɡɧаɯɨɞɠɟɧɧɹ ɥɿɧɿɣ ɪɨɡɪɢɜɭ ɧɟɩɟɪɟɪɜɧɢɯ 



2 
 

ɮɭɧɤɰɿɣ (ɨɞɧɿɽʀ аɛɨ ɞɜɨɯ ɡɦɿɧɧɢɯ) ɱɢ ʀɯ ɩɨɯɿɞɧɢɯ ɞɟɹɤɨɝɨ ɩɨɪɹɞɤɭ; 
− ɩɪɨɜɟɞɟɧɧɹ ɨɛɱɢɫɥɸɜаɥɶɧɢɯ ɟɤɫɩɟɪɢɦɟɧɬɿɜ ɧа ɨɫɧɨɜɿ ɪɨɡɪɨɛɥɟɧɨɝɨ 

аɜɬɨɪɨɦ ɩаɤɟɬɭ ɩɪɢɤɥаɞɧɢɯ ɩɪɨɝɪаɦ ɞɥɹ ɬɟɫɬɭɜаɧɧɹ ɡаɩɪɨɩɨɧɨɜаɧɢɯ ɦɟɬɨɞɿɜ ɬа 
аɥɝɨɪɢɬɦɿɜ. 

Об'ɽɤɬɨɦ дɨɫɥɿдɠɟɧɧɹ ɽ ɩɪɨɰɟɫ ɨɛɪɨɛɤɢ ɞаɧɢɯ ɞɢɫɬаɧɰɿɣɧɨɝɨ 
ɡɨɧɞɭɜаɧɧɹ ɩɥаɧɟɬɢ.  

Пɪɟдɦɟɬɨɦ дɨɫɥɿдɠɟɧɧɹ ɽ ɦɟɬɨɞ ɨɛɪɨɛɤɢ ɬа ɜɿɞɧɨɜɥɟɧɧɹ ɞаɧɢɯ 
ɞɢɫɬаɧɰɿɣɧɨɝɨ ɡɨɧɞɭɜаɧɧɹ ɩɥаɧɟɬɢ ɡ ɜɢɤɨɪɢɫɬаɧɧɹɦ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɮɭɧɤɰɿɣ. 

Мɟɬɨдɢ дɨɫɥɿдɠɟɧɧɹ ɛаɡɭɸɬɶɫɹ ɧа ɤɨɦɩɥɟɤɫɧɨɦɭ ɜɢɤɨɪɢɫɬаɧɧɿ ɧɨɜɢɯ 
ɿɧɮɨɪɦаɰɿɣɧɢɯ ɨɩɟɪаɬɨɪɿɜ, ɦɟɬɨɞɿɜ ɦаɬɟɦаɬɢɱɧɨɝɨ аɧаɥɿɡɭ ɬа ɦаɬɟɦаɬɢɱɧɨɝɨ 
ɦɨɞɟɥɸɜаɧɧɹ: ɞɥɹ ɩɨɛɭɞɨɜɢ ɦаɬɟɦаɬɢɱɧɢɯ ɦɨɞɟɥɟɣ ɩɨɜɟɪɯɨɧɶ ɞɨɫɥɿɞɠɭɜаɧɨɝɨ 
ɨɛ'ɽɤɬɭ – ɬɟɨɪɿɹ ɧаɛɥɢɠɟɧɧɹ ɮɭɧɤɰɿɣ ɞɜɨɯ ɡɦɿɧɧɢɯ ɿɡ ɜɢɤɨɪɢɫɬаɧɧɹɦ ɨɩɟɪаɬɨɪɿɜ 
ɿɧɬɟɪɥɿɧаɰɿʀ; ɞɥɹ ɫɟɝɦɟɧɬаɰɿʀ ɩɨɜɟɪɯɧɿ ɞɨɫɥɿɞɠɭɜаɧɨɝɨ ɨɛ'ɽɤɬɭ – ɦɟɬɨɞɢ 
ɜɢɹɜɥɟɧɧɹ ɪɨɡɪɢɜɿɜ ɧа ɰɢɮɪɨɜɢɯ ɡɨɛɪаɠɟɧɧɹɯ; ɞɥɹ ɩɨɛɭɞɨɜɢ ɪɨɡɪɢɜɧɢɯ 
ɫɩɥаɣɧɿɜ – ɦɟɬɨɞɢ ɧаɛɥɢɠɟɧɧɹ ɨɩɟɪаɬɨɪаɦɢ ɿɧɬɟɪɩɨɥɹɰɿʀ. 

Наукова новизна одержаних результатɿв: Пɪɨɜɟɞɟɧɿ ɜ ɞɢɫɟɪɬаɰɿɣɧɿɣ 
ɪɨɛɨɬɿ ɞɨɫɥɿɞɠɟɧɧɹ ɞɨɡɜɨɥɢɥɢ ɨɬɪɢɦаɬɢ ɬаɤɿ ɧɨɜɿ ɧаɭɤɨɜɿ ɪɟɡɭɥɶɬаɬɢ: 

− ɧаɛɭɜ ɩɨɞаɥɶɲɨɝɨ ɪɨɡɜɢɬɤɭ ɦɟɬɨɞ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɜɟɪɯɧɿ ɡа ɞаɧɢɦɢ ɩɪɨ 
ɧɟʀ ɧа ɫɢɫɬɟɦɿ ɩаɪаɥɟɥɶɧɢɯ ɫɦɭɝ ɿɡ ɜɪаɯɭɜаɧɧɹɦ ɞɨɞаɬɤɨɜɨʀ ɿɧɮɨɪɦаɰɿʀ, 
ɜɿɞɦɿɧɧɿɫɬɶ ɹɤɨɝɨ ɜɿɞ ɿɫɧɭɸɱɨɝɨ ɦɟɬɨɞɭ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɩɨɥɹɝаɽ ɜ ɜɢɤɨɪɢɫɬаɧɧɿ 
ɛɿɥɶɲɨɝɨ ɨɛ’ɽɦɭ ɞаɧɢɯ ɡɿ ɫɦɭɝ; 

− ɡаɩɪɨɩɨɧɨɜаɧɨ ɬа ɨɛʉɪɭɧɬɨɜаɧɨ ɦɟɬɨɞ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɜɟɪɯɧɿ ɡа ɞаɧɢɦɢ 
ɩɪɨ ɧɟʀ ɧа ɫɢɫɬɟɦɿ ɫɦɭɝ, ɪɨɡɬаɲɨɜаɧɢɯ ɩɿɞ ɞɨɜɿɥɶɧɢɦ ɤɭɬɨɦ, ɳɨ ɞɨɡɜɨɥɹɽ 
ɜɿɞɧɨɜɥɸɜаɬɢ ɩɨɜɟɪɯɧɸ ɹɤɳɨ ɿɧɮɨɪɦаɰɿɹ ɩɪɨ ɧɟʀ ɜɿɞɨɦа ɧа ɫɦɭɝаɯ, ɝɪаɧɢɰɿ 
ɨɩɢɫɭɸɬɶɫɹ ɥɿɧɿɣɧɢɦɢ ɮɭɧɤɰɿɹɦɢ; 

− ɭɩɟɪɲɟ ɩɨɛɭɞɨɜаɧɨ ɦаɬɟɦаɬɢɱɧɭ ɦɨɞɟɥɶ ɩɨɜɟɪɯɧɿ ɬɿɥа ɡа ɞаɧɢɦɢ ɩɪɨ 
ɧɟʀ ɧа ɫɢɫɬɟɦɿ ɫɦɭɝ, ɳɨ ɦаɸɬɶ ɤɪɢɜɨɥɿɧɿɣɧɿ ɝɪаɧɢɰɿ, ɳɨ ɞɨɡɜɨɥɹɽ ɜɿɞɧɨɜɥɸɜаɬɢ 
ɩɨɜɟɪɯɧɸ ɹɤɳɨ ɿɧɮɨɪɦаɰɿɹ ɩɪɨ ɧɟʀ ɜɿɞɨɦа ɧа ɫɦɭɝаɯ, ɝɪаɧɢɰɿ ɨɩɢɫɭɸɬɶɫɹ 
ɧɟɩɟɪɟɪɜɧɢɦɢ ɮɭɧɤɰɿɹɦɢ; 

− ɪɨɡɪɨɛɥɟɧɨ ɬа ɞɨɫɥɿɞɠɟɧɨ ɦɟɬɨɞ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɜɟɪɯɧɿ ɡа ɞаɧɢɦɢ ɩɪɨ 
ɧɟʀ ɧа ɫɢɫɬɟɦɿ ɫɦɭɝ ɿɡ ɜɪаɯɭɜаɧɧɹɦ ɫɬɪɭɤɬɭɪɢ ɬɿɥа, ɳɨ ɞɨɡɜɨɥɹɽ ɜɿɞɧɨɜɥɸɜаɬɢ 
ɩɨɜɟɪɯɧɸ ɿɡ ɜɪаɯɭɜаɧɧɹɦ ɨɫɨɛɥɢɜɨɫɬɟɣ ɬɟɤɫɬɭɪɢ ɨɛ’ɽɤɬа ɞɨɫɥɿɞɠɟɧɧɹ ɧа 
ɜɿɞɨɦɢɯ ɫɦɭɝаɯ; 

− ɜɞɨɫɤɨɧаɥɟɧɨ ɦɟɬɨɞ ɡɧаɯɨɞɠɟɧɧɹ ɥɿɧɿɣ ɪɨɡɪɢɜɭ ɧɟɩɟɪɟɪɜɧɢɯ ɮɭɧɤɰɿɣ 
(ɨɞɧɿɽʀ аɛɨ ɞɜɨɯ ɡɦɿɧɧɢɯ) ɱɢ ʀɯ ɩɨɯɿɞɧɢɯ ɞɟɹɤɨɝɨ ɩɨɪɹɞɤɭ, ɹɤɢɣ ɞɨɡɜɨɥɹɽ 
ɥɨɤаɥɿɡɭɜаɬɢ ɡ ɞɟɹɤɢɦ ɧаɩɟɪɟɞ ɡаɞаɧɢɦ ɩɨɪɹɞɤɨɦ ɬɨɱɧɨɫɬɿ ɪɨɡɪɢɜɢ ɮɭɧɤɰɿʀ ɱɢ ʀʀ 
ɩɨɯɿɞɧɨʀ ɞɟɹɤɨɝɨ ɩɨɪɹɞɤɭ. 

Практичне значення одержаних результатɿв. Оɬɪɢɦаɧɿ ɪɟɡɭɥɶɬаɬɢ 
ɦɨɠɭɬɶ ɛɭɬɢ ɜɢɤɨɪɢɫɬаɧɿ ɞɥɹ аɜɬɨɦаɬɢɱɧɨɝɨ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɜɟɪɯɧɿ ɦɿɠ ɫɦɭɝаɦɢ 
ɧа ɨɫɧɨɜɿ ɞаɧɢɯ ɞɢɫɬаɧɰɿɣɧɨɝɨ ɡɨɧɞɭɜаɧɧɹ Зɟɦɥɿ, аɟɪɨɮɨɬɨɡɣɨɦɤɢ, 
ɫɟɣɫɦɨɪɨɡɜɿɞɤɢ ɬɨɳɨ. Кɪɿɦ ɬɨɝɨ ɪɨɡɪɨɛɥɟɧа ɦаɬɟɦаɬɢɱɧа ɦɨɞɟɥɶ ɩɨɜɟɪɯɧɿ 
ɦɨɠɟ ɛɭɬɢ ɜɢɤɨɪɢɫɬаɧа ɞɥɹ ɜɿɞɧɨɜɥɟɧɧɹ ɞɜɨɜɢɦɿɪɧɢɯ ɫɢɝɧаɥɿɜ, ɩɨɲɤɨɞɠɟɧɢɯ ɜ 
ɪɟɡɭɥɶɬаɬɿ ɩɨɦɢɥɨɤ ɩɪɢ ɩɟɪɟɞаɱɿ ɞаɧɢɯ ɩɨ ɦɟɪɟɠɿ аɛɨ ʀʀ ɩɟɪɟɜаɧɬаɠɟɧɧɸ. 
Оɰɿɧɤа ɫɩɪаɜɠɧɿɯ ɡɧаɱɟɧɶ ɜɬɪаɱɟɧɢɯ ɞаɧɢɯ ɧɟɨɛɯɿɞɧа ɜ ɛɿɥɶɲɨɫɬɿ ɡаɞаɱ 
ɰɢɮɪɨɜɨʀ ɨɛɪɨɛɤɢ ɡɨɛɪаɠɟɧɶ аɛɨ, ɧаɩɪɢɤɥаɞ, ɜ ɡаɞаɱаɯ ɨɛɪɨɛɤɢ аɪɯɿɜɧɢɯ 
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ɞɨɤɭɦɟɧɬɿɜ ɭ ɜɢɝɥɹɞɿ ɝɪаɮɿɱɧɢɯ ɡɨɛɪаɠɟɧɶ, ɳɨ ɦаɸɬɶ ɪɿɡɧɨɦаɧɿɬɧɿ ɫɩɨɬɜɨɪɟɧɧɹ 
(ɩɨɞɪɹɩɢɧɢ, ɩɥɹɦɢ, ɩɢɥ, ɧɟɩɨɬɪɿɛɧɿ ɧаɩɢɫɢ, ɥɿɧɿʀ ɡɝɢɧɭ ɬɨɳɨ); ɩɪɢ ɪɟɫɬаɜɪаɰɿʀ 
ɩɨɲɤɨɞɠɟɧɢɯ ɤаɪɬɢɧ, ɩɨɪɬɪɟɬɿɜ, ɡɨɛɪаɠɟɧɶ ɬɨɳɨ. 
 Особистий внесок здобувача. Оɫɧɨɜɧɢɣ ɡɦɿɫɬ ɞɢɫɟɪɬаɰɿɣɧɨʀ ɪɨɛɨɬɢ 
ɨɩɭɛɥɿɤɨɜаɧɨ ɭ 13 ɪɨɛɨɬаɯ [1–13]. Рɟɡɭɥɶɬаɬɢ, ɹɤɿ ɫɤɥаɞаɸɬɶ ɨɫɧɨɜɭ 
ɞɢɫɟɪɬаɰɿɣɧɨʀ ɪɨɛɨɬɢ, ɨɩɭɛɥɿɤɨɜаɧɿ ɜ ɪɨɛɨɬаɯ [5, 8–10], ɨɬɪɢɦаɧɿ ɨɞɧɨɨɫɿɛɧɨ. У 
ɩɪаɰɹɯ, ɨɩɭɛɥɿɤɨɜаɧɢɯ ɭ ɫɩɿɜаɜɬɨɪɫɬɜɿ, ɞɢɫɟɪɬаɧɬɭ ɧаɥɟɠаɬɶ ɬаɤɿ ɪɟɡɭɥɶɬаɬɢ: 
[1] – ɦɟɬɨɞ ɜɢɹɜɥɟɧɧɹ ɪɨɡɪɢɜɿɜ ɮɭɧɤɰɿɣ ɡа ɞɨɩɨɦɨɝɨɸ dkε-ɧɟɩɟɪɟɪɜɧɨɫɬɿ; [2] – 
ɦɟɬɨɞ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɜɟɪɯɧɿ ɬɿɥа ɡа ɞɨɩɨɦɨɝɨɸ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɮɭɧɤɰɿʀ ɧа 
ɫɦɭɝаɯ, ɪɨɡɬаɲɨɜаɧɢɯ ɩɿɞ ɞɨɜɿɥɶɧɢɦ ɤɭɬɨɦ; [3, 4] – ɦɟɬɨɞ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɜɟɪɯɧɿ 
ɬɿɥа ɨɩɟɪаɬɨɪаɦɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɧа ɩаɪаɥɟɥɶɧɢɯ ɫɦɭɝаɯ ɿɡ ɜɪаɯɭɜаɧɧɹɦ ɲɭɦɿɜ 
ɜɯɿɞɧɢɯ ɞаɧɢɯ; [6] – ɦɟɬɨɞ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɲɤɨɞɠɟɧɨɝɨ ɡɨɛɪаɠɟɧɧɹ 
ɨɩɟɪаɬɨɪаɦɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɮɭɧɤɰɿɣ ɞɜɨɯ ɡɦɿɧɧɢɯ; [7] – ɭɡаɝаɥɶɧɟɧа 
ɯаɪаɤɬɟɪɢɫɬɢɤа ɦɟɬɨɞɿɜ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɜɟɪɯɧɿ ɬɿɥа ɨɩɟɪаɬɨɪаɦɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ; 
[11] – ɦɟɬɨɞ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɜɟɪɯɧɿ ɬɿɥа ɨɩɟɪаɬɨɪаɦɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɧа 
ɧɟɩɟɪɟɬɢɧɧɢɯ ɫɦɭɝаɯ ɿɡ ɤɪɢɜɨɥɿɧɿɣɧɢɦɢ ɝɪаɧɢɰɹɦɢ; [12] – аɥɝɨɪɢɬɦ 
ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɜɟɪɯɧɿ ɬɿɥа ɿɡ ɜɪаɯɭɜаɧɧɹɦ ɣɨɝɨ ɫɬɪɭɤɬɭɪɢ; [13] – аɥɝɨɪɢɬɦ 
ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɜɟɪɯɧɿ ɬɿɥа ɨɩɟɪаɬɨɪаɦɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɧа ɩɟɪɟɬɢɧɧɢɯ ɫɦɭɝаɯ 
ɪɨɡɬаɲɨɜаɧɢɯ ɩɿɞ ɞɨɜɿɥɶɧɢɦ ɤɭɬɨɦ. 
 Апробацɿя результатɿв дисертацɿʀ. Оɫɧɨɜɧɿ ɩɨɥɨɠɟɧɧɹ ɿ ɪɟɡɭɥɶɬаɬɢ 
ɞɢɫɟɪɬаɰɿɣɧɨʀ ɪɨɛɨɬɢ ɞɨɩɨɜɿɞаɥɢɫɶ ɬа ɨɛɝɨɜɨɪɸɜаɥɢɫɶ ɧа: 

− VI ɜɫɟɭɤɪаʀɧɫɶɤɿɣ ɧаɭɤɨɜɨ-ɩɪаɤɬɢɱɧɿɣ ɤɨɧɮɟɪɟɧɰɿʀ ɡ ɦɿɠɧаɪɨɞɧɨɸ 
ɭɱаɫɬɸ «Іɧɮɨɪɦаɬɢɤа ɬа ɫɢɫɬɟɦɧɿ ɧаɭɤɢ (ІСН-2015)» (19-21 ɛɟɪɟɡɧɹ 2015 ɪɨɤɭ, 
ɦ. Пɨɥɬаɜа); 

− XIX ɦɿɠɧаɪɨɞɧɨɦɭ ɦɨɥɨɞɿɠɧɨɦɭ ɮɨɪɭɦɿ «Раɞɿɨɟɥɟɤɬɪɨɧɿɤа ɬа ɦɨɥɨɞɶ 
ɭ XXI ɫɬɨɥɿɬɬɿ» (20-22 ɤɜɿɬɧɹ, 2015 ɪɨɤɭ, ХНУРЕ, ɦ. Хаɪɤɿɜ); 

− VII ɜɫɟɭɤɪаʀɧɫɶɤɿɣ ɧаɭɤɨɜɨ-ɩɪаɤɬɢɱɧɿɣ ɤɨɧɮɟɪɟɧɰɿʀ ɡ ɦɿɠɧаɪɨɞɧɨɸ 
ɭɱаɫɬɸ «Іɧɮɨɪɦаɬɢɤа ɬа ɫɢɫɬɟɦɧɿ ɧаɭɤɢ (ІСН-2016)» (10-12 ɛɟɪɟɡɧɹ 2016 ɪɨɤɭ, 
ɦ. Пɨɥɬаɜа); 

− Єɜɪɨɩɟɣɫɶɤɨɦɭ ɤɨɧɝɪɟɫɿ ɦаɬɟɦаɬɢɤɢ «7th European Congress of 
Mathematics (7ECM)» (18-22 ɥɢɩɧɹ 2016 ɪɨɤɭ, ɦ. Бɟɪɥɿɧ); 

− XLIX ɧаɭɤɨɜɨ-ɩɪаɤɬɢɱɧɿɣ ɤɨɧɮɟɪɟɧɰɿʀ ɩɪɨɮɟɫɨɪɫɶɤɨ-ɜɢɤɥаɞаɰɶɤɨɝɨ 
ɫɤɥаɞɭ Уɤɪаʀɧɫɶɤɨʀ ɿɧɠɟɧɟɪɧɨ-ɩɟɞаɝɨɝɿɱɧɨʀ аɤаɞɟɦɿʀ (ɫɟɤɰɿɹ «Вɢɳɨʀ ɬа 
ɩɪɢɤɥаɞɧɨʀ ɦаɬɟɦаɬɢɤɢ») (25-29 ɜɟɪɟɫɧɹ 2016 ɪɨɤɭ, ɦ. Хаɪɤɿɜ); 

− IV ɧаɭɤɨɜɨ-ɬɟɯɧɿɱɧɿɣ ɤɨɧɮɟɪɟɧɰɿʀ «Оɛɱɢɫɥɸɜаɥɶɧɿ ɦɟɬɨɞɢ ɬа ɫɢɫɬɟɦɢ 
ɩɟɪɟɬɜɨɪɟɧɧɹ ɿɧɮɨɪɦаɰɿʀ» (28-30 ɜɟɪɟɫɧɹ 2016 ɪɨɤɭ, ɦ. Лɶɜɿɜ); 

− VIII ɜɫɟɭɤɪаʀɧɫɶɤɿɣ ɧаɭɤɨɜɨ-ɩɪаɤɬɢɱɧɿɣ ɤɨɧɮɟɪɟɧɰɿʀ ɡ ɦɿɠɧаɪɨɞɧɨɸ 
ɭɱаɫɬɸ «Іɧɮɨɪɦаɬɢɤа ɬа ɫɢɫɬɟɦɧɿ ɧаɭɤɢ (ІСН-2017)» (16-18 ɛɟɪɟɡɧɹ 2017 ɪɨɤɭ, 
ɦ. Пɨɥɬаɜа); 

− Мɿɠɧаɪɨɞɧɿɣ ɧаɭɤɨɜɿɣ ɤɨɧɮɟɪɟɧɰɿʀ «Пɢɬаɧɧɹ ɨɩɬɢɦɿɡаɰɿʀ ɨɛɱɢɫɥɟɧɶ 
(ПОО-XLIV)» (26-29 ɜɟɪɟɫɧɹ 2017 ɪɨɤɭ, ɦ. Каɦ'ɹɧɟɰɶ-Пɨɞɿɥɶɫɶɤɢɣ); 

− ɫɟɦɿɧаɪɿ «Оɛɪаɡɧɢɣ ɤɨɦɩ'ɸɬɟɪ» (28 ɥɢɫɬɨɩаɞа 2017 ɪɨɤɭ, ɦ. Кɢʀɜ). 
 Публɿкацɿʀ. За ɪɟɡɭɥɶɬаɬаɦɢ ɞɨɫɥɿɞɠɟɧɧɹ ɨɩɭɛɥɿɤɨɜаɧɨ 13 ɪɨɛɿɬ: ɫɟɪɟɞ 
ɧɢɯ 7 ɫɬаɬɟɣ ɭ ɧаɭɤɨɜɢɯ ɩɟɪɿɨɞɢɱɧɢɯ ɜɢɞаɧɧɹɯ (ɡ ɧɢɯ 1 ɫɬаɬɬɹ – ɭ ɩɟɪɿɨɞɢɱɧɨɦɭ 
ɜɢɞаɧɧɿ, ɳɨ ɜɤɥɸɱɟɧɨ ɞɨ ɧаɭɤɨɦɟɬɪɢɱɧɨʀ ɛаɡɢ Scopus [7]; 5 ɫɬаɬɟɣ – ɭ ɧаɭɤɨɜɢɯ 
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ɮаɯɨɜɢɯ ɜɢɞаɧɧɹɯ Уɤɪаʀɧɢ, ɳɨ ɜɤɥɸɱɟɧɨ ɞɨ Пɟɪɟɥɿɤɭ МОН Уɤɪаʀɧɢ ɡ ɮɿɡɢɤɨ-
ɦаɬɟɦаɬɢɱɧɢɯ ɧаɭɤ [2–6]; 1 ɫɬаɬɬɹ – ɭ ɧаɭɤɨɜɢɯ ɮаɯɨɜɢɯ ɜɢɞаɧɧɹɯ Уɤɪаʀɧɢ, ɳɨ 
ɜɤɥɸɱɟɧɨ ɞɨ Пɟɪɟɥɿɤɭ МОН Уɤɪаʀɧɢ ɡ ɬɟɯɧɿɱɧɢɯ ɧаɭɤ [1]); 6 ɪɨɛɿɬ – ɭ ɡɛɿɪɧɢɤаɯ 
ɦаɬɟɪɿаɥɿɜ ɤɨɧɮɟɪɟɧɰɿɣ ɬа ɬɟɡ ɞɨɩɨɜɿɞɟɣ [8–13]. 
 Структура та обсяг дисертацɿʀ. Дɢɫɟɪɬаɰɿɹ ɜɤɥɸɱаɽ ɜɫɬɭɩ, ɱɨɬɢɪɢ 
ɪɨɡɞɿɥɢ, ɫɩɢɫɨɤ ɜɢɤɨɪɢɫɬаɧɢɯ ɞɠɟɪɟɥ ɿɡ 100 ɧаɣɦɟɧɭɜаɧɶ (ɧа 9 ɫɬɨɪɿɧɤаɯ), 54 
ɿɥɸɫɬɪаɰɿʀ, 1 ɬаɛɥɢɰɸ ɬа 2 ɞɨɞаɬɤɢ. Заɝаɥɶɧɢɣ ɨɛɫɹɝ ɪɨɛɨɬɢ ɫɤɥаɞаɽ 178 
ɫɬɨɪɿɧɨɤ ɞɪɭɤɨɜаɧɨɝɨ ɬɟɤɫɬɭ, ɡ ɧɢɯ 148 ɫɬɨɪɿɧɨɤ ɨɫɧɨɜɧɨɝɨ ɬɟɤɫɬɭ. 

 
ОСНОВНИЙ ЗМІСТ РОБОТИ 

 
 У вступɿ ɨɛʉɪɭɧɬɨɜаɧɨ аɤɬɭаɥɶɧɿɫɬɶ ɬɟɦɢ ɞɢɫɟɪɬаɰɿʀ, ɩɨɤаɡаɧɨ ʀʀ ɧаɭɤɨɜɭ 

ɫɩɪɹɦɨɜаɧɿɫɬɶ, ɫɮɨɪɦɭɥɶɨɜаɧɨ ɦɟɬɭ ɪɨɛɨɬɢ ɬа ɡаɞаɱɿ ɞɨɫɥɿɞɠɟɧɧɹ, ɹɤɿ ɩɨɬɪɿɛɧɨ 
ɜɢɪɿɲɢɬɢ ɞɥɹ ʀʀ ɞɨɫɹɝɧɟɧɧɹ. Пɨɞаɧɨ ɤɨɪɨɬɤɭ ɯаɪаɤɬɟɪɢɫɬɢɤɭ ɪɟɡɭɥɶɬаɬɿɜ 
ɞɨɫɥɿɞɠɟɧɧɹ, ɫɬɭɩɟɧɹ ʀɯ аɩɪɨɛаɰɿʀ ɬа ɨɩɭɛɥɿɤɭɜаɧɧɹ. 

 У першому роздɿлɿ ɧаɜɟɞɟɧɨ ɨɝɥɹɞ ɩɪаɰɶ ɡ ɦɟɬɨɞɿɜ ɨɛɪɨɛɤɢ ɰɢɮɪɨɜɢɯ 
ɡɨɛɪаɠɟɧɶ. Наɜɟɞɟɧɿ ɨɫɧɨɜɧɿ ɜɿɞɨɦɿ ɬɜɟɪɞɠɟɧɧɹ ɦɟɬɨɞɿɜ ɩɨɩɟɪɟɞɧɶɨʀ ɨɛɪɨɛɤɢ 
ɡɨɛɪаɠɟɧɶ. Наɜɟɞɟɧɨ ɤɥаɫɢɮɿɤаɰɿɸ ɫɭɱаɫɧɢɯ ɦɟɬɨɞɿɜ ɜɿɞɧɨɜɥɟɧɧɹ 
ɩɨɲɤɨɞɠɟɧɢɯ ɡɨɛɪаɠɟɧɶ. Наɜɟɞɟɧɨ ɨɝɥɹɞ ɮɭɧɞаɦɟɧɬаɥɶɧɢɯ ɩɪаɰɶ ɡ ɬɟɨɪɿʀ 
ɜɢɹɜɥɟɧɧɹ ɪɨɡɪɢɜɿɜ ɧа ɰɢɮɪɨɜɢɯ ɡɨɛɪаɠɟɧɧɹɯ. У ɪɟɡɭɥɶɬаɬɿ аɧаɥɿɬɢɱɧɨɝɨ 
ɨɝɥɹɞɭ ɡɪɨɛɥɟɧɨ ɜɢɫɧɨɜɨɤ, ɳɨ ɜɢɤɨɪɢɫɬаɧɧɹ ɿɫɧɭɸɱɢɯ ɦɟɬɨɞɿɜ ɰɢɮɪɨɜɨʀ 
ɨɛɪɨɛɤɢ ɫɢɝɧаɥɿɜ ɧɟ ɞɨɡɜɨɥɹɽ ɟɮɟɤɬɢɜɧɨ ɜɿɞɧɨɜɥɸɜаɬɢ ɩɨɲɤɨɞɠɟɧɿ ɡɨɛɪаɠɟɧɧɹ 
ɩɨɜɟɪɯɨɧɶ, ɨɬɪɢɦаɧɢɯ ɦɟɬɨɞаɦɢ ɫɟɣɫɦɨɪɨɡɜɿɞɤɢ, ɪаɞɿɨɥɨɤаɰɿʀ, ɞɢɫɬаɧɰɿɣɧɨɝɨ 
ɡɨɧɞɭɜаɧɧɹ ɩɥаɧɟɬɢ ɬɨɳɨ. Іɫɧɭɸɱɿ ɧа ɞаɧɢɣ ɦɨɦɟɧɬ ɦɟɬɨɞɢ ɰɢɮɪɨɜɨʀ ɨɛɪɨɛɤɢ 
ɫɢɝɧаɥɿɜ, ɜɧɨɫɹɬɶ ɡɧаɱɧɿ ɫɩɨɬɜɨɪɟɧɧɹ ɩɪɢ ɜɿɞɧɨɜɥɟɧɧɿ ɜɬɪаɱɟɧɢɯ ɞаɧɢɯ, ɬаɤɿ ɹɤ 
ɪɨɡɦɢɬɬɹ ɪɿɡɤɢɯ ɩɟɪɟɩаɞɿɜ ɹɫɤɪаɜɨɫɬɿ ɬа ɩɨɹɜа аɪɬɟɮаɤɬɿɜ ɧа ɝɪаɧɢɰɹɯ ɨɛɥаɫɬɟɣ. 

Оɫɧɨɜɧɿ ɪɟɡɭɥɶɬаɬɢ ɩɟɪɲɨɝɨ ɪɨɡɞɿɥɭ ɨɩɭɛɥɿɤɨɜаɧɨ ɭ ɪɨɛɨɬаɯ [1, 3, 4, 9]. 
У другому роздɿлɿ ɞɨɫɥɿɞɠɭɽɬɶɫɹ ɦɟɬɨɞ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɜɟɪɯɧɿ 

ɞɜɨɜɢɦɿɪɧɨɝɨ ɬɿɥа ɡа ɜɿɞɨɦɨɸ ɿɧɮɨɪɦаɰɿɽɸ ɩɪɨ ɰɸ ɩɨɜɟɪɯɧɸ ɧа ɫɢɫɬɟɦɿ ɫɦɭɝ ɡа 
ɞɨɩɨɦɨɝɨɸ ɨɩɟɪаɬɨɪɿɜ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɧɟɩɟɪɟɪɜɧɢɯ ɮɭɧɤɰɿɣ ɞɜɨɯ ɡɦɿɧɧɢɯ. 
Наɜɟɞɟɧɨ ɨɫɧɨɜɧɿ ɬɜɟɪɞɠɟɧɧɹ ɩɪɨ ɨɩɟɪаɬɨɪɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɬа ɨɫɨɛɥɢɜɨɫɬɿ ʀɯ 
ɜɢɤɨɪɢɫɬаɧɧɹ ɩɪɢ ɦɨɞɟɥɸɜаɧɧɿ ɪɿɡɧɢɯ ɬɢɩɿɜ ɩɨɜɟɪɯɨɧɶ. 

У пɿдроздɿлɿ 2.1 ɧаɜɟɞɟɧɨ ɦɟɬɨɞɢ ɦаɬɟɦаɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜаɧɧɹ ɪɟɥɶɽɮɭ 
ɩɨɜɟɪɯɧɿ ɞɜɨɜɢɦɿɪɧɨɝɨ ɬɿɥа ɡа ɜɿɞɨɦɨɸ ɿɧɮɨɪɦаɰɿɽɸ ɩɪɨ ɰɸ ɩɨɜɟɪɯɧɸ ɧа 
ɫɢɫɬɟɦɿ ɫɦɭɝ, ɨɛɦɟɠɟɧɢɯ ɩɪɹɦɢɦɢ ɩаɪаɥɟɥɶɧɢɦɢ ɨɫɹɦ ɤɨɨɪɞɢɧаɬ, ɡа 
ɞɨɩɨɦɨɝɨɸ ɨɩɟɪаɬɨɪɿɜ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɧɟɩɟɪɟɪɜɧɢɯ ɮɭɧɤɰɿɣ ɞɜɨɯ ɡɦɿɧɧɢɯ. 
Наɜɟɞɟɧɨ ɨɩɟɪаɬɨɪɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɭ ɮɨɪɦɿ Лаɝɪаɧɠа, Еɪɦɿɬа, Шɟɩаɪɞа ɬа 
Шɟɩаɪɞа-Лɢɬɜɢɧа. 

У пɿдроздɿлɿ 2.2 ɧаɜɟɞɟɧɨ ɦɟɬɨɞɢ ɦаɬɟɦаɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜаɧɧɹ ɪɟɥɶɽɮɭ 
ɩɨɜɟɪɯɧɿ ɞɜɨɜɢɦɿɪɧɨɝɨ ɬɿɥа ɡа ɜɿɞɨɦɨɸ ɿɧɮɨɪɦаɰɿɽɸ ɩɪɨ ɰɸ ɩɨɜɟɪɯɧɸ ɧа 
ɫɢɫɬɟɦɿ ɩɟɪɟɬɢɧɧɢɯ ɫɦɭɝ, ɨɛɦɟɠɟɧɢɯ ɩɪɹɦɢɦɢ ɪɨɡɬаɲɨɜаɧɢɦɢ ɩɿɞ ɞɨɜɿɥɶɧɢɦ 
ɤɭɬɨɦ: 

 
2 2

1 ,1 2 ,2 ,1 ,2: ( ) 0, 1k k k k k k kx x x* { � �  �  Z Z Z J Z Z , 1,k M , 
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ɳɨ ɡаɞɨɜɨɥɶɧɹɸɬɶ ɭɦɨɜаɦ: 
− ɧɿɹɤɿ ɡ ɬɪɶɨɯ ɩɪɹɦɢɯ ɭ ɰɿɣ ɦɧɨɠɢɧɿ ɧɟ ɩɟɪɟɬɢɧаɸɬɶɫɹ ɜ ɨɞɧɿɣ ɬɨɱɰɿ; 
− ɤɨɠɧа ɩɪɹɦа ɡ ɰɿɽʀ ɦɧɨɠɢɧɢ ɦаɽ ɯɨɱа ɛ ɨɞɧɭ ɬɨɱɤɭ ɩɟɪɟɬɢɧɭ ɡ ɹɤɨɸ-

ɧɟɛɭɞɶ ɿɧɲɨɸ ɩɪɹɦɨɸ ɰɿɽʀ ɦɧɨɠɢɧɢ. 
Тɟɨɪɟɦа 1. Яɤɳɨ ɫɥɿɞɢ ( ), 1,k x k M M ɡаɞɨɜɨɥɶɧɹɸɬɶ ɜ ɬɨɱɤаɯ ,k l$  ɭɦɨɜɢ 
 

, ,( ) ( ), ; , 1,k k l l k l k l k l M$  $ z  M M , 
 

ɬɨ ɨɩɟɪаɬɨɪ 
 

,( , )
1
,

( )
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( )

M
i

M
i k lk l

i
i k l

xf x
��

 
z

/  u
$¦ � Z

Z
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( ) ( ) ( )k l
k k l l l k l k k k l

k l l k
x x

§ ·§ · § ·
u $ � � $ � � $¨ ¸¨ ¸ ¨ ¸¨ ¸ ¨ ¸¨ ¸' '© ¹ © ¹© ¹

W W
M Z M Z M , 

,1 ,2
,

,1 ,2
0i i

i k
k k

'  z
Z Z
Z Z

, , ,k i i k'  �' ,k iz , ,2 ,1( )k k k �W Z Z , 

 

ɞɟ , 1, , 2, ,( , )k l k l k lx x$   – ɪɨɡɜ'ɹɡɨɤ ɫɢɫɬɟɦɢ ɪɿɜɧɹɧɶ 0, 0, , , 1,k l k l k l M  z  Z Z , 
ɦаɽ ɜɥаɫɬɢɜɨɫɬɿ 
 

( ) ( ) , 1,
k kM kf x x k M* */   M . 

 

 Пɪɢ ɰɶɨɦɭ, ɹɤɳɨ ( )f x  ɽ ɧɟɩɟɪɟɪɜɧɨɸ ɪаɡɨɦ ɿɡ ɫɜɨʀɦɢ ɱаɫɬɢɧɧɢɦɢ 

ɩɨɯɿɞɧɢɦɢ ɞɨ ɞɪɭɝɨɝɨ ɩɨɪɹɞɤɭ ɜɤɥɸɱɧɨ 1 2( , )
1 2,0 , 1p pf p pd d , ɬɨ ɞɥɹ ɡаɥɢɲɤɭ 

( )M MR f I f � /  ɜɢɤɨɧɭɽɬɶɫɹ ɪɿɜɧɿɫɬɶ 
 

2

,
, , ,( , ) 0 01

,

( )
( )

( )

k lM
i k l

M k l l k k l
i k l k l k l l kk l

i
i k l

xR f x f t t dt dt
t t��

 
z

§ ·w
 $ � �¨ ¸¨ ¸$ w w ' '© ¹
¦ � ³ ³

Z ZZ W W
Z

. 

 

Тɟɨɪɟɦа 2. Мɿɠ ɤɨɨɪɞɢɧаɬаɦɢ 1, , 2, , ,( , )k l k l k lx x  $  ɬɨɱɤаɦɢ ɩɟɪɟɬɢɧɭ 
ɩɪɹɦɢɯ k*  ɬа l*  ɜɟɤɬɨɪаɦɢ ,k lW W  ɿ ɮɭɧɤɰɿɹɦɢ ( ), ( )k lx xZ Z  ɜɢɤɨɧɭɽɬɶɫɹ 
ɫɩɿɜɜɿɞɧɨɲɟɧɧɹ 

 

, 1 2
, ,

( ) ( ), ( , )l k
k l k l

l k k l
x x x x x x$ � { �  

' '
W W

Z Z . 

 

Нɟɯаɣ ɡаɞаɧа ɫɢɫɬɟɦа ɫɦɭɝ ɜɢɝɥɹɞɭ: 
 

� �: ,i i iS x ydD Z , 1, , : ,i i i ii n a x b y c  � �Z . 2 2 1i ia b�  . iEd
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Вɜаɠаɽɦɨ ɜɿɞɨɦɢɦɢ ɬаɤɨɠ ɪɟɥɶɽɮɢ ɩɨɜɟɪɯɧɿ � � � �2: ,S z f x y C � \  ɧаɞ 

ɤɨɠɧɨɸ ɫɦɭɝɨɸ: � � � �, ,
i

i S
f x y f x y , 1,i n . Тɪɟɛа ɡа ɰɿɽɸ ɿɧɮɨɪɦаɰɿɽɸ 

ɜɿɞɧɨɜɢɬɢ (ɦɨɠɥɢɜɨ ɧаɛɥɢɠɟɧɨ) ɮɭɧɤɰɿɸ � �,f x y . Нɢɠɱɟ ɜɢɤɥаɞɟɦɨ ɨɞɢɧ ɡ 
ɦɨɠɥɢɜɢɯ ɩɿɞɯɨɞɿɜ ɞɨ ɪɨɡɜ’ɹɡаɧɧɹ ɰɿɽʀ ɡаɞаɱɿ. 

Тɟɨɪɟɦа 3. У ɜɢɩаɞɤɭ, ɤɨɥɢ ɜɫɿ ɫɦɭɝɢ ɩаɪаɥɟɥɶɧɿ ɨɞɧɿɣ ɿ ɦаɸɬɶ ɫɩɿɥɶɧɿ 
ɬɿɥɶɤɢ ɝɪаɧɢɰɿ (ɬɨɛɬɨ, ɧɟ ɧаɤɥаɞаɸɬɶɫɹ ɨɞɧа ɧа ɨɞɧɭ) 

 

� � 1 1 1: , , 1, , ...i i i i nS x y i n� �d d  �f� � � �fD Z D D D , 
 

ɬɨ ɡаɞаɱа ɪɨɡɜ’ɹɡɭɽɬɶɫɹ ɬɪɢɜɿаɥɶɧɨ – ɩɨɬɪɿɛɧɢɣ ɨɩɟɪаɬɨɪ ɡаɞаɽɬɶɫɹ ɬаɤ 
 

^ `� � � � � �; , , , , , 1,i k kO f x y f x y x y S k n �  . 
 

Оɩɟɪаɬɨɪɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɦɨɠɧа ɩɪɟɞɫɬаɜɢɬɢ ɭ ɜɢɝɥɹɞɿ: 
 

, ,k p k pS S S � � � � � � � � �
, , ,

, , , , ,
k p k p k p

k p k pS S S
f x y f x y f x y f x y   , 

� �
� � � �

� �
� � � �

, , , ;

, 0, , ;

, , , ,

i ik i ik

ik ik i ik

i i i ik

x y x y

x y x y

x y x y

� �­
°

:  d d®
° � !¯

Z D Z D

D Z E

Z E Z E

 

� � � � � �2 2

11, 1,
, , , , 1,

n nn

ik ij ij
kj j k j j k

G x y x y x y i n
  z  z

 : :  ¦� � . 

 

Оɱɟɜɢɞɧɨ, ɳɨ 
 

� �
1, ;

,
0, ,p

i S

p i
G x y

p i
 ­

 ® z¯
 

� �
1

, 1
M

i
i
G x y

 
{¦ . 

 

Цɿ ɜɥаɫɬɢɜɨɫɬɿ ɮɭɧɤɰɿɣ � �,iG x y  ɞаɸɬɶ ɡɦɨɝɭ ɞɨɜɟɫɬɢ ɫɩɪаɜɟɞɥɢɜɿɫɬɶ 
ɧаɫɬɭɩɧɨʀ ɬɟɨɪɟɦɢ. 

Тɟɨɪɟɦа 4. Яɤɳɨ ɫɥɿɞɢ � �,if x y  ɮɭɧɤɰɿʀ � �,f x y  ɧа ɫɦɭɝаɯ , 1,iS i n  

ɡаɞɨɜɨɥɶɧɹɸɬɶ ɭɦɨɜɭ � � � �2, , 1,if x y C R i n�  , ɬɨ ɨɩɟɪаɬɨɪ 
 

^ `� � � � � � � � � � � �
,

,
1

; , , , , , ,
k p

n

i i i k p k p
i S

O f x y G x y f x y G x y G x y f x y
 z�

 �¦ ¦  

 

ɦаɽ ɬаɤɿ ɜɥаɫɬɢɜɨɫɬɿ:  
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^ `� � � �2; ,iO f x y C R� ; ^ `� � � �; , , , 1,
q q

i qS S
O f x y f x y q n  . 

 

У пɿдроздɿлɿ 2.3 ɧаɜɟɞɟɧɨ ɦɟɬɨɞɢ ɦаɬɟɦаɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜаɧɧɹ ɪɟɥɶɽɮɭ 
ɩɨɜɟɪɯɧɿ ɞɜɨɜɢɦɿɪɧɨɝɨ ɬɿɥа ɡа ɜɿɞɨɦɨɸ ɿɧɮɨɪɦаɰɿɽɸ ɩɪɨ ɰɸ ɩɨɜɟɪɯɧɸ ɧа 
ɫɢɫɬɟɦɿ ɫɦɭɝ ɿɡ ɤɪɢɜɨɥɿɧɿɣɧɢɦɢ ɝɪаɧɢɰɹɦɢ: 

 

^ `,1 ,2( ) ( ), , 1,k k kG y x y y x x k m d d �  \ , 
 

ɜɡаɝаɥɿ ɤаɠɭɱɢ ɩɟɪɟɬɢɧɧɢɯ, ɧа ɤɨɠɧɿɣ ɿɡ ɰɢɯ ɫɦɭɝ ɡаɞаɽɬɫɹ ɞɟɹɤɟ ɡɨɛɪаɠɟɧɧɹ ɭ 
ɜɢɝɥɹɞɿ ɮɭɧɤɰɿɣ  
 

( , ) ( , ), 1,
k kGf x y f x y k m  . 

 

Оɛ’ɽɞɧаɧɧɹ ɦɧɨɠɢɧ 
1

m

k
k
G

 
*  ɞаɽ ɨɛɥаɫɬɶ G  ɧɟɩɨɲɤɨɞɠɟɧɢɯ ɞɿɥɹɧɨɤ 

ɡɨɛɪаɠɟɧɧɹ. Тɨɱɤɢ ɡɨɛɪаɠɟɧɧɹ, ɹɤɿ ɧɟ ɩɨɬɪаɩɢɥɢ ɞɨ G  ɧаɥɟɠаɬɶ ɨɛɥаɫɬɿ 
ɩɨɲɤɨɞɠɟɧɢɯ ɬɨɱɨɤ 

 

2

1
\

m

k
k

G G G
 

  \ * , 

^ `, 1 ,2 1,1( ) ( ), , 1, 1k k k kG y x y y x x k m� � d d �  �\ . 
 

Вɜɟɞɟɦɨ ɞɨ ɪɨɡɝɥɹɞɭ ɨɩɟɪаɬɨɪ 
 

, 1, 1

( , ) ( , ) , 1, ;
( , )

( , ) ( , ) , 1, 1,
k k

k kk k

f x y x y G k m
f x y

O f x y x y G k m��

­ �  °4  ®
�  �°̄

 

 

ɞɟ ɨɩɟɪаɬɨɪ , 1 ( , )k kO f x y�  ɦɨɠɟ ɛɭɬɢ ɩɪɟɞɫɬаɜɥɟɧɢɣ ɭ ɜɢɝɥɹɞɿ: 
 

, 1 1, , 1 ,2 2, , 1 1,1( , ) ( , ) ( , ( )) ( , ) ( , ( )),k k k k k k k kO f x y H x y f x y x H x y f x y x� � � � �  

1,1
1, , 1

,2 1,1

( )
( , ) ,

( ) ( )
k

k k
k k

y y x
H x y

y x y x
�

�
�

�
 

�
,2

2, , 1
1,1 ,2

( )
( , ) ,

( ) ( )
k

k k
k k

y y x
H x y

y x y x�
�

�
 

�  
 

ɞɟ ,2( , ( ))kf x y x  ɬа 1,1( , ( ))kf x y x�  – ɫɥɿɞɢ ɮɭɧɤɰɿɣ ( , )kf x y  ɬа 1( , )kf x y�  ɧа 
ɝɪаɧɢɰɹɯ ɫɦɭɝ ,2 ( )ky x ɬа 1,1 ( )ky x�  ɜɿɞɩɨɜɿɞɧɨ.

  Оɩɟɪаɬɨɪ ( , )f x y4  ɦаɽ ɬаɤɿ ɜɥаɫɬɢɜɨɫɬɿ: 
 

,1 ,1 ,2 ,2( , ( )) ( , ( )), ( , ( )) ( , ( )), 1, .k k k kf x y x f x y x f x y x f x y x k m4  4    
 

 Оɩɟɪаɬɨɪ , 1 ( , )k kO f x y�  ɞɥɹ ɜɢɩаɞɤɭ ɞɜɨɯ ɞɨɜɿɥɶɧɢɯ ɫɭɦɿɠɧɢɯ ɫɦɭɝ i ɬа 
1i �  ɦаɽ ɬаɤɿ ɜɥаɫɬɢɜɨɫɬɿ:ɹɤɳɨ ( , ) ( )i if x y C G�  ɬа 1 1( , ) ( ),i if x y C G� ��  ɬɨ 

ɪɟɡɭɥɶɬаɬ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɜɟɪɯɧɿ ɨɩɟɪаɬɨɪɨɦ , 1, 1 1( , ) ( )i ii i i if x y C G G G�� �4 � * * . 
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 Оɩɟɪаɬɨɪ ( , )f x y4 ɧа ɫɢɫɬɟɦɿ ɡ k ɫɦɭɝ ɦаɽ ɬаɤɿ ɜɥаɫɬɢɜɨɫɬɿ: ɹɤɳɨ 
( , ) ( ), 1,i if x y C G i k� �  , ɬɨ ɨɩɟɪаɬɨɪ ( , ) (G G)f x y C4 � * . 

 Тɟɨɪɟɦа 5. Заɥɢɲɨɤ ɧаɛɥɢɠɟɧɧɹ ɮɭɧɤɰɿʀ ( , ) ( )rf x y C G�  ɞɥɹ ɜɢɩаɞɤɭ 
ɞɜɨɯ ɫɭɦɿɠɧɢɯ ɫɦɭɝ ɦɨɠɟ ɛɭɬɢ ɩɪɟɞɫɬаɜɥɟɧɢɣ ɭ ɜɢɝɥɹɞɿ: 
 

, 1, 1

0 ( , ) , 1, ;
( , ) ( , )

( , ) ( , ) , 1, 1,
i

i ii i

x y G i m
f x y f x y

R f x y x y G i m��

­ �  °�4  ®
�  �°̄

 

 

ɞɟ 
 

,2

1
,2

, 1 1, , 1
( )

( ( ) )( , )( , ) ( , )
( 1)!

i

ry r
i

i i i i r
y x

y x tf x tR f x y H x y dt
rt

�

� �

�w
 �

�w³  

1,1

1
1,1

2, , 1
( )

( ( ) )( , )( , )
( 1)!

i

ry r
i

i i r
y x

y x tf x tH x y dt
rt

�

�
�

�

�w
�

�w³ , 

 

ɳɨ ɦаɽ ɜɥаɫɬɢɜɨɫɬɿ: 
 

,2 1,1
1, , 1 2, , 1

( ( ) ) ( ( ) )
( , ) ( , ) 0

! !

q q
i i

i i i i
y x y y x y

H x y H x y
q q

�
� �

� �
�  . 

 

Аɧаɥɨɝɿɱɧɿ ɬɜɟɪɞɠɟɧɧɹ ɧаɜɟɞɟɧɨ ɞɥɹ ɜɢɩаɞɤɭ ɤɨɥɢ ɫɢɫɬɟɦа ɫɦɭɝ ɦаɽ 
ɜɢɝɥɹɞ: 

 

^ `,1 ,2( ) ( ), , 1,k k kG x y x x y y k m d d �  \ . 
 

Дɥɹ ɜɢɩаɞɤɭ ɩɨɲɤɨɞɠɟɧɶ ɭ ɜɢɝɥɹɞɿ ɫɦɭɝ, ɝɪаɧɢɰɿ ɹɤɢɯ ɩɪɟɞɫɬаɜɥɟɧɿ ɭ 
ɜɢɝɥɹɞɿ ɡаɦɤɧɭɬɨɝɨ ɤɨɧɬɭɪɭ, ɟɮɟɤɬɢɜɧɢɦ ɛɭɞɟ ɡаɫɬɨɫɭɜаɧɧɹ ɨɩɟɪаɬɨɪɿɜ 
ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɜ ɩɨɥɹɪɧɢɯ ɤɨɨɪɞɢɧаɬаɯ: 

 

( , ) ( cos , sin )f r f r rM M M � . 
 

 Пɪɢ ɰɶɨɦɭ 
 

. 1, 1

( , ) ( , ) , 1, ;
( , )

( , ) ( , ) , 1, 1.
k k

k kk k

f r r G k m
f r

O f r r G k m

M M
M

M M ��

­ �  °4  ®
�  �°̄

�
�

�  

^ `,1 ,2( , ) : ( ) ( ), 0 2k k kG r r r rM M M M S d d d d , 

^ `, 1 ,2 1,1( , ) : ( ) ( ), 0 2k k k kG r r r rM M M M S� � d d d d , 
 

ɞɟ ɨɩɟɪаɬɨɪ , 1 ( , )k kO f r M�
�  ɦɨɠɟ ɛɭɬɢ ɩɪɟɞɫɬаɜɥɟɧɢɣ ɡа ɞɨɩɨɦɨɝɨɸ ɩɨɥɿɧɨɦɿɜ 

Лаɝɪаɧɠа: 
 

, 1 1, , 1 ,2 2, , 1 1,1( , ) ( , ) ( ( ), ) ( , ) ( ( ), ),k k k k k k k kO f r H r f r H r f rM M M M M M M� � � � �� � �� �  
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1,1 ,2
1, , 1 2, , 1

,2 1,1 1,1 ,2

( ) ( )
( , ) , ( , ) .

( ) ( ) ( ) ( )
k k

k k k k
k k k k

r r r r
H r H r

r r r r
M M

M M
M M M M

�
� �

� �

� �
  

� �
� �  

 

 Тɟɨɪɟɦа 6. Заɥɢɲɨɤ ɧаɛɥɢɠɟɧɧɹ ɮɭɧɤɰɿʀ ( , ) ( )rf x y C G��  ɞɥɹ ɜɢɩаɞɤɭ 
ɞɜɨɯ ɫɭɦɿɠɧɢɯ ɫɦɭɝ ɦɨɠɟ ɛɭɬɢ ɩɪɟɞɫɬаɜɥɟɧɢɣ ɭ ɜɢɝɥɹɞɿ: 
 

, 1, 1

0 ( , ) , 1, ;
( , ) ( , )

( , ) ( , ) , 1, 1,
i

i ii i

r G i m
f r f r

R f r r G i m

M
M M

M M ��

­ �  °�4  ®
�  �°̄

� �
�  

 

ɞɟ 
 

,2

1
,2

, 1 1, , 1
( )

( ( ) )( , )( , ) ( , )
( 1)!

i

kr k
i

i i i i k
r

r tf tR f r H r dt
ktM

MMM M
�

� �

�w
 �

�w³
�� �  

1,1

1
1,1

2, , 1
( )

( ( ) )( , )( , )
( 1)!

i

kr k
i

i i k
r

r tf tH r dt
ktM

MMM
�

�
�

�

�w
�

�w³
�� , 

 

ɳɨ ɦаɽ ɜɥаɫɬɢɜɨɫɬɿ: 
 

,2 1,1
1, , 1 2, , 1

( ( ) ) ( ( ) )
( , ) ( , ) 0

! !

q q
i i

i i i i
r r r r

H r H r
q q
M M

M M �
� �

� �
�  � � . 

 

Оɫɧɨɜɧɿ ɪɟɡɭɥɶɬаɬɢ ɞɪɭɝɨɝɨ ɪɨɡɞɿɥɭ ɨɩɭɛɥɿɤɨɜаɧɨ ɭ ɪɨɛɨɬаɯ [2–5, 7, 10, 
13]. 

У третьому роздɿлɿ ɧаɜɟɞɟɧɨ ɦɟɬɨɞɢ ɞɥɹ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɲɤɨɞɠɟɧɢɯ 
ɞɜɨɜɢɦɿɪɧɢɯ ɫɢɝɧаɥɿɜ (ɧаɩɪɢɤɥаɞ, ɿɧɮɨɪɦаɰɿɹ ɹɤа ɦɿɫɬɢɬɶɫɹ ɭ ɝɪаɮɿɱɧɢɯ 
ɮаɣɥаɯ). Пɿɞ ɩɨɲɤɨɞɠɟɧɧɹɦɢ ɦаɽɬɶɫɹ ɧа ɭɜаɡɿ, ɧаɩɪɢɤɥаɞ, ɜɬɪаɬа ɩаɤɟɬɿɜ ɩɪɢ 
ɩɟɪɟɞаɱɿ ɞаɧɢɯ ɩɨ ɦɟɪɟɠɿ аɛɨ ʀʀ ɩɟɪɟɧаɜаɧɬаɠɟɧɧɸ. Пɨɞɿɛɧɿ ɩɪɨɛɥɟɦɢ 
ɜɢɧɢɤаɸɬɶ ɜ ɛɿɥɶɲɨɫɬɿ ɡаɞаɱ ɰɢɮɪɨɜɨʀ ɨɛɪɨɛɤɢ ɡɨɛɪаɠɟɧɶ аɛɨ, ɧаɩɪɢɤɥаɞ, ɜ 
ɡаɞаɱаɯ ɨɛɪɨɛɤɢ аɪɯɿɜɧɢɯ ɞɨɤɭɦɟɧɬɿɜ ɭ ɜɢɝɥɹɞɿ ɡɨɛɪаɠɟɧɶ, ɳɨ ɦаɸɬɶ 
ɪɿɡɧɨɦаɧɿɬɧɿ ɫɩɨɬɜɨɪɟɧɧɹ (ɩɨɞɪɹɩɢɧɢ, ɩɥɹɦɢ, ɩɢɥ, ɧɟɩɨɬɪɿɛɧɿ ɧаɩɢɫɢ, ɥɿɧɿʀ 
ɡɝɢɧɭ ɬɨɳɨ). 

У пɿдроздɿлɿ 3.1 ɧаɜɟɞɟɧɨ ɦɟɬɨɞ ɜɿɞɧɨɜɥɟɧɧɹ ɞɢɫɤɪɟɬɧɢɯ ɞɜɨɜɢɦɿɪɧɢɯ 
ɫɢɝɧаɥɿɜ, ɭ ɜɢɩаɞɤɭ ɤɨɥɢ ɿɧɮɨɪɦаɰɿɹ ɩɪɨ ɩɨɜɟɪɯɧɸ ɜɿɞɨɦа ɧа ɫɢɫɬɟɦɿ ɫɦɭɝ, 
ɝɪаɧɢɰɿ ɹɤɢɯ ɩаɪаɥɟɥɶɧɿ ɨɫɹɦ ɤɨɨɪɞɢɧаɬ. 

У пɿдроздɿлɿ 3.2 ɧаɜɟɞɟɧɨ ɦɟɬɨɞ ɜɿɞɧɨɜɥɟɧɧɹ ɞɢɫɤɪɟɬɧɢɯ ɞɜɨɜɢɦɿɪɧɢɯ 
ɫɢɝɧаɥɿɜ, ɭ ɜɢɩаɞɤɭ ɤɨɥɢ ɿɧɮɨɪɦаɰɿɹ ɩɪɨ ɩɨɜɟɪɯɧɸ ɜɿɞɨɦа ɧа ɫɢɫɬɟɦɿ ( 2)m mt
ɫɦɭɝ, ɪɨɡɬаɲɨɜаɧɢɯ ɩɿɞ ɞɨɜɿɥɶɧɢɦ ɤɭɬɨɦ: 

 

^ `, 1, 2,, ( , ) , ( , ) , 1,k i j k ki j i j i j k m0  0 Z d dZ  , 
 

ɞɟ 1, 1, 1, 1,( , )k k k ki j i jZ  D �E � J  ɬа 2, 2, 2, 2,( , )k k k ki j i jZ  D �E � J  – ɞɟɹɤɿ ɩɪɹɦɿ, ɹɤɢɦɢ 
ɨɛɦɟɠɟɧа ɫɦɭɝа. Пɪɢɱɨɦɭ 
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2 2 2 2
1, 1, 2, 2, 1, 1,k k k k k mD �E  D �E   . 

 

Нɟɯаɣ  
 

^ `, ,, ( , ) ( , ) : ; ; , 1,k l k l k lk l k l k l k l m$ ��  * *  $ z  �  
 

ɬɨɱɤɢ ɩɟɪɟɬɢɧɭ ɩɪɹɦɢɯ k*  ɬа l* , ɹɤɿ ɽ ɝɪаɧɢɰɹɦɢ k-ɬɨʀ ɬа l-ɬɨʀ ɫɦɭɝ ɜɿɞɩɨɜɿɞɧɨ. 
 Тɨɞɿ ɞɥɹ ɜɿɞɧɨɜɥɟɧɧɹ ɧɟɜɿɞɨɦɨʀ ɨɛɥаɫɬɿ ɡɨɛɪаɠɟɧɧɹ ɩɪɨɩɨɧɭɽɬɶɫɹ 
ɜɢɤɨɪɢɫɬɨɜɭɜаɬɢ ɨɩɟɪаɬɨɪ 
 

, ,
( , ) 1 ,

,

( , ) ,
( )

m
n

m k l i j
k l n n k l

n k l

i jZ
Z��  

z

2 0  2 0
$¦ �  

 

ɞɟ  
 

, ( , ), ( , ) ( , ), ( , )

( , ) ( , ) .
( , ) ( , )k k l l

l k
k l x i j y i j x i j y i j

i j i j
i j i j

U U
2 0  0 � 0

5 5
 

 

 Пɨɜɟɪɯɧɹ  
 

,

,

, ( , ) , 1, ;

( ) , ( , ) , 1,
i j k

m i j k

i j k m

i j k m

­ 0 �0  °20  ®
2 0 �0  °̄

 

 

ɽ ɧаɛɥɢɠɟɧɨɸ ɦаɬɟɦаɬɢɱɧɨɸ ɦɨɞɟɥɥɸ ɨɫɜɿɬɥɟɧɨɫɬɿ ɩɨɜɟɪɯɧɿ, ɹɤа ɧа ɤɨɠɧɿɣ ɿɡ 
ɫɦɭɝ , 1,k k m0   ɬɨɱɧɨ ɜɿɞɧɨɜɥɸɽ ɩɨɜɟɪɯɧɸ, а ɦɿɠ ɫɦɭɝаɦɢ ɡɨɛɪаɠɭɽ 
ɩɨɜɟɪɯɧɸ ɡа ɞɨɩɨɦɨɝɨɸ ɨɩɟɪаɬɨɪа m2 . 

Нɢɠɱɟ ɧаɜɟɞɟɧɨ аɥɝɨɪɢɬɦ ɜɿɞɧɨɜɥɟɧɧɹ ɡɨɛɪаɠɟɧɧɹ ɩɨɜɟɪɯɧɿ, ɿɧɮɨɪɦаɰɿɹ 
ɩɪɨ ɹɤɭ ɜɿɞɨɦа ɥɢɲɟ ɧа ɫɢɫɬɟɦɿ ɩɟɪɟɬɢɧɧɢɯ ɫɦɭɝ, ɪɨɡɬаɲɨɜаɧɢɯ ɩɿɞ ɞɨɜɿɥɶɧɢɦ 
ɤɭɬɨɦ. 

Кɪɨɤ 1. На ɤɨɠɧɿɣ ɿɡ ɫɦɭɝ ɲɭɤаɸɬɶɫɹ ɪɨɡɪɢɜɢ ɩɟɪɲɨɝɨ ɪɨɞɭ ɜɿɞ ɮɭɧɤɰɿʀ, 
ɳɨ ɨɩɢɫɭɽ ɩɨɜɟɪɯɧɸ. В ɪɟɡɭɥɶɬаɬɿ ɩɪɨɜɟɞɟɧɧɹ ɬаɤɨʀ ɨɩɟɪаɰɿʀ ɨɬɪɢɦɭɽɦɨ ɧаɛɿɪ 
ɫɟɝɦɟɧɬɿɜ , 1,iS i n  ɡɨɛɪаɠɟɧɧɹ ɧа ɤɨɠɧɿɣ ɿɡ ɫɦɭɝ. 

Кɪɨɤ 2. Наɛɥɢɠɭɽɦɨ ɝɪаɧɢɰɿ ( , ) 0, 1,i iS x y i nw  d  Z  ɨɬɪɢɦаɧɢɯ ɫɟɝɦɟɧɬɿɜ 
ɡа ɞɨɩɨɦɨɝɨɸ ɩɨɥɿɧɨɦɿɜ k-ɝɨ ɫɬɟɩɟɧɹ ( 2k t ), ɜɢɤɨɪɢɫɬɨɜɭɸɱɢ ɬɨɱɤɢ ɪɨɡɪɢɜɭ 
ɜɿɞɩɨɜɿɞɧɨɝɨ ɫɟɝɦɟɧɬɭ. 

Кɪɨɤ 3. Шɭɤаɽɦɨ ɩɪɨɞɨɜɠɟɧɧɹ ɤɨɠɧɨɝɨ ɫɟɝɦɟɧɬɭ ɧа ɿɧɲɿɣ ɫɦɭɡɿ. Дɥɹ 
ɰɶɨɝɨ ɲɭɤаɽɦɨ ɬɨɱɤɢ ɩɟɪɟɬɢɧɭ ɨɬɪɢɦаɧɢɯ ɝɪаɧɢɰɿ ɫɟɝɦɟɧɬɿɜ ɜ ɧɟɜɿɞɨɦɿɣ 
ɨɛɥаɫɬɿ. Пɪɢ ɰɶɨɦɭ ɹɤɳɨ ɬаɤɿ ɬɨɱɤɢ ɩɟɪɟɬɢɧɭ ɽ, ɬɨ ɜɜаɠаɽɦɨ, ɳɨ ɨɛɢɞɜɿ ɝɪаɧɢɰɿ 
ɧаɥɟɠаɬɶ ɨɞɧɨɦɭ ɫɟɝɦɟɧɬɭ ɿ ɰɟɣ ɫɟɝɦɟɧɬ ɪɨɡɬаɲɨɜɭɽɬɶɫɹ ɬа ɞɟɤɿɥɶɤɨɯ ɫɦɭɝаɯ 
ɨɞɧɨɱаɫɧɨ. Яɤɳɨ ɬаɤɢɯ ɬɨɱɨɤ ɧɟɦаɽ, ɬɨ ɜɜаɠаɽɬɶɫɹ, ɳɨ ɫɟɝɦɟɧɬ ɪɨɡɬаɲɨɜаɧɢɣ 
ɬɿɥɶɤɢ ɧа ɨɞɧɿɣ ɫɦɭɡɿ ɿ ɣɨɝɨ ɦɟɠɿ ɧɟ ɩɟɪɟɬɢɧаɸɬɶ ɠɨɞɧɭ ɿɧɲɭ ɫɦɭɝɭ. Цɟɣ 
ɩɪɨɰɟɫ аɜɬɨɦаɬɢɱɧɢɣ ɨɛ’ɽɞɧаɧɧɹ ɫɟɝɦɟɧɬɿɜ ɦɨɠɧа ɡаɦɿɧɢɬɢ ɲɬɭɱɧɢɦ 
ɨɛ’ɽɞɧаɧɧɹɦ ɫɟɝɦɟɧɬɿɜ ɡа ɞɨɩɨɦɨɝɨɸ ɪɭɱɧɨɝɨ ʀɯ ɡаɞаɧɧɹ. 
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Кɪɨɤ 4. Заɫɬɨɫɨɜɭɽɦɨ ɨɩɟɪаɬɨɪ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɞɥɹ ɜɿɞɧɨɜɥɟɧɧɹ 
ɡɨɛɪаɠɟɧɧɹ ɩɨɜɟɪɯɧɿ ɞɥɹ ɤɨɠɧɨɝɨ ɿɡ ɫɟɝɦɟɧɬɿɜ , 1,iS i n , ɹɤɢɣ ɩɟɪɟɬɢɧаɽ ɫɦɭɝɢ 
p ɬа r, , , , 1,p r p r m2  . 
 У пɿдроздɿлɿ 3.3 ɧаɜɟɞɟɧɨ ɦɟɬɨɞ ɜɿɞɧɨɜɥɟɧɧɹ ɞɢɫɤɪɟɬɧɢɯ ɞɜɨɜɢɦɿɪɧɢɯ 
ɫɢɝɧаɥɿɜ, ɭ ɜɢɩаɞɤɭ ɤɨɥɢ ɿɧɮɨɪɦаɰɿɹ ɩɪɨ ɩɨɜɟɪɯɧɸ ɜɿɞɨɦа ɧа ɫɢɫɬɟɦɿ ( 2)m mt  
ɤɪɢɜɨɥɿɧɿɣɧɢɯ ɫɦɭɝ ɜɢɝɥɹɞɭ:  
 

^ `1,
, : ( ) ( ) , 1,k
i j k kj i j k mD E0  0 d d   

 

аɛɨ ɧа ɫɢɫɬɟɦɿ ( 2)n n t  ɤɪɢɜɨɥɿɧɿɣɧɢɯ ɫɦɭɝ ɜɢɝɥɹɞɭ:  
 

^ `2,
, : ( ) ( ) , 1, .l
i j l li j i l nJ G0  0 d d   

 

 Дɥɹ ɜɿɞɧɨɜɥɟɧɧɹ ɧɟɜɿɞɨɦɢɯ ɞɿɥɹɧɨɤ ɡɨɛɪаɠɟɧɧɹ 1, , 1,k k m0   
ɩɪɨɩɨɧɭɽɬɶɫɹ ɜɢɤɨɪɢɫɬɨɜɭɜаɬɢ ɨɩɟɪаɬɨɪ: 
 

1

1
1, , 1 ( ), ( ),

1 1

( ) ( ) , 1, 1.
( ) ( ) ( ) ( )k k

k k
k k j j j j

k k k k

i j i j k m
j j j jD E
E D

D E E D�

�
�

� �

� �
2 0  0 � 0  �

� �
 

 

 Пɨɜɟɪɯɧɹ 
 

1,
,

1, , 1

1, , 1 ,

, ( , ) , 1, ;

( ) , ( , ) , 1, 1

k
i j

k k

k k i j

i j k m

i j k m
�

�

­ 0 �0  °20  ®
2 0 �0  �°̄

 

 

ɽ ɧаɛɥɢɠɟɧɨɸ ɦаɬɟɦаɬɢɱɧɨɸ ɦɨɞɟɥɥɸ ɩɨɜɟɪɯɧɿ, ɹɤа ɧа ɤɨɠɧɿɣ ɫɦɭɡɿ 
1, , 1,k k m0   ɬɨɱɧɨ ɜɿɞɧɨɜɥɸɽ ɩɨɜɟɪɯɧɸ, а ɦɿɠ ɫɦɭɝаɦɢ ɡɨɛɪаɠɭɽ ɩɨɜɟɪɯɧɸ ɡа 

ɞɨɩɨɦɨɝɨɸ ɨɩɟɪаɬɨɪа 1, . 1, 1, 1k k k m�2  � . 
 Дɥɹ ɜɿɞɧɨɜɥɟɧɧɹ ɧɟɜɿɞɨɦɢɯ ɞɿɥɹɧɨɤ ɡɨɛɪаɠɟɧɧɹ 2, , 1,l l n0   ɩɪɨɩɨɧɭɽɬɶɫɹ 
ɜɢɤɨɪɢɫɬɨɜɭɜаɬɢ ɨɩɟɪаɬɨɪ: 
 

1

1
2, , 1 , ( ) , ( )

1 1

( ) ( ) , 1, 1.
( ) ( ) ( ) ( )l l

l l
l l i i i i

l l l l

j i j i l n
i i i i�

�
�

� �

� �
2 0  0 � 0  �

� �J G
G J

J G G J
 

 

 Пɨɜɟɪɯɧɹ 
 

2,
,

2, , 1

2, , 1 ,

, ( , ) , 1, ;

( ) , ( , ) , 1, 1

l
i j

l l

l l i j

i j l n

i j l n
�

�

­ 0 �0  °20  ®
2 0 �0  �°̄

 

 

ɽ ɧаɛɥɢɠɟɧɨɸ ɦаɬɟɦаɬɢɱɧɨɸ ɦɨɞɟɥɥɸ ɩɨɜɟɪɯɧɿ, ɹɤа ɧа ɤɨɠɧɿɣ ɫɦɭɡɿ 
2, , 1,l l n0   ɬɨɱɧɨ ɜɿɞɧɨɜɥɸɽ ɩɨɜɟɪɯɧɸ, а ɦɿɠ ɫɦɭɝаɦɢ ɡɨɛɪаɠɭɽ ɩɨɜɟɪɯɧɸ ɡа 

ɞɨɩɨɦɨɝɨɸ ɨɩɟɪаɬɨɪа 2, , 1, 1, 1l l l n�2  � . 
Оɫɧɨɜɧɿ ɪɟɡɭɥɶɬаɬɢ ɬɪɟɬɶɨɝɨ ɪɨɡɞɿɥɭ ɨɩɭɛɥɿɤɨɜаɧɨ ɭ ɪɨɛɨɬаɯ [2–7, 11, 12]. 
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У четвертому роздɿлɿ ɧаɜɟɞɟɧɨ ɦɟɬɨɞɢ ɡɧаɯɨɞɠɟɧɧɹ ɪɨɡɪɢɜɿɜ ɮɭɧɤɰɿɣ 
аɛɨ ʀɯ ɩɨɯɿɞɧɢɯ ɞɟɹɤɨɝɨ ɩɨɪɹɞɤɭ. 

У пɿдроздɿлɿ 4.1 ɧаɜɟɞɟɧɨ ɦɟɬɨɞ ɡɧаɯɨɞɠɟɧɧɹ ɬɨɱɨɤ ɪɨɡɪɢɜɭ ɮɭɧɤɰɿʀ 
ɨɞɧɿɽʀ ɡɦɿɧɧɨʀ аɛɨ ʀʀ ɩɨɯɿɞɧɨʀ ɞɟɹɤɨɝɨ ɩɨɪɹɞɤɭ. Нɟɯаɣ ɡаɞаɧа ɮɭɧɤɰɿɹ ɨɞɧɿɽʀ 
ɡɦɿɧɧɨʀ ( )f x  ɧа ɿɧɬɟɪɜаɥɿ [ , ]a b  ɡ ɦɨɠɥɢɜɢɦɢ; ɪɨɡɪɢɜаɦɢ ɩɟɪɲɨɝɨ ɪɨɞɭ ɮɭɧɤɰɿʀ 
аɛɨ ɞɟɹɤɨʀ ʀʀ ɩɨɯɿɞɧɨʀ ɜ ɬɨɱɤаɯ , 1,kx k n . Заɞаɧɿ ɜɭɡɥɢ ɪɨɡɛɢɜаɸɬɶ ɿɧɬɟɪɜаɥ 
[ , ]a b  ɧа 1n �  ɱаɫɬɢɧ. 

Рɨɡɪɢɜɧɢɦ ɿɧɬɟɪɩɨɥɹɰɿɣɧɢɦ ɥɿɧɿɣɧɢɦ ɫɩɥаɣɧɨɦ ɧа ɜɿɞɪɿɡɤɭ 
ɧаɡɢɜаɽɬɶɫɹ ɮɭɧɤɰɿɹ 1( ) [ , ],S x C a b��  ɹɤа ɜɢɡɧаɱаɽɬɶɫɹ 

ɧаɫɬɭɩɧɢɦ ɱɢɧɨɦ 
 

1
, 1 1

1 1

( ) , 1, 1k k
k k k k

k k k k

x x x xS x C C k n
x x x x

� ��
� �

� �

� �
 �  �

� �
, 

 

ɞɟ 1, , 1, 1k kC C k n� �
�  �  – ɩаɪаɦɟɬɪɢ ɫɩɥаɣɧɭ , 1( )k kS x� , ɳɨ ɜɢɡɧаɱаɸɬɶɫɹ ɭ 

ɜɢɝɥɹɞɿ ɨɞɧɨɫɬɨɪɨɧɧɿɯ ɝɪаɧɢɰɶ  
 

( ) ( )
10 0

lim ( ), lim ( )
k k

m m
k kx x x x
C f x C f x� �

�o � o �
  , 

 

ɞɟ m  – ɞɟɹɤɢɣ ɩɨɪɹɞɨɤ ɩɨɯɿɞɧɨʀ. 

 Яɤɳɨ ( ) ( )

0 0
lim ( ) lim ( )

k k

m m

x x x x
f x f x

o � o �
� � H , ɬɨ ɮɭɧɤɰɿɸ ( )f x  ɛɭɞɟɦɨ ɧаɡɢɜаɬɢ 

dmε-ɧɟɩɟɪɟɪɜɧɨɸ ɜ ɬɨɱɰɿ kx . 
 Нɢɠɱɟ ɧаɜɟɞɟɧɨ аɥɝɨɪɢɬɦ ɡɧаɯɨɞɠɟɧɧɹ ɪɨɡɪɢɜɿɜ ɮɭɧɤɰɿʀ ɨɞɧɿɽʀ ɡɦɿɧɧɨʀ 
аɛɨ ʀʀ ɩɨɯɿɞɧɨʀ ɞɟɹɤɨɝɨ ɩɨɪɹɞɤɭ. 
 Кɪɨɤ 1. Бɭɞɭɽɦɨ ɪɨɡɪɢɜɧɢɣ аɩɪɨɤɫɢɦаɰɿɣɧɢɣ ɫɩɥаɣɧ ( )S x  ɧа ɡаɞаɧɢɯ 
ɜɭɡɥаɯ , 1,kx k n  ɡа ɮɨɪɦɭɥɨɸ  
 

1
, 1 1

1 1

( ) , 1, 1k k
k k k k

k k k k

x x x xS x C C k n
x x x x

� ��
� �

� �

� �
 �  �

� �
 

 

ɡ ɧɟɜɿɞɨɦɢɦɢ ɤɨɟɮɿɰɿɽɧɬаɦɢ 1, , 1, 1k kC C k n� �
�  � . Пɪɢɱɨɦɭ ɧа ɩɟɪɲɿɣ ɿɬɟɪаɰɿʀ 

ɜɜаɠаɽɦɨ, ɳɨ ɨɞɧɨɫɬɨɪɨɧɧɿ ɡɧаɱɟɧɧɹ ɮɭɧɤɰɿʀ ɜ ɡаɞаɧɢɯ ɜɭɡɥаɯ ɡɛɿɝаɸɬɶɫɹ. 
Зɧаɯɨɞɢɦɨ ɜɟɤɬɨɪ 1 2 2 3 1( , , , ,..., , )n nC C C C C C C� � � � � �

�  ɡ ɭɦɨɜɢ 
 

( ) ( )
10 0

lim ( ), lim ( )
k k

m m
k kx x x x
C f x C f x� �

�o � o �
  . 

 

 Пɿɞɫɬаɜɥɹɽɦɨ ɡɧаɣɞɟɧɿ ɤɨɟɮɿɰɿɽɧɬɢ ɭ ɫɩɥаɣɧɢ 
, 1 1( ), [ , ], 1, 1k k k kS x x x x k n� ��  � . 

 

 Кɪɨɤ 2. На ɤɨɠɧɨɦɭ ɡ ɿɧɬɟɪɜаɥɿɜ 1[ , ], 1, 1k kx x k n�  �  ɨɛɱɢɫɥɸɽɦɨ 
ɡɧаɱɟɧɧɹ  
 

1[ , ], 1, 1k kx x k n�  �
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1

* max ( )
k k

k kx x x
J J x

�d d
 , ( )

, 1( ) ( ) ( )m
k k kJ x f x S x� � . 

 

 Кɪɨɤ 3. Вɢɞаɥɹɽɦɨ ɡ ɪɨɡɝɥɹɞɭ ɬɿ ɿɧɬɟɪɜаɥɢ, ɧа ɹɤɢɯ ɩɨɛɭɞɨɜаɧɢɣ ɫɩɥаɣɧ ɽ 
dmε-ɧɟɩɟɪɟɪɜɧɢɦ ɬа ɧа ɹɤɢɯ ɡаɞɨɜɨɥɶɧɹɽɬɶɫɹ ɬɨɱɧɿɫɬɶ ɧаɛɥɢɠɟɧɧɹ. Іɧɬɟɪɜаɥɢ, 
ɳɨ ɡаɥɢɲɢɥɢɫɹ ɞɿɥɢɦɨ ɧаɜɩɿɥ. 
 Кɪɨɤ 4. На ɧɨɜɿɣ ɦɧɨɠɢɧɿ ɜɭɡɥɿɜ ɡɧɨɜɭ ɛɭɞɭɽɦɨ аɩɪɨɤɫɢɦаɰɿɣɧɢɣ ɫɩɥаɣɧ 
ɬа ɡɧаɯɨɞɢɦɨ ɜɟɤɬɨɪ ɤɨɟɮɿɰɿɽɧɬɿɜ C . 
 Пɟɪɟɜɿɪɹɽɦɨ ɜɢɤɨɧаɧɧɹ ɭɦɨɜɢ  
 

( )

[ , ]
max ( ) ( )m

x a b
f x S x

�
� �G , 

 

ɞɟ G  – ɡаɞаɧа ɬɨɱɧɿɫɬɶ ɧаɛɥɢɠɟɧɧɹ. Яɤɳɨ ɜɤаɡаɧа ɭɦɨɜа ɧɟ ɜɢɤɨɧаɧа, ɬɨ 
ɩɨɜɟɪɬаɽɦɨɫɹ ɞɨ ɤɪɨɤɭ 3. 

Яɤɳɨ ɡа ɞɨɩɨɦɨɝɨɸ ɞɿɥɟɧɧɹ ɜɿɞɪɿɡɤа ɧаɜɩɿɥ, ɧɟ ɩɨɬɪаɩɥɹɽɦɨ ɬɨɱɧɨ ɧа 
ɬɨɱɤɭ ɪɨɡɪɢɜɭ, ɬɨ ɿɬɟɪаɰɿɣɧɢɣ ɩɪɨɰɟɫ ɫɥɿɞ ɡɭɩɢɧɢɬɢ ɧа ɬɿɣ ɿɬɟɪаɰɿʀ, ɩɨɱɢɧаɸɱɢ ɡ 
ɹɤɨʀ ɪɟɡɭɥɶɬаɬ ɧɟ ɩɨɤɪаɳɭɽɬɶɫɹ. 
 У пɿдроздɿлɿ 4.2 ɧаɜɟɞɟɧɨ ɦɟɬɨɞ ɡɧаɯɨɞɠɟɧɧɹ ɬɨɱɨɤ ɪɨɡɪɢɜɭ ɮɭɧɤɰɿʀ ɞɜɨɯ 
ɡɦɿɧɧɢɯ аɛɨ ʀʀ ɩɨɯɿɞɧɨʀ ɞɟɹɤɨɝɨ ɩɨɪɹɞɤɭ. Нɟɯаɣ ɜ ɨɛɥаɫɬɿ > @ > @1 1 2 2, ,G a b a b u  
ɡаɞаɧа ɪɨɡɪɢɜɧа ɮɭɧɤɰɿɹ ( , )f x y  ɬа ɞɟɹɤɟ ɪɨɡɛɢɬɬɹ ɧа ɩɪɹɦɨɤɭɬɧɿ ɟɥɟɦɟɧɬɢ  
 

, 1 1[ , ] [ , ],i j i i j jx x y y� �3  u  
1 0 1 2 1, 0, , ... ,k mx x k m a x x x x b   � � � �   
2 0 1 2 2, 0, , ... .l ny y l n a y y y y b   � � � �    

 Вɜаɠаɽɦɨ, ɳɨ ɧа ɤɨɠɧɨɦɭ ɡ ɜɿɞɪɿɡɤɿɜ, ɹɤɿ ɽ ɫɩɿɥɶɧɢɦɢ ɞɥɹ ɞɜɨɯ ɫɭɫɿɞɧɿɯ 
ɩɪɹɦɨɤɭɬɧɢɤɿɜ ,i j3  ɬа , 1i j�3 , аɛɨ 1,i j�3 , аɛɨ 1,i j�3 , аɛɨ , 1i j�3 , ɮɭɧɤɰɿɹ ( , )f x y  
ɦɨɠɟ ɦаɬɢ ɪɨɡɪɢɜɢ ɩɟɪɲɨɝɨ ɪɨɞɭ ɮɭɧɤɰɿʀ аɛɨ ʀʀ ɩɨɯɿɞɧɨʀ ɞɟɹɤɨɝɨ ɩɨɪɹɞɤɭ, 
ɩɪɢɱɨɦɭ ɜ ɤɨɠɧɿɣ ɬɨɱɰɿ ( , )i jx y  ɦɨɠɟ ɛɭɬɢ ɡаɞаɧɨ ɱɨɬɢɪɢ ɪɿɡɧɢɯ ɡɧаɱɟɧɧɹ 
ɮɭɧɤɰɿʀ, ɳɨ ɧаɛɥɢɠɭɽɬɶɫɹ: 
 

, 0
0

lim ( , )
i
j

k
i j x x

y y

C d f x y��

o �
o �

 , , 0
0

lim ( , )
i
j

k
i j x x

y y

C d f x y��

o �
o �

 , 

, 0
0

lim ( , )
i
j

k
i j x x

y y

C d f x y��

o �
o �

 , , 0
0

lim ( , )
i
j

k
i j x x

y y

C d f x y��

o �
o �

 , 

¦
 �
 

�

ww
w

 
k

kji
ji

ji

ji

ji
k

yx
yxfayxfd

0,
,

),(),( . 

 

Рɨɡɪɢɜɧɢɦ ɿɧɬɟɪɩɨɥɹɰɿɣɧɢɦ ɥɿɧɿɣɧɢɦ ɫɩɥаɣɧɨɦ ɧа ɩɪɹɦɨɤɭɬɧɢɤɭ 
, , 1, 1, 1, 1i j i m j n3  �  �  ɜɜаɠаɽɦɨ ɮɭɧɤɰɿɸ, ɹɤа ɜɢɡɧаɱаɽɬɶɫɹ ɧаɫɬɭɩɧɢɦ 

ɱɢɧɨɦ 
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1 11
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ɹɤɢɣ ɜ ɤɨɠɧɨɦɭ ɟɥɟɦɟɧɬɿ ,i j3  ɽ ɧɟɩɟɪɟɪɜɧɢɦ ɿɧɬɟɪɩɨɥɹɰɿɣɧɢɦ ɩɨɥɿɧɨɦɨɦ. 

 Яɤɳɨ 
0 0

lim ( , ) lim ( , ) ,
q q

k k

x x x x
d f x y d f x y y

o � o �
� � �H , ɬɨ ɮɭɧɤɰɿɸ ( , )f x y  ɛɭɞɟɦɨ 

ɧаɡɢɜаɬɢ dkε-ɧɟɩɟɪɟɪɜɧɨɸ ɧа ɥɿɧɿʀ qx x ,  

 Яɤɳɨ 
0 0

lim ( , ) lim ( , ) ,
s s

k k

y y y y
d f x y d f x y x

o � o �
� � �H , ɬɨ ɮɭɧɤɰɿɸ ( , )f x y  ɛɭɞɟɦɨ 

ɧаɡɢɜаɬɢ dkε-ɧɟɩɟɪɟɪɜɧɨɸ ɧа ɥɿɧɿʀ sy y .  
 Яɤɳɨ ɜɢɤɨɧɭɸɬɶɫɹ ɜɫɿ ɱɨɬɢɪɢ ɧɟɪɿɜɧɨɫɬɿ ɜ ɬɨɱɰɿ ( , )q sx y  
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ɬɨ ɮɭɧɤɰɿɸ ( , )f x y  ɛɭɞɟɦɨ ɧаɡɢɜаɬɢ dkε-ɧɟɩɟɪɟɪɜɧɨɸ ɜ ɬɨɱɰɿ ( , ).q sx y  
Яɤɳɨ ( , )f x y  ɽ dkε-ɧɟɩɟɪɟɪɜɧɨɸ ,( , ) i jx y� �3 , ɬɨ ɛɭɞɟɦɨ ʀʀ ɧаɡɢɜаɬɢ dkε-

ɧɟɩɟɪɟɪɜɧɨɸ ɧа ɭɫɶɨɦɭ ɩɪɹɦɨɤɭɬɧɨɦɭ ɟɥɟɦɟɧɬɿ ,i j3 . 
Бɭɞɟɦɨ ɧаɡɢɜаɬɢ ɪɨɡɪɢɜɧɢɦ аɩɪɨɤɫɢɦаɰɿɣɧɢɦ ɛɿɥɿɧɿɣɧɢɦ ɫɩɥаɣɧɨɦ ɜ 

ɤɨɠɧɨɦɭ ɩɪɹɦɨɤɭɬɧɨɦɭ ɟɥɟɦɟɧɬɿ ji ,3 ɫɩɥаɣɧ ɡ ɤɨɟɮɿɰɿɽɧɬаɦɢ 
��

��
��
�

��
�

��
1,11,,1, ,,, jijijiji CCCC , ɳɨ ɡɧаɯɨɞɹɬɶɫɹ ɦɟɬɨɞɨɦ ɧаɣɦɟɧɲɢɯ ɤɜаɞɪаɬɿɜ ɡ ɭɦɨɜɢ 
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2

,( ) ( , ) ( , , ) min
i j i j

k
i j CG

J C d f x y S x y C dxdy
3 � 3

ª º � o¬ ¼¦ ³³ , 

 

ɞɟ k – ɡɧаɱɟɧɧɹ ɩɨɯɿɞɧɨʀ, ɜ ɹɤɿɣ ɲɭɤаɽɬɶɫɹ ɪɨɡɪɢɜ. 
Нɢɠɱɟ ɧаɜɟɞɟɧɨ аɥɝɨɪɢɬɦ ɜɢɹɜɥɟɧɧɹ ɬɨɱɨɤ ɪɨɡɪɢɜɭ ɮɭɧɤɰɿʀ ɞɜɨɯ ɡɦɿɧɧɢɯ 

аɛɨ ʀʀ ɩɨɯɿɞɧɨʀ ɞɟɹɤɨɝɨ ɩɨɪɹɞɤɭ: 
 Кɪɨɤ 1. Бɭɞɭɽɦɨ ɪɨɡɪɢɜɧɢɣ аɩɪɨɤɫɢɦаɰɿɣɧɢɣ ɫɩɥаɣɧ ɧа ɡаɞаɧɢɯ ɜɭɡɥаɯ 

1,1,1,1),,( � � mjniyx ji , ɹɤɢɣ ɧа ɤɨɠɧɨɦɭ ɟɥɟɦɟɧɬɿ ɪɨɡɛɢɬɬɹ ɦɨɠɟ ɦаɬɢ 
ɨɞɧаɤɨɜɢɣ аɧаɥɿɬɢɱɧɢɣ ɜɢɝɥɹɞ , ( , )i jS x y ɡ ɪɿɡɧɢɦɢ ɩаɪаɦɟɬɪаɦɢ ɬа ɡ ɧɟɜɿɞɨɦɢɦɢ 

4,1,)1)(1(,1,,  �� lnmkC lk  ɿ ɡɧаɯɨɞɢɦɨ ɦаɬɪɢɰɸ ɧɟɜɿɞɨɦɢɯ ɤɨɟɮɿɰɿɽɧɬɿɜ 
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ɫɩɥаɣɧа. Пɿɫɥɹ ɩɿɞɫɬаɧɨɜɤɢ ɡɧаɣɞɟɧɢɯ ɤɨɟɮɿɰɿɽɧɬɿɜ ɜ ɫɩɥаɣɧ ɨɬɪɢɦаɽɦɨ 
ɪɨɡɪɢɜɧɢɣ ɫɩɥаɣɧ, ɳɨ ɫɤɥаɞаɽɬɶɫɹ ɡ ɮɭɧɤɰɿɣ , ( , ), 1, 1, 1, 1i jS x y i m j n �  � .

  Кɪɨɤ 2. На ɤɨɠɧɨɦɭ ɩɪɹɦɨɤɭɬɧɨɦɭ ɟɥɟɦɟɧɬɿ ɪɨɡɛɢɬɬɹ  
 

1,1,1,1,, � � 3 njmiji  
 

ɨɛɱɢɫɥɸɽɦɨ ɡɧаɱɟɧɧɹ 

 

1
1

*
, , , ,max , ( , ) ( , )

i i
j j
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i j i j i j i jx x x

y y y

J J J d f x y S x y
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d d
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 Кɪɨɤ 3. Вɢɞаɥɹɽɦɨ ɡ ɪɨɡɝɥɹɞɭ ɬɿ ɩɪɹɦɨɤɭɬɧɿ ɟɥɟɦɟɧɬɢ, ɧа ɹɤɢɯ 
ɩɨɛɭɞɨɜаɧɢɣ ɛɿɥɿɧɿɣɧɢɣ ɫɩɥаɣɧ ɽ dkε-ɧɟɩɟɪɟɪɜɧɢɦ ɬа ɧа ɹɤɢɯ ɡаɞɨɜɨɥɶɧɹɽɬɶɫɹ 
ɬɨɱɧɿɫɬɶ ɧаɛɥɢɠɟɧɧɹ. Пɪɹɦɨɤɭɬɧɿ ɟɥɟɦɟɧɬɢ, ɳɨ ɡаɥɢɲɢɥɢɫɹ ɞɿɥɢɦɨ ɧа ɱɨɬɢɪɢ 
ɪɿɜɧɿ ɩɪɹɦɨɤɭɬɧɢɤɢ, ɜɜɨɞɹɱɢ ɧɨɜɿ ɥɿɧɿʀ ɜɫɟɪɟɞɢɧɿ ɨɛɪаɧɨɝɨ ɩɪɹɦɨɤɭɬɧɨɝɨ 
ɟɥɟɦɟɧɬа.  
 Кɪɨɤ 4. Дɥɹ ɨɬɪɢɦаɧɨɝɨ ɧаɛɨɪɭ ɩɪɹɦɨɤɭɬɧɢɯ ɟɥɟɦɟɧɬɿɜ  ɡɧɨɜɭ ɛɭɞɭɽɦɨ 
аɩɪɨɤɫɢɦаɰɿɣɧɿ ɫɩɥаɤɧɢ. Даɥɿ ɩɟɪɟɜɿɪɹɽɦɨ ɜɢɤɨɧаɧɧɹ ɭɦɨɜɢ 
 

G��
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�

),(),(max
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ɞɟ δ – ɡаɞаɧа ɬɨɱɧɿɫɬɶ ɧаɛɥɢɠɟɧɧɹ. Яɤɳɨ ɜɤаɡаɧа ɭɦɨɜа ɧɟ ɜɢɤɨɧɭɽɬɶɫɹ, ɬɨ 
ɩɨɜɟɪɬаɽɦɨɫɹ ɞɨ ɤɪɨɤɭ 3. 
 Сɥɿɞ ɜɿɞɦɿɬɢɬɢ, ɳɨ ɧаɜɟɞɟɧɿ ɜ ɞаɧɨɦɭ ɪɨɡɞɿɥɿ ɦɟɬɨɞɢ ɦɨɠɭɬɶ ɨɞɧɨɱаɫɧɨ 
ɥɨɤаɥɿɡɨɜɭɜаɬɢ ɨɞɪаɡɭ ɞɟɤɿɥɶɤа ɨɤɪɟɦɢɯ ɬɨɱɨɤ (ɥɿɧɿɣ) ɪɨɡɪɢɜɭ. 
 Оɫɧɨɜɧɿ ɪɟɡɭɥɶɬаɬɢ ɱɟɬɜɟɪɬɨɝɨ ɪɨɡɞɿɥɭ ɨɩɭɛɥɿɤɨɜаɧɨ ɭ ɪɨɛɨɬаɯ [1, 8]. 
 

ВИСНОВКИ 
 

У ɪɨɛɨɬɿ ɨɬɪɢɦаɧɨ ɧɨɜɿ ɪɟɡɭɥɶɬаɬɢ, ɹɤɿ ɽ ɩɨɞаɥɶɲɢɦ ɪɨɡɜɢɬɤɨɦ ɬɟɨɪɿʀ 
ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɮɭɧɤɰɿɣ, ɜɩɟɪɲɟ ɡаɩɪɨɩɨɧɨɜаɧɢɯ ɜ ɪɨɛɨɬаɯ О.М. Лɢɬɜɢɧа ɬа 
Ю. І. Маɬɜɽɽɜɨʀ. Оɬɪɢɦаɧɿ ɜ ɪɨɛɨɬɿ ɪɟɡɭɥɶɬаɬɢ ɽ ɬɟɨɪɟɬɢɱɧɨɸ ɨɫɧɨɜɨɸ 
ɦаɬɟɦаɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜаɧɧɹ ɩɨɜɟɪɯɨɧɶ, ɹɤɿ ɨɩɢɫɭɸɬɶɫɹ ɮɭɧɤɰɿɹɦɢ ɞɜɨɯ 
ɡɦɿɧɧɢɯ ɡа ɞɨɩɨɦɨɝɨɸ ɨɩɟɪаɬɨɪɿɜ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ.  

У ɩɪɨɰɟɫɿ ɜɢɪɿɲɟɧɧɹ ɩɨɫɬаɜɥɟɧɢɯ ɡаɜɞаɧɶ ɩɨɛɭɞɨɜɢ ɦаɬɟɦаɬɢɱɧɢɯ 
ɦɨɞɟɥɟɣ ɩɨɜɟɪɯɨɧɶ ɨɩɟɪаɬɨɪаɦɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɛɭɥɨ ɨɬɪɢɦаɧɨ ɪɹɞ ɧɨɜɢɯ 
ɧаɭɤɨɜɢɯ ɿ ɩɪаɤɬɢɱɧɢɯ ɪɟɡɭɥɶɬаɬɿɜ. 

1. Вɢɤɨɧаɧɨ аɧаɥɿɡ ɫɭɱаɫɧɨɝɨ ɫɬаɧɭ ɦɟɬɨɞɿɜ ɨɛɪɨɛɤɢ ɿɧɮɨɪɦаɰɿʀ ɭ ɜɢɝɥɹɞɿ 
ɞɜɨɜɢɦɿɪɧɢɯ ɡɨɛɪаɠɟɧɶ, ɭ ɪɟɡɭɥɶɬаɬɿ ɹɤɨɝɨ ɜɫɬаɧɨɜɥɟɧɨ, ɳɨ ɜɢɤɨɪɢɫɬаɧɧɹ 
ɿɫɧɭɸɱɢɯ ɦɟɬɨɞɿɜ ɰɢɮɪɨɜɨʀ ɨɛɪɨɛɤɢ ɫɢɝɧаɥɿɜ ɧɟ ɞɨɡɜɨɥɹɽ ɟɮɟɤɬɢɜɧɨ 
ɜɿɞɧɨɜɥɸɜаɬɢ ɡɨɛɪаɠɟɧɧɹ ɩɨɜɟɪɯɨɧɶ, ɨɬɪɢɦаɧɢɯ ɦɟɬɨɞаɦɢ ɫɟɣɫɦɨɪɨɡɜɿɞɤɢ, 
ɪаɞɿɨɥɨɤаɰɿʀ, ɞɢɫɬаɧɰɿɣɧɨɝɨ ɡɨɧɞɭɜаɧɧɹ ɩɥаɧɟɬɢ ɬɨɳɨ. 

2. На ɨɫɧɨɜɿ ɪɨɡɪɨɛɥɟɧɢɯ ɜ ɩɨɩɟɪɟɞɧɿɯ ɪɨɛɨɬаɯ ɨɩɟɪаɬɨɪаɯ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ, 
ɧаɛɭɥɢ ɩɨɞаɥɶɲɨɝɨ ɪɨɡɜɢɬɤɭ ɦɟɬɨɞɢ ɜɿɞɧɨɜɥɟɧɧɹ ɞɜɨɜɢɦɿɪɧɢɯ ɩɨɜɟɪɯɨɧɶ ɿɡ 
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ɩɨɲɤɨɞɠɟɧɧɹɦɢ ɭ ɜɢɝɥɹɞɿ ɫɦɭɝ, ɳɨ ɩаɪаɥɟɥɶɧɿ ɨɫɹɦ ɤɨɨɪɞɢɧаɬ, ɿɡ 
ɜɢɤɨɪɢɫɬаɧɧɹɦ ɭɡаɝаɥɶɧɟɧɢɯ ɩɨɥɿɧɨɦɿɜ Шɟɩаɪɞа, Шɟɩаɪɞа-Лɢɬɜɢɧа, Лаɝɪаɧɠа 
ɬа Еɪɦɿɬа. 

3. Уɩɟɪɲɟ ɩɨɛɭɞɨɜаɧа ɦаɬɟɦаɬɢɱɧа ɦɨɞɟɥɶ ɩɨɜɟɪɯɧɿ ɬɿɥа ɡ 
ɜɢɤɨɪɢɫɬаɧɧɹɦ ɨɩɟɪаɬɨɪɿɜ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɧа ɫɢɫɬɟɦаɯ ɫɦɭɝ, ɝɪаɧɢɰɿ ɹɤɢɯ 
ɩɟɪɟɬɢɧаɸɬɶɫɹ ɩɿɞ ɞɨɜɿɥɶɧɢɦ ɤɭɬɨɦ, ɠɨɞɧɿ ɬɪɢ ɡ ɹɤɢɯ ɧɟ ɩɟɪɟɬɢɧаɸɬɶɫɹ ɜ ɨɞɧɿɣ 
ɬɨɱɰɿ, ɳɨ ɞɨɡɜɨɥɹɽ ɜɿɞɧɨɜɥɸɜаɬɢ ɩɨɜɟɪɯɧɸ, ɹɤɳɨ ɿɧɮɨɪɦаɰɿɹ ɩɪɨ ɧɟʀ ɜɿɞɨɦа ɧа 
ɫɦɭɝаɯ, ɝɪаɧɢɰɿ ɹɤɢɯ ɨɩɢɫɭɸɬɶɫɹ ɥɿɧɿɣɧɢɦɢ ɮɭɧɤɰɿɹɦɢ ɡаɝаɥɶɧɨɝɨ ɜɢɝɥɹɞɭ. 
Вɢɤɨɪɢɫɬаɧɧɹ ɨɬɪɢɦаɧɢɯ ɨɩɟɪаɬɨɪɿɜ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɞɥɹ ɜɿɞɧɨɜɥɟɧɧɹ 
ɩɨɲɤɨɞɠɟɧɢɯ ɫɢɝɧаɥɿɜ ɞɨɡɜɨɥɹɽ ɪɨɡɲɢɪɢɬɢ ɫɩɟɤɬɪ ɩɪɢɤɥаɞɧɢɯ ɡаɞаɱ, ɞɨ ɹɤɢɯ 
ɦɨɠɧа ʀɯ ɡаɫɬɨɫɨɜɭɜаɬɢ, ɩɨɪɿɜɧɹɧɨ ɿɡ ɩɨɩɟɪɟɞɧɿɦɢ ɪɟɡɭɥɶɬаɬаɦɢ ɜ ɨɛɥаɫɬɿ 
ɿɧɮɨɪɦаɰɿɣɧɢɯ ɨɩɟɪаɬɨɪɿɜ. 

4. Уɩɟɪɲɟ ɩɨɛɭɞɨɜаɧɿ ɦаɬɟɦаɬɢɱɧɿ ɦɨɞɟɥɿ ɩɨɜɟɪɯɧɿ ɬɿɥа ɿɡ ɜɢɤɨɪɢɫɬаɧɧɹɦ 
ɨɩɟɪаɬɨɪɿɜ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɧа ɫɢɫɬɟɦɿ ɫɦɭɝ, ɳɨ ɦаɸɬɶ ɤɪɢɜɨɥɿɧɿɣɧɿ ɝɪаɧɢɰɿ, ɳɨ 
ɞɨɡɜɨɥɹɽ ɜɿɞɧɨɜɥɸɜаɬɢ ɩɨɜɟɪɯɧɸ, ɹɤɳɨ ɿɧɮɨɪɦаɰɿɹ ɩɪɨ ɧɟʀ ɜɿɞɨɦа ɧа ɫɦɭɝаɯ, 
ɝɪаɧɢɰɿ ɹɤɢɯ ɨɩɢɫɭɸɬɶɫɹ ɞɟɹɤɢɦɢ ɧаɩɟɪɟɞ ɜɿɞɨɦɢɦɢ ɧɟɩɟɪɟɪɜɧɢɦɢ ɮɭɧɤɰɿɹɦɢ. 
Оɬɪɢɦаɧɿ ɨɩɟɪаɬɨɪɢ ɞɨɡɜɨɥɹɸɬɶ ɜɿɞɧɨɜɥɸɜаɬɢ ɩɨɜɟɪɯɧɿ ɞɥɹ ɛɿɥɶɲɨʀ ɤɿɥɶɤɨɫɬɿ 
ɩɪɢɤɥаɞɧɢɯ ɡаɞаɱ, ɡɨɤɪɟɦа ɞɥɹ ɨɛɪɨɛɤɢ ɞаɧɢɯ ɪаɞаɪɿɜ ɛɨɤɨɜɨɝɨ ɨɝɥɹɞɭ. 

5. Уɩɟɪɲɟ ɧаɜɟɞɟɧɨ ɬа ɞɨɫɥɿɞɠɟɧɨ ɦɟɬɨɞ ɦаɬɟɦаɬɢɱɧɨɝɨ ɦɨɞɟɥɸɜаɧɧɹ 
ɩɨɜɟɪɯɧɿ ɬɿɥа ɡ ɜɢɤɨɪɢɫɬаɧɧɹɦ ɨɩɟɪаɬɨɪɿɜ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ, ɿɧɮɨɪɦаɰɿɹ ɩɪɨ ɹɤɭ 
ɜɿɞɨɦа ɥɢɲɟ ɧа ɫɢɫɬɟɦɿ ɫɦɭɝ, ɝɪаɧɢɰɿ ɹɤɢɯ ɩɪɟɞɫɬаɜɥɹɸɬɶ ɫɨɛɨɸ ɡаɦɤɧɭɬɿ 
ɤɪɢɜɿ. 

6. Рɨɡɪɨɛɥɟɧɨ ɦɟɬɨɞ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɜɟɪɯɧɿ ɬɿɥа ɿɡ ɭɪаɯɭɜаɧɧɹɦ ɞɨɞаɬɤɨɜɨʀ 
ɿɧɮɨɪɦаɰɿʀ ɩɪɨ ɫɬɪɭɤɬɭɪɭ ɩɨɜɟɪɯɧɿ ɧа ɜɿɞɨɦɢɯ ʀʀ ɞɿɥɹɧɤаɯ. Цɟɣ ɦɟɬɨɞ ɞɨɡɜɨɥɹɽ 
ɛɿɥɶɲ ɬɨɱɧɨ ɜɿɞɧɨɜɥɸɜаɬɢ ɩɨɜɟɪɯɧɸ ɦɿɠ ɫɦɭɝаɦɢ ɭ ɜɢɩаɞɤɭ ɹɤɳɨ ɧа ɧɿɣ 
ɩɪɢɫɭɬɧɿ ɡɧаɱɧɿ ɪɨɡɪɢɜɢ, ɧаɩɪɢɤɥаɞ, ɨɛɪɢɜɢ, ɩɿɞɧɹɬɬɹ аɛɨ ɞɟɹɤɿ ɲɬɭɱɧɨ 
ɫɬɜɨɪɟɧɿ ɨɛ'ɽɤɬɢ. 

7. Наɜɟɞɟɧɨ ɩɪɢɤɥаɞɢ ɩɪаɤɬɢɱɧɨɝɨ ɡаɫɬɨɫɭɜаɧɧɹ ɨɬɪɢɦаɧɢɯ ɨɩɟɪаɬɨɪɿɜ 
ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɞɥɹ ɜɿɞɧɨɜɥɟɧɧɹ ɮɨɬɨɡɧɿɦɤɭ ɿɡ ɩɨɲɤɨɞɠɟɧɧɹɦɢ ɭ ɜɢɝɥɹɞɿ ɡаɥɨɦɿɜ 
ɬа ɩɪɢɤɥаɞ ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɲɤɨɞɠɟɧɢɯ ɩɪɨɮɿɥɿɜ ɪɟɡɭɥɶɬаɬɿɜ ɫɟɣɫɦɨɪɨɡɜɿɞɤɢ 
ɤɨɪɢɫɧɢɯ ɤɨɩаɥɢɧ ɜ ɞɟɹɤɨɦɭ ɪɟɝɿɨɧɿ. 

8. Уɫɿ ɨɬɪɢɦаɧɿ ɪɟɡɭɥɶɬаɬɢ ɞɨɛɪɟ ɭɡɝɨɞɠɭɸɬɶɫɹ ɿɡ ɩɨɩɟɪɟɞɧɿɦɢ 
ɪɟɡɭɥɶɬаɬаɦɢ ɞɨɫɥɿɞɠɟɧɶ ɜ ɨɛɥаɫɬɿ ɨɩɟɪаɬɨɪɿɜ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɮɭɧɤɰɿɣ. Тɨɛɬɨ, 
ɨɩɟɪаɬɨɪɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɞɥɹ ɜɢɩаɞɤɭ ɝɪаɧɢɰɶ ɧɟɜɿɞɨɦɢɯ ɨɛɥаɫɬɟɣ ɭ ɜɢɝɥɹɞɿ 
ɩɪɹɦɢɯ, ɪɨɡɬаɲɨɜаɧɢɯ ɩɿɞ ɞɨɜɿɥɶɧɢɦ ɤɭɬɨɦ, ɭ ɜɢɩаɞɤɭ ɹɤɳɨ ɰɿ ɩɪɹɦɿ 
ɪɨɡɬаɲɨɜаɧɿ ɩаɪаɥɟɥɶɧɨ ɞɨ ɨɫɟɣ ɤɨɨɪɞɢɧаɬ ɞаɸɬɶ аɧаɥɨɝɿɱɧɿ ɪɟɡɭɥɶɬаɬɢ, ɳɨ ɿ 
ɪɟɡɭɥɶɬаɬɢ ɩɨɩɟɪɟɞɧɿɯ ɞɨɫɥɿɞɠɟɧɶ ɞɥɹ ɨɩɟɪаɬɨɪɿɜ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɿɡ ɝɪаɧɢɰɹɦɢ, 
ɩаɪаɥɟɥɶɧɢɦɢ ɨɫɹɦ ɤɨɨɪɞɢɧаɬ. Аɧаɥɨɝɿɱɧɨ ɿ ɞɥɹ ɨɩɟɪаɬɨɪɿɜ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɞɥɹ 
ɜɢɩаɞɤɭ ɤɪɢɜɨɥɿɧɿɣɧɢɯ ɝɪаɧɢɰɶ ɧɟɜɿɞɨɦɢɯ ɨɛɥаɫɬɟɣ: ɹɤɳɨ ɮɭɧɤɰɿʀ ɝɪаɧɢɰɿ 
ɨɩɢɫɭɸɬɶ ɩɪɹɦɿ, ɩаɪаɥɟɥɶɧɿ ɨɫɹɦ ɤɨɨɪɞɢɧаɬ, ɳɨ ɜ ɫɭɤɭɩɧɨɫɬɿ ɨɡɧаɱаɽ ɞɨɛɪɭ 
ɭɡɝɨɞɠɟɧɿɫɬɶ ɨɬɪɢɦаɧɢɯ ɪɟɡɭɥɶɬаɬɿɜ ɿɡ ɿɫɧɭɸɱɨɸ ɬɟɨɪɿɽɸ ɨɩɟɪаɬɨɪɿɜ 
ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɮɭɧɤɰɿɣ. 

9. Вɜɟɞɟɧɨ ɨɡɧаɱɟɧɧɹ dkε-ɧɟɩɟɪɟɪɜɧɨɫɬɿ ɮɭɧɤɰɿʀ ɨɞɧɿɽʀ ɱɢ ɞɜɨɯ ɡɦɿɧɧɢɯ ɬа 
ɪɨɡɪɢɜɧɢɯ ɿɧɬɟɪɩɨɥɹɰɿɣɧɢɯ ɫɩɥаɣɧɿɜ, ɳɨ ɽ ɩɨɞаɥɶɲɢɦ ɪɨɡɜɢɬɤɨɦ ɩɨɧɹɬɬɹ ε-
ɧɟɩɟɪɟɪɜɧɨɫɬɿ, ɜ ɨɫɧɨɜɿ ɹɤɨɝɨ ɥɟɠɢɬɶ ɩɨɧɹɬɬɹ ɧɟɩɟɪɟɪɜɧɨɫɬɿ ɫаɦɨʀ ɮɭɧɤɰɿʀ. 
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10. Рɨɡɪɨɛɥɟɧɨ ɦɟɬɨɞ ɡɧаɯɨɞɠɟɧɧɹ ɬɨɱɨɤ ɪɨɡɪɢɜɭ ɮɭɧɤɰɿʀ ɨɞɧɿɽʀ ɡɦɿɧɧɨʀ, 
аɛɨ ɞɟɹɤɨʀ ʀʀ ɩɨɯɿɞɧɨʀ, ɳɨ ɦаɽ ɬɨɱɤɢ ɪɨɡɪɢɜɭ ɩɟɪɲɨɝɨ ɪɨɞɭ ɭ ɜɿɞɩɨɜɿɞɧɿɣ 
ɩɨɯɿɞɧɿɣ. 

11. Рɨɡɪɨɛɥɟɧɨ ɦɟɬɨɞ ɡɧаɯɨɞɠɟɧɧɹ ɥɿɧɿɣ ɪɨɡɪɢɜɭ ɮɭɧɤɰɿʀ ɞɜɨɯ ɡɦɿɧɧɢɯ, 
ɳɨ ɦаɽ ɥɿɧɿʀ ɪɨɡɪɢɜɭ ɮɭɧɤɰɿʀ аɛɨ ɞɟɹɤɨʀ ʀʀ ɩɨɯɿɞɧɨʀ, ɬа ɧаɛɥɢɠɟɧɧɹ ʀɯ 
ɛɿɥɿɧɿɣɧɢɦɢ ɫɩɥаɣɧаɦɢ, ɜɢɤɨɪɢɫɬɨɜɭɸɱɢ ɩɪɹɦɨɤɭɬɧɿ ɟɥɟɦɟɧɬɢ. 

Пɨɛɭɞɨɜаɧɿ ɜ ɪɨɛɨɬɿ ɦаɬɟɦаɬɢɱɧɿ ɦɨɞɟɥɿ, ɦɟɬɨɞɢ ɬа аɥɝɨɪɢɬɦɢ ɦɨɠɭɬɶ 
ɛɭɬɢ ɜɢɤɨɪɢɫɬаɧɿ ɞɥɹ ɨɛɪɨɛɤɢ аɪɯɿɜɧɢɯ ɞаɧɢɯ ɭ ɜɢɝɥɹɞɿ ɡɧɿɦɤɿɜ, ɞаɧɢɯ 
ɫɟɣɫɦɿɱɧɨʀ ɬɨɦɨɝɪаɮɿʀ, ɤɨɦɩ'ɸɬɟɪɧɨʀ ɬɨɦɨɝɪаɮɿʀ, ɪɟɧɬɝɟɧɨɝɪаɮɿʀ, аɟɪɨɤɨɫɦɿɱɧɨʀ 
ɡɣɨɦɤɢ, ɪаɞɿɨɥɨɤаɬɨɪɿɜ ɛɨɤɨɜɨɝɨ ɨɝɥɹɞɭ ɬɨɳɨ. Пɪɢ ɰɶɨɦɭ ɮɭɧɤɰɿʀ, ɳɨ 
ɨɩɢɫɭɸɬɶ ɩɨɜɟɪɯɧɸ ɦɨɠɭɬɶ ɹɜɥɹɬɢ ɫɨɛɨɸ ɿɧɬɟɧɫɢɜɧɿɫɬɶ ɨɫɜɿɬɥɟɧɧɹ ɩɨɜɟɪɯɧɿ ɜ 
ɤɨɠɧɿɣ ɬɨɱɰɿ ɩɨɜɟɪɯɧɿ, ɪɿɜɧɟɦ ɪаɞɿɨаɤɬɢɜɧɨɫɬɿ ɬɨɳɨ. 

Вɫɿ ɬɟɨɪɟɬɢɱɧɿ ɬɜɟɪɞɠɟɧɧɹ ɞɢɫɟɪɬаɰɿɣɧɨʀ ɪɨɛɨɬɢ ɞɨɜɟɞɟɧɿ ɭ ɜɿɞɩɨɜɿɞɧɢɯ 
ɥɟɦаɯ ɬа ɬɟɨɪɟɦаɯ ɿ ɩɿɞɬɜɟɪɞɠɟɧɿ ɧа ɬɟɫɬɨɜɢɯ ɩɪɢɤɥаɞаɯ ɡа ɞɨɩɨɦɨɝɨɸ 
ɫɬɜɨɪɟɧɢɯ ɞɢɫɟɪɬаɧɬɨɦ ɩɪɨɝɪаɦ. 
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ɝɪаɧɢɰɹɦɢ // Оɛɱɢɫɥɸɜаɥɶɧɿ ɦɟɬɨɞɢ ɿ ɫɢɫɬɟɦɢ ɩɟɪɟɬɜɨɪɟɧɧɹ ɿɧɮɨɪɦаɰɿʀ: 
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ɮɭɧɤɰɿɣ ɞɜɨɯ ɡɦɿɧɧɢɯ ɞɥɹ ɜɿɞɧɨɜɥɟɧɧɹ ɡɨɛɪаɠɟɧɧɹ ɩɨɜɟɪɯɧɿ // Іɧɮɨɪɦаɬɢɤа ɬа 
ɫɢɫɬɟɦɧɿ ɧаɭɤɢ (ІСН-2017): ɦаɬɟɪɿаɥɢ VІIІ Вɫɟɭɤɪаʀɧɫɶɤɨʀ ɧаɭɤɨɜɨ-ɩɪаɤɬɢɱɧɨʀ 
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ɞɨɩɨɦɨɝɨɸ ʀɯ ɫɥɿɞɿɜ ɧа ɫɢɫɬɟɦɿ ɩɟɪɟɬɢɧ ɧɢɯ ɫɦɭɝ, ɪɨɡɬаɲɨɜаɧɢɯ ɩɿɞ ɞɨɜɿɥɶɧɢɦ 
ɤɭɬɨɦ // Маɬɟɪɿаɥɢ 50-ʀ ɧаɭɤɨɜɨ-ɩɪаɤɬɢɱɧɨʀ ɤɨɧɮɟɪɟɧɰɿʀ ɧаɭɤɨɜɨ-ɩɟɞаɝɨɝɿɱɧɢɯ 
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АНОТАЦІЯ 
 

Славɿк О. В. Математичне моделювання поверхнɿ методами 
ɿнтерстрɿпацɿʀ функцɿй за неповною ɿнформацɿєю про неʀ. – На ɩɪаɜаɯ 
ɪɭɤɨɩɢɫɭ. 
 Дɢɫɟɪɬаɰɿɹ ɧа ɡɞɨɛɭɬɬɹ ɧаɭɤɨɜɨɝɨ ɫɬɭɩɟɧɹ ɤаɧɞɢɞаɬа ɮɿɡɢɤɨ-
ɦаɬɟɦаɬɢɱɧɢɯ ɧаɭɤ ɡа ɫɩɟɰɿаɥɶɧɿɫɬɸ 01.05.02 – ɦаɬɟɦаɬɢɱɧɟ ɦɨɞɟɥɸɜаɧɧɹ ɬа 
ɨɛɱɢɫɥɸɜаɥɶɧɿ ɦɟɬɨɞɢ. – Хаɪɤɿɜɫɶɤɢɣ ɧаɰɿɨɧаɥɶɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ 
ɪаɞɿɨɟɥɟɤɬɪɨɧɿɤɢ Мɿɧɿɫɬɟɪɫɬɜа ɨɫɜɿɬɢ ɿ ɧаɭɤɢ Уɤɪаʀɧɢ, Хаɪɤɿɜ, 2020. 

Дɢɫɟɪɬаɰɿɣɧа ɪɨɛɨɬа ɩɪɢɫɜɹɱɟɧа ɦаɬɟɦаɬɢɱɧɨɦɭ ɦɨɞɟɥɸɜаɧɧɸ ɩɨɜɟɪɯɧɿ 
ɬɿɥа ɦɟɬɨɞаɦɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɮɭɧɤɰɿɣ ɞɜɨɯ ɡɦɿɧɧɢɯ ɡа ɜɿɞɨɦɨɸ ɿɧɮɨɪɦаɰɿɽɸ ɩɪɨ 
ɧɟʀ ɧа ɫɦɭɝаɯ ɿɡ ɝɪаɧɢɰɹɦɢ ɩɟɜɧɨʀ ɮɨɪɦɢ. Наɜɟɞɟɧɿ ɜ ɞаɧɿɣ ɪɨɛɨɬɿ ɦɟɬɨɞɢ 
ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɜɟɪɯɧɿ ɦɿɠ ɫɦɭɝаɦɢ ɽ ɩɨɞаɥɶɲɢɦ ɪɨɡɜɢɬɤɨɦ ɬɟɨɪɿʀ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ 
ɮɭɧɤɰɿɣ, ɜɩɟɪɲɟ ɡаɩɪɨɩɨɧɨɜаɧɢɯ ɜ ɪɨɛɨɬаɯ О. М. Лɢɬɜɢɧа ɬа Ю. І. Маɬɜɽɽɜɨʀ, 
ɞɟ ɛɭɥɨ ɧаɜɟɞɟɧɨ ɨɩɟɪаɬɨɪɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɞɥɹ ɜɢɩаɞɤɭ ɫɦɭɝ ɿɡ ɝɪаɧɢɰɹɦɢ, 
ɩаɪаɥɟɥɶɧɢɦɢ ɨɫɹɦ ɤɨɨɪɞɢɧаɬ. В ɞаɧɿɣ ɪɨɛɨɬɿ ɧаɜɟɞɟɧɨ ɬа ɞɨɫɥɿɞɠɟɧɨ ɦɟɬɨɞɢ 
ɜɿɞɧɨɜɥɟɧɧɹ ɩɨɲɤɨɞɠɟɧɢɯ ɩɨɜɟɪɯɨɧɶ ɨɩɟɪаɬɨɪаɦɢ ɿɧɬɟɪɫɬɪɿɩаɰɿʀ ɧа ɫɢɫɬɟɦаɯ 
ɫɦɭɝ, ɝɪаɧɢɰɿ ɹɤɢɯ ɽ ɩɪɹɦɢɦɢ, ɪɨɡɬаɲɨɜаɧɢɦɢ ɩɿɞ ɞɨɜɿɥɶɧɢɦ ɤɭɬɨɦ; ɝɪаɧɢɰɿ 
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ɹɤɢɯ ɩɪɟɞɫɬаɜɥɟɧɿ ɤɪɢɜɨɥɿɧɿɣɧɢɦɢ ɮɭɧɤɰɿɹɦɢ; ɝɪаɧɢɰɿ ɹɤɢɯ ɽ ɡаɦɤɧɭɬɢɦɢ 
ɤɨɧɬɭɪаɦɢ. 

Наɜɟɞɟɧɨ ɦɟɬɨɞ ɡɧаɯɨɞɠɟɧɧɹ ɥɿɧɿɣ ɪɨɡɪɢɜɭ ɧɟɩɟɪɟɪɜɧɨʀ ɮɭɧɤɰɿʀ (ɨɞɧɿɽʀ 
аɛɨ ɞɜɨɯ ɡɦɿɧɧɢɯ) аɛɨ ʀɯ ɩɨɯɿɞɧɨʀ ɞɟɹɤɨɝɨ ɩɨɪɹɞɤɭ. Наɜɟɞɟɧɨ ɨɡɧаɱɟɧɧɹ dkε-
ɧɟɩɟɪɟɪɜɧɨɫɬɿ. Наɜɟɞɟɧɨ аɥɝɨɪɢɬɦ ɡɧаɯɨɞɠɟɧɧɹ ɬɨɱɨɤ ɪɨɡɪɢɜɭ ɞɥɹ ɮɭɧɤɰɿɣ 
ɨɞɧɿɽʀ ɡɦɿɧɧɨʀ аɛɨ ʀɯ ɩɨɯɿɞɧɢɯ ɞɟɹɤɨɝɨ ɩɨɪɹɞɤɭ ɬа аɥɝɨɪɢɬɦ ɡɧаɯɨɞɠɟɧɧɹ ɥɿɧɿɣ 
ɪɨɡɪɢɜɭ ɮɭɧɤɰɿɣ ɞɜɨɯ ɡɦɿɧɧɢɯ аɛɨ ʀɯ ɩɨɯɿɞɧɢɯ ɞɟɹɤɨɝɨ ɩɨɪɹɞɤɭ. 

Ключовɿ слова: ɧɨɜɿ ɿɧɮɨɪɦаɰɿɣɧɿ ɨɩɟɪаɬɨɪɢ, ɿɧɬɟɪɫɬɪɿɩаɰɿɹ, 
ɿɧɬɟɪɥɿɧаɰɿɹ, ɜɿɞɧɨɜɥɟɧɧɹ ɡɨɛɪаɠɟɧɶ, ɞɢɫɬаɧɰɿɣɧɟ ɡɨɧɞɭɜаɧɧɹ ɩɥаɧɟɬɢ, 
ɫɟɣɫɦɿɱɧа ɬɨɦɨɝɪаɮɿɹ, ɤаɪɬɨɝɪаɮɿɹ, ε-ɧɟɩɟɪɟɪɜɧɿɫɬɶ, dkε-ɧɟɩɟɪɟɪɜɧɿɫɬɶ. 
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интерстрипации функций по неполной информацией о ней. – На ɩɪаɜаɯ 
ɪɭɤɨɩɢɫɢ. 
 Дɢɫɫɟɪɬаɰɢɹ ɧа ɫɨɢɫɤаɧɢɟ ɭɱɟɧɨɣ ɫɬɟɩɟɧɢ ɤаɧɞɢɞаɬа ɮɢɡɢɤɨ-
ɦаɬɟɦаɬɢɱɟɫɤɢɯ ɧаɭɤ ɩɨ ɫɩɟɰɢаɥɶɧɨɫɬɢ 01.05.02 – ɦаɬɟɦаɬɢɱɟɫɤɨɟ 
ɦɨɞɟɥɢɪɨɜаɧɢɟ ɢ ɜɵɱɢɫɥɢɬɟɥɶɧɵɟ ɦɟɬɨɞɵ. – Хаɪɶɤɨɜɫɤɢɣ ɧаɰɢɨɧаɥɶɧɵɣ 
ɭɧɢɜɟɪɫɢɬɟɬ ɪаɞɢɨɷɥɟɤɬɪɨɧɢɤɢ Мɢɧɢɫɬɟɪɫɬɜа ɨɛɪаɡɨɜаɧɢɹ ɢ ɧаɭɤɢ Уɤɪаɢɧɵ, 
Хаɪɶɤɨɜ, 2020. 
 Дɢɫɫɟɪɬаɰɢɨɧɧаɹ ɪаɛɨɬа ɩɨɫɜɹɳɟɧа ɦаɬɟɦаɬɢɱɟɫɤɨɦɭ ɦɨɞɟɥɢɪɨɜаɧɢɸ 
ɩɨɜɟɪɯɧɨɫɬɢ ɬɟɥа ɦɟɬɨɞаɦɢ ɢɧɬɟɫɬɪɢɩаɰɢɢ ɮɭɧɤɰɢɣ ɞɜɭɯ ɩɟɪɟɦɟɧɧɵɯ ɩɨ 
ɢɡɜɟɫɬɧɨɣ ɢɧɮɨɪɦаɰɢɢ ɨ ɧɟɣ ɧа ɩɨɥɨɫаɯ ɫ ɝɪаɧɢɰаɦɢ ɨɩɪɟɞɟɥɟɧɧɨɣ ɮɨɪɦɵ. 
Пɪɢɜɟɞɟɧɧɵɟ ɜ ɞаɧɧɨɣ ɪаɛɨɬɟ ɦɟɬɨɞɵ ɜɨɫɫɬаɧɨɜɥɟɧɢɹ ɩɨɜɟɪɯɧɨɫɬɢ ɦɟɠɞɭ 
ɩɨɥɨɫаɦɢ ɹɜɥɹɸɬɫɹ ɞаɥɶɧɟɣɲɢɦ ɪаɡɜɢɬɢɟɦ ɬɟɨɪɢɢ ɢɧɬɟɪɫɬɪɢɩаɰɢɢ ɮɭɧɤɰɢɣ, 
ɜɩɟɪɜɵɟ ɩɪɟɞɥɨɠɟɧɧɵɟ ɜ ɪаɛɨɬаɯ О. Н. Лɢɬɜɢɧа ɢ Ю. И. Маɬɜɟɟɜɨɣ, ɝɞɟ ɛɵɥɢ 
ɩɪɢɜɟɞɟɧɵ ɨɩɟɪаɬɨɪɵ ɢɧɬɟɪɫɬɪɢɩаɰɢɢ ɞɥɹ ɫɥɭɱаɟɜ ɩɨɥɨɫ ɫ ɝɪаɧɢɰаɦɢ, 
ɩаɪаɥɥɟɥɶɧɵɦɢ ɨɫɹɦ ɤɨɨɪɞɢɧаɬ. В ɞаɧɧɨɣ ɪаɛɨɬɟ ɩɪɢɜɟɞɟɧɵ ɢ ɢɫɫɥɟɞɨɜаɧɵ 
ɦɟɬɨɞɵ ɜɨɫɫɬаɧɨɜɥɟɧɢɹ ɩɨɜɪɟɠɞɟɧɧɵɯ ɩɨɜɟɪɯɧɨɫɬɟɣ ɨɩɟɪаɬɨɪаɦɢ 
ɢɧɬɟɪɫɬɪɢɩаɰɢɢ ɧа ɫɢɫɬɟɦаɯ ɩɨɥɨɫ, ɝɪаɧɢɰɵ ɤɨɬɨɪɵɯ ɹɜɥɹɸɬɫɹ ɩɪɹɦɵɦɢ, 
ɪаɫɩɨɥɨɠɟɧɧɵɦɢ ɩɨɞ ɩɪɨɢɡɜɨɥɶɧɵɦ ɭɝɥɨɦ; ɝɪаɧɢɰɵ ɤɨɬɨɪɵɯ ɩɪɟɞɫɬаɜɥɟɧɵ 
ɤɪɢɜɨɥɢɧɟɣɧɵɦɢ ɮɭɧɤɰɢɹɦɢ; ɝɪаɧɢɰɵ ɤɨɬɨɪɵɯ ɹɜɥɹɸɬɫɹ ɡаɦɤɧɭɬɵɦɢ 
ɤɨɧɬɭɪаɦɢ. 
 Пɪɢɜɟɞɟɧ ɦɟɬɨɞ ɧаɯɨɠɞɟɧɢɹ ɥɢɧɢɣ ɪаɡɪɵɜа ɧɟɩɪɟɪɵɜɧɨɣ ɮɭɧɤɰɢɢ 
(ɨɞɧɨɣ ɢɥɢ ɞɜɭɯ ɩɟɪɟɦɟɧɧɵɯ) ɢɥɢ ɟɟ ɩɪɨɢɡɜɨɞɧɨɣ ɧɟɤɨɬɨɪɨɝɨ ɩɨɪɹɞɤа. 
Пɪɢɜɟɞɟɧɨ ɨɩɪɟɞɟɥɟɧɢɟ dkε-ɧɟɩɪɟɪɵɜɧɨɫɬɢ.Пɪɢɜɟɞɟɧ аɥɝɨɪɢɬɦ ɧаɯɨɠɞɟɧɢɹ 
ɬɨɱɟɤ ɪаɡɪɵɜа ɞɥɹ ɮɭɧɤɰɢɣ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɢɥɢ ɟɟ ɩɪɨɢɡɜɨɞɧɨɣ ɧɟɤɨɬɨɪɨɝɨ 
ɩɨɪɹɞɤа ɢ аɥɝɨɪɢɬɦ ɧаɯɨɠɞɟɧɢɹ ɥɢɧɢɣ ɪаɡɪɵɜа ɮɭɧɤɰɢɣ ɞɜɭɯ ɩɟɪɟɦɟɧɧɵɯ ɢɥɢ 
ɟɟ ɩɪɨɢɡɜɨɞɧɨɣ ɧɟɤɨɬɨɪɨɝɨ ɩɨɪɹɞɤа. 
 Ключевые слова: ɧɨɜɵɟ ɢɧɮɨɪɦаɰɢɨɧɧɵɟ ɨɩɟɪаɬɨɪɵ, ɢɧɬɟɪɫɬɪɢɩаɰɢɹ, 
ɢɧɬɟɪɥɢɧаɰɢɹ, ɜɨɫɫɬаɧɨɜɥɟɧɢɟ ɢɡɨɛɪаɠɟɧɢɣ, ɞɢɫɬаɧɰɢɨɧɧɨɟ ɡɨɧɞɢɪɨɜаɧɢɟ 
ɩɥаɧɟɬɵ, ɫɟɣɫɦɢɱɟɫɤаɹ ɬɨɦɨɝɪаɮɢɹ, ɤаɪɬɨɝɪаɮɢɹ, ε-ɧɟɩɪɟɪɵɜɧɨɫɬɶ, dkε-
ɧɟɩɪɟɪɵɜɧɨɫɬɶ. 
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Slavik O. V. Mathematical Modeling of Surfaces by the Methods of 
Interstripation of Functions on Incomplete Information About It. – The 
manuscript. 
 А dissertation for the degree of a candidate of physical and mathematical 
sciences in the specialty 01.05.02 – mathematical modeling and computational 
methods. – Kharkiv National University of Radioelectronics, Ministry of Education 
and Science of Ukraine, Kharkiv, 2020. 

Recently, new information operators (interlination, interstipation, intertubation, 
interlearisation, interlocation) are gaining in popularity and are embracing big amount 
of applied problems of mechanics and technology. The purpose of this work is to 
summarize the methods of restoration of functions of two variables by interstripation 
operators in order to expand their possibilities for application. At present, 
interstripation operators are known for the restoration of damaged surfaces in the 
form of strips with boundaries parallel to the coordinate axes, which quite strongly 
narrows the spectrum of applied problems to which the method can be applied. 
Therefore, generalizing interstripation operators in the case of boundary bands at 
arbitrary angles or having curvilinear boundaries will make operators more versatile 
and will allow operators to apply for solve more count of applied problems. 
 The dissertation is devoted to mathematical modeling of the body surface by 
methods of the functions of two variables known information about it on bands with 
boundaries of a certain shape. The methods for reconstructing the surface between the 
bands presented in this work are a further development of the theory of interstipation 
of functions, first proposed in the works of Lytvyn O. M. and Matveeva Yu. I, where 
the interstipation operators were given for the cases of bands with boundaries parallel 
to the coordinate axes. 
 The interstipation operators for continuous several times differentiable 
functions are considered. For this class of functions methods for restoring damaged 
surfaces by interstripation operators on systems of stripes are presented and 
investigated for stripes whose boundaries are: straight, parallel to the coordinate axes; 
straight, located at an arbitrary angle; curved functions; closed loops. Interstripation 
operators in the form of Hermite, Lagrange, Shepard and Shepard-Lytvyn are given. 
For each of the operators described, computational experiments were performed to 
recover unknown areas by appropriate methods. In each of the experiments showed a 
comparison with the original function and an absolute error of approximation. 

The methods of restoration of the damaged discrete two-dimensional signals by 
the interstripation operators are presented. The use of Hermite, Shepard and Shepard-
Lytvyn polynomials to recover discrete signals is not appropriate, so Lagrange-form 
interstripation operators are used for restoring in this case. In this work, methods for 
restoring damaged surfaces by interstripation operators on systems of stripes are 
presented and investigated for stripes whose boundaries are: straight, parallel to the 
coordinate axes; straight, located at an arbitrary angle; straight, located at an arbitrary 
angle with using additional information from existing stripes; curved functions. A 
series of computational experiments was carried out by cutting out different types of 
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bands in the study area and restoring them using the methods proposed in the work. 
The results of all experiments were compared with the original to study the 
inaccuracy of the application of interstipation operators. An example of the use of 
interstipation operators for the elimination of damage to archive photos is given. The 
result of using interstipation operators was compared with the results of applying 
known inpainting methods. 

The example of restoring an archive photo with damage in the form of a crease 
is considered. An example of filling in missing data on slices of a seismographic 
tomogram when exploring minerals in the region is given. 

A generalized method for finding discontinuities of a continuous function of 
one or two variables or its derivative of some order is given. The definition of dkε-
discontinuous of a function is given. An algorithm for finding discontinuity points for 
functions of one variable or its derivative of some order and an algorithm for finding 
discontinuity lines of functions of two variables or its derivative of some orders is 
given. This method is based on the works of Pershyna Yu. I. and Nefyodova I. V., in 
which proposed methods for finding discontinues of the function of discontinuous of 
the first variable of functions only. These cases present in a generalized method in 
case if 0k   (for finding discontinuous of function) or 1k   (for finding 
discontinuous of the first derivates of function). 
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