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Filled by Resonance-Size
Magnetodielectric Spheres”
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ABSTRACT: A technique is suggested to effectively construct the structure functions of
electromagnetic fields in a cavity filled by resonance-size magnetodielectric spheres.
Expressions have been derived for the tensorial functions representing electromagnetic
interactions of the magnetic and electric type in the cavity with spheres. The expressions
obtained for the structure functions have been given a theoretical analysis.

The spatially ordered structures involving small homogeneous resonance-size
magnetodielectric spheres are characterized by internal magnetic and electric
resonances of the spheres and also by structural resonances resulting from
sphere-to-sphere coupling, both of magnetic and electric type.

The structural resonances can influence the internal resonances of the spheres
and their fine structure. Also, a physical effect is possible where the resonances
of the kind are combined.

If such a resonant set of spheres is placed in a metal cavity, then a resonance
effect can arise, consisting of the cavity-to-spheres electromagnetic interaction.

The resonance effects in such a structure can be described by introducing the
notion of structure functions for the electromagnetic interaction of the cavity and
the spheres.

The present paper is aimed at developing a technique for constructing the
functions to describe the effects of electromagnetic interaction in a rectangular
metal cavity containing a set of small homogeneous resonance-size
magnetodielectric spheres, and for analyzing the properties of these functions. It
is allowable for this problem that the wavelength were comparable with the
spacing between the spheres in the cavity.
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1. PROBLEM FORMULATION AND SOLUTION

Let a rectangular metal cavity contain N spheres of radius a,_, characterized by
the permittivity &, and permeability z.. The spheres and their related values

will be labeled by the subscript ¢, with the ‘prime’ for selected spheres, i.e. ¢,
with ¢,c'e N . The cavity walls are specified as the planes x=0,x=d;
y=0,y=h; and z=0,z=1/. Consider the case where the inequality a./A <<1
holds in the cavity outside the spheres, whereas the resonance condition,
a. /lg ~1, might occur inside the sphere (here A and /1g are the wavelengths
outside and inside the spheres, respectively). The field vectors in the cavity will
be represented as E(F,t):E(F)ei“’t and I:I(F,t):I:I(F)ei“’t . To solve the
problem, we need to find the internal fields of the spheres induced by the cavity

field. Then, the desired structure functions of the cavity-to-spheres
electromagnetic interaction can be constructed, using the expressions obtained.

1.1. Topology of the model cavity with spheres

Let us apply the method of images to represent the metal rectangular cavity filled
by magnetodielectric spheres in the form of a spatial lattice of spheres and their
own mirror images in the cavity walls, which model will be used to solve the
problem. Each of the N spheres in the cavity form its own 3D lattice of mirror
images in the cavity walls, which will be referred to below as sublattice c. As a
result, the cavity with the spheres can be represented as a complex spatial lattice
consisting of N sublattices ¢ . The sublattices ¢ are generated by a
configurational representation which in the Cartesian frame takes the form

Xes = [S - 0-5{(—1)S - 1}]d —(-1"x. (5=0,£1,42,...,%0),
Voo =[1=05{) =1} ]h= -y (1202122, 50), )

2oy =[ P08 1=z, (p=0.4122,. 50),

where x__,

Veroand z, ,_, are coordinates of the node generating the

sublattice ¢ and lying inside the domain Eq. (2) which is the internal domain of
the cavity,

0<x, . o<d,
0<y.,00 <h, )

0<z, <l
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The coordinates x,,y,, and z, , specify positions of the nodes of sublattice

c’p
c outside the domain Eq. (2), being functions of the coordinates
X505 Veszo a0d z, . The configurational representation Eq. (1) may be

regarded as time dependent if x,

e5=0>Yes—o @nd z. ,_, are certain functions of time.
Each node of the spatial sublattice ¢ Eq. (1) associated with an ordered triad of

numbers u =c(p,s,t) . An isolated node of the sublattic will be denoted
u'=c'(p',s',t'); anode inside the domain Eq. (2) as ¢(p=0,s =0,/=0), and an
arbitrary node as ¢(p,s.,?).

If the node coordinates within the domain Eq. (2) are varied, then the nodes
outside this domain change their positions accordingly, which results in
rearrangement of the cells and formation of the spatial configuration of a

complex lattice. When the generating node is located at the center of the domain
Eq. (2), then d, hand [ are the constants of a regular rectangular sublattice along

the x, yand z axes, respectively.
With account of Eq. (1) the node separation can be determined as

2 2 2
rc’(p',s',t'),c(p,s,t) =l = \/(xc',s' - xc,s ) + (yc',t' - yc,t ) + (Zc',p' - Zc,p ) . (3)

The centers of the spheres and of their own mirror images are placed at the
nodes of the sublattices Eq. (1) (see Fig.1).
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FIGURE 1. The problem geometry and model cavity with a sphere.

Shown in Fig.1 are a lattice model of a metal rectangular cavity with a
sphere, which represents a spatial array (a) and several cross-sections of the
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lattice by the (x, y) plane for different locations of the sphere in the cavity (Here
p=0,£1,£2; 5s=0,£1,£2; and t=0,£1,+£2).

1.2. Internal field due to the spheres in the cavity

The internal field of the spheres in the cavity can be found from an equation set
involving inhomogeneous equations for the spheres and homogeneous equations
for their mirror images. The equation set will be constructed, based on the
integral equations suggested by Khizhnyak [2] and the solutions obtained in
papers [3 and 4].

The inhomogeneous and homogeneous equations for an arbitrary isolated
sphere and its image, participating in the algebraic set, a are as follows

7 (;7' t) B [(5@@/,«' + 280) + 0126,86.4]- +i6,,. (5(;'@/;' + 280) y
, o=\ )T

O,
3ge

=9 _
XEc’(p' =0,5'=0,1 = 0) (l”',l) B

_oo 0 oo 2 L gc'ej)‘_ E -\ ~0 = _
e O
p s t

c'(p,s,t);tc'(p'zo,s':O,t':O)

. L[ Heor FVH 7'
—lk/lo |:V’E[ /10 - lj Vl/cj}{p,s,t) (r)HL(')'(p,S,t) (}" ’t):|}] -

B s

4)

&
0
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H q,’t):[(ﬂcveﬁ-+2uo)+9 ﬂce,f +u91€ (uceff +2luo)x
3,Uo

~ 0 _
XHc'(p' =0,5'=0,t = 0) (l"’,t) B

222{(Vv+k25/¢) [#ﬂoﬁ I}WCM (R ()

p s t

c’(p,s,t);tc'(p'zO,S’:O,t'=0)

C o 1 (e \E 7'
+lk80 V,E( 2 _IJWE(pbt)(r)Ec(‘)'(p,s,t)(r’t):|}}—

N o o o b M M .

-y ZZZ{(WM gﬂ) [ cef I}W( (F)A (7o)
c=1 —o0 —00 —00 [ >

(eze)\ P s 1 0

: 1 gceff =\ =1
+lk€0 I:V,E(? - I]I/Vc?p,s,t) (V)Eo(p 5.1) (7" t)j|}];

0 [(56,@7 + 280) + Gli,ac,eﬁ +i0,,. (80,4/ + 250) ~0

- E c'(p',s',t')(;:”t)—

3gpe

0 0 o0 2 1 ceff E
- VV+k©e -1\

%Z@:Z@:{( i )4 [ £, J ¢(ps.1) ¢

p s t

c'(p,s,t) # c'(p',s',t’)

1 ;uce =\ 17 -
lk:uol: 4”[ 4 _IJWAE[pH)( )Ho(pst)(r t):|}\]_

H
iii{vvw%y [:ffq}WE (PEF)-

c\p,s,t
c¢c st

—ik

1 :ucejf Wi —\ 770 1
- H s s
” 7 Wy (FYH () (F'st )}H
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0:[(ﬂc-eﬁ-+2ﬂo)+9 ﬂceﬂ +i6) '(/uc'eff"-zluo)ﬁ()c,(p, ) ()~

3,U0
_oo 00 0 2 1 C’eff_ M _ —’O .,
%;; (vv+k 0“0) 0 1Wc,(pjs’t)(r)Hc,(p,S’t)(r,t)+
p s t

c'(p,s,t) # c'(p',s',t’)

. 1 Eceff -\ —
+iks, {V,E(_ﬁ—lJWC,E(p,U) (r)EO(p o) (r t):IH -

&y

_ﬁ TS (W+k25ﬂ)4 [ﬂff 1}/1/:(‘;”)(F)ﬁf(pjsjt)(?,t)ﬁt

—00 —00 —00

(c#c) p s t

. 1 gce ’ =\ =1
+lk‘90 I:V’E[_ﬁ - IJVchp,S,t) (I” )Ez)(p,s,t) (I” ’t):|}J’

€y

Here EOC'(p':O,S':O,t':O)(F"t)’I:IOC'(p'ZO,S'ZO,t'ZO)(F,’t) , and E] c(p'=0,5'=0,¢' 0)(’71=t) )

H 0(p —0.5=0,¢=0) (17' t) are, respectively, the field of an unloaded cavity in sphere

¢’ and the internal field of sphere ¢’; Ef(p’s’t)(?,t) and H sy (F's1) are the
internal fields of the rest of the spheres and their images in the cavity walls;
k=2r/A, and . =k’*a’g,u,, with &, M, being, respectively, the permittivity
and permeability of the cavity filling outside the spheres.

The expressions for W( sy (F); WZ(WP o) (), & and g1, are as follows

—ikyr (P50 ) posit)

4 e
E =1\ _ .
VVc(p,s,t) (7" )_k_3(81nklac _klac COSklac) 5
1 rc'(p',s',t'),c(p,s,t)
—ikyr,
4r o I 5 )elps)
M = .

W(p,s t)(r )=——3(smk1ac —ka, cosklac)—, (6)

1 Te(p' s a)e( psit)
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Ecof = gCF(kacm) ,
Heefp = ﬂcF(kac\/a) )

where, according to paper [5] and Fig.2,

Z(Sinkac . —ka e 1, coskac1/€c/lc)

(kZQfgc,uc —l)sinkac\/gc,uc +kac\/gcyc coska, |€ 1, '

F (kac Ecthe ) =

The first terms in the right-hand parts of Egs. (4) and (5) represent the
contribution from the internal field of sphere ¢’ . If the effect of the rest of the
spheres (and their mirror images) were neglected, then the remaining terms
would make allowance for he effect of all other spheres and their images upon
the scatterer ¢’ . The equation set Egs. (4) and (5) takes into account the
electromagnetic cross-interaction effect of the spheres and their mirror images.
The basic matrix of this set of algebraic equations (4) and (5) contains
information on the features of -electromagnetic interaction of the
magnetodielectric spheres in the cavity.

Figure 2 shows the behavior of Re F(8) (solid curve) and Im F(8) (dotted

curve) in dependence on Re@ for several values of the loss tangent tano, ,

namely, tand, =0 (curves 1); tano, =0.05 (curves 2) and tand, =0.1
(curves 3), with p. =1 and 0 =ka /¢ 1, .

ImF(#), ReF(0)

F

FIGURE 2. The F(ka, 2.4, ) function.
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The algebraic equation set Egs. (4) and (5) consists of 2N inhomogeneous
vectorial equations for the spheres in the form of Eq. (4), with N being the total
number of spheres, plus an infinite number of vectorial homogeneous equations
for the images in the form of Eq. (5). The solution of the equation set for an
individual sphere or image is

N

—r 1 ~Fu' 1~ —r nEu' 17 =
Eg(p',s',t') (l" ’t) = AWZ(Z[gf EOc(p,s,t) (l" ’t) + ﬂuE HOc(p,s,t) (I” ’t)]j’

c=1\ u

(7
By (F1) = i >| A (7.0)+ 80" Eqg(pu) (71)
(ps)\" o ABM &= u 0c(psit) \I 8u Loc(psiy\T> ’

u

where

Eu' Eu' Eu' [ pEu Eu' Eu'

Eou & xyu 8xau ﬂ xXxu ﬂ xyu ﬂ xzu

~Eu' __ Eu' Eu' Eu' nEu Eu' Eu' Eu'
8 = gyxu gyyu gyzu > ﬂu - ﬂyxu ﬂyyu ﬂyzu ’

Eu' Eu' Eu' Eu' Eu' Eu'

8o & zZyu 82z L ﬂ Zxu ﬂ Zyu ﬂ zzu

Mu' Mu' Mu' M’ Mu' Mu'

ﬂ xXxu ﬂxyu ﬂ Xzu 8 g Xyu 8xzu

nMu' _ Mu' Mu' Mu' ~Mu' _ Mu' Mu' Mu'
ﬂ u - ﬂ yxu ﬂ wu ﬁ yzu > & u =& yxu g yu 8 yzu  |°

Mu' Mu' Mu' Mu' Mu' Mu'

ﬂ Zxu ﬂ Zyu ﬂ zzu _g zxu g zZyu 8z

and A®™ is the determinant of the basic matrix of the equation set Eqs. (4) and
(5).

The internal field component Eq. (7) for a sphere or image can be
represented as

=1 1 u u' = u' = u' =1
E)(c)u' (I" ’t) = AEM Z{Z[g)quOxu (l" ’t)+g,€1uE0yu (l" ’t)+ngzuEOZu (I”' ’t)+
c=1

u

I Ho (Fo0)+ B Ho, (Fo)+ BEH, (7)),

The rest of components of the internal field in the sphere or image can be
obtained from Eq. (7) in a similar way.

If the electromagnetic field coupling in the sphere-containing cavity were
neglected, then the solution for the internal field Eq. (7) of an arbitrary sphere in
the cavity would take the form
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~ 3g,e ~
E) Ft) = . E ),
e(pst) (7:1) (Ece/]- +2¢, ) + 056y +i0), (5ce_f + 250) 0c(p.s:) (71)
(®)
I:IO — t)= 3luoei9“ Iy = ¢
c(p,s,t) (I" 4 ) ( ) OC(p,s,t) (l" 2 )

Mo + 214 ) + elzcluceff' +i6), (:uceﬁ" +2u,

The curves shown in Fig.3 are the absolute value,

" ‘ and phase, goM and
real, Re; and imaginary, Im, parts of the internal magnetic field Eq. (8) of a
sphere in dependence on the wavelength A . The data have been computed for
a,=0.1145cm, ¢, =174, p. = pu, =¢,=1, and the loss tangent tand, =0,
with A varying within the range of the second-order internal magnetic resonance
of the sphere (the resonance wavelength is shown as A4,).

7], Re, Im ¢

FIGURE 3. The second-order internal magnetic resonance of a sphere.

As can be seen from Fig.3, the real part of the expression Eq. (8) for the
internal magnetic field of an arbitrary sphere in the cavity can turn to zero (the

point A in Fig.3) at the resonance, viz.

Red ,(F'.t)=0, 9)

c(p,s,t)

in the case where the electromagnetic interaction of the spheres in the cavity can
be neglected. The condition Eq. (9) is met for the internal electric field of the
spheres. If the electromagnetic interaction for the sphere containing cavity is
taken into account, then the condition Eq. (9) is valid again. The resonance
conditions for the spheres can be found from the determinant of the equation set
Egs. (4) and (5). While analyzing Eq. (9) for the case of identical spheres with
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a, / A, ~1 characterized by real-valued electrical parameters &, 4., we can find
that the condition holds [3, 4],

det Re“af’” “ = 0. (10)

By resolving the condition Eq. (10) with respect to the function F (ka NS yc)

(see Eq. (6)), we can obtain resonance conditions for the internal field
components of the spheres and their mirror images along the axes X, ),z (see

Fig.1), which are the roots of Eq. (10). Here Ha,fM ” of Eq. (10) is the basic

matrix of the algebraic equation set Eqs.(4) and (5).

EM H

The matrix Re”aij in the left-hand part of Eq. (10) contains information

on the electromagnetic interaction in the cavity filled by magnetodielectric
spheres.

The field at an arbitrary point of the cavity lying outside the spheres is
determined as

E(F.t)=E,(7,t)+E,(F.t),

where E, (7,t) is the field of the unloaded cavity.

The boundary condition for the tangential component of the total electric
field in the sphere-containing cavity is met at the internal perfectly conducting
surface S of the cavity in the case where

E,.(F.1)|, =o0. (11)

Proceeding from Eq. (11) we can assume the internal fields of the spheres
and those of their mirror images to be equal in the rectangular cavity.
In the case where all the spheres in the cavity are identical, the order of

equation (10) is determined by the order of the matrix Re“an H which is equal

to 6N, with N being the number of the spheres in the cavity.
The cavity may accommodate spheres characterized by different resonance
conditions. If the electric parameters &, p, are real-valued, then the resonance

conditions in that case can be found from Eq. (10) by resolving it with respect to
the function F (kam [E.1. ) Eq.(6), which is related to the resonating spheres,

under the assumption that the rest of the spheres are not at resonance.
The order of Eq. (10) can be reduced by setting to zero those elements of the

matrix Re”alfM H , Eq. (10), which are related to the curl of Egs. (4) and (5), since
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they are small at the resonance. Then Eq.(10) splits into two independent
equations, viz.

det Re”aév H =0, det Re”aifu =0, (12)

where the matrices Hag/[ H and ”af H correspond, respectively, to the magnetic and

electric internal fields of the spheres. Knowledge of these fields allows
determining the sought for resonance conditions. This simplification of Eq. (10)
may result in the loss of some information concerning the fine resonance
structure of the internal field in the spheres.

If the electromagnetic interaction in the sphere-containing cavity is
neglected, then Eq. (10) yields the following resonance condition for the internal
electric and magnetic fields of an arbitrary sphere in the cavity,

2¢,(cosb,, +6,.sinb,,)

E. [(1 +67 )cos 6,.+0,,sin 6’16] ,

Fy (kac EcHe ) =-

(13)
244y (cosb,, +6, sinb,,.)
M. [(1 +67 )cos 6,.+0,sin :910] -

FY (ka & yc):—

c c

Following paper [4], we will represent the Hertz potentials of the scattered
field in the cavity as a superposition of Hertzian potentials of individual spheres
and their mirror images, viz.

- N o o o0 ~ _iklrﬁ(ﬁv‘v’)
I* (7,0) =Y zzzk—g(sinklac -ka, cosklav)(g“f” - IJES(NJ) (7,1) ¢ )

c=l| —0 —0 —0 K ) rc(p,s,t)

Pt (14)

~ N 0 0 0 - 7ik|rﬁ(p,.),f)
v 7)==y zzz%(sink,ac—klac cosklac)[ﬂ"eff —IJHf(leY‘,)(?’,t)e .

c=l| —0 —o —0 M ,UO
p s t

2 2 2 .
Here Tepst) = \/(x —xm) + (y - yw) + (z - zc’p) , where the coordinates
x,y and z correspond to the point of observation of the scattered field out of
the spheres in the cavity, and (xm, VeirZe, p) are coordinates of the center of the

scattering sphere (see Eq. (1)).
The expressions Eq. (14) for the Hertz potentials can be used to analyze the
cavity accommodating a set of magnetodielectric and metal spheres.
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1.3. Resonance structure functions of electromagnetic interaction
We will construct the structure functions of electromagnetic interaction for a
cavity filled by identical spheres with real-values of the permittivity, &, and
permeability, 1, .

To derive the structure functions we will use the resonance conditions for the
internal fields of the cavity spheres. Upon finding the roots of Eq. (10) we can
represent the resonance conditions for the x—, y—, and z -components of the

internal magnetic-type (E (M )) and electric type (E (M )) fields of the

spheres in the cavity as

F'cf;c(M) (kac \/ gc/uc ) = J(cic(M) ( 'u ),

oY

(15)
FM (ka o )= 250" (),

with i,k=x,y,z.
Here fi) (7). f5" (7

cik u'u

) are functions dependent on the topological
structure of the set of spheres and their images, sphere radius, electric parameters
of the sphere material, and the scattered wavelength; E‘,‘iEk(M)(kaC«/gc ,uc) and

Iigf)M (/’wtc1 [&. 1. ) are magnitudes of the function Eq. (6) at resonances.

The resonance conditions are the same for the x—, y—, and z -components

of the internal fields Eq. (8) of a free sphere. Proceeding from Eq. (13) with
6,. <<1, they can be brought to the form

2
A ) =20 ()

e (1+207)
(16)

2
FoE(kacm)z_ﬂ (1+910)

& (1+26))

By subtracting the left and right-hand parts of Egs. (16) from the left and
right-hand parts, respectively, of Eq. (15), we arrive at the following formula for
the internal magnetic-type resonances of the spheres
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2
0 kg - R (ki) = 2o L) ey

ue (1+267)

The similar expression for the electric-type internal resonances of the spheres is

2
PO (ki) i (ko) =25 ey

& (14262

As can be seen, the subtraction procedure has allowed separating the
components which are responsible for the shift of the resonance conditions Eq.
(15) with respect to those of Eq. (16).

The functions

)zzﬁ (1+912c)+ E(M)(’—”;'u),

E(M) (-
D (ru' L (1+20120) cik

u

(19)

sy 26 (F0R)
Q" (%)= . (1+2012c)+ (7o)

will be referred to as components of the resonance structure functions for the
electric- and magnetic-type electromagnetic interaction.

Now, let us introduce the structure functions of the magnetic- and electric-
type electromagnetic interactions for an isolated sphere in the cavity in the form
of tensorial functions, viz.

2 q)cEx(XA/I) (Zt'u) 0 O
& (7, ):ﬂ(lw‘c)h £EO0 (7.,) = 0 o (7., o |
c u'u u, (l + 2012() ¢ u'u cyy u'u .
0 0 ®cz§ ) (Fu u ) (20)
(1 92) CDEQM (Zt'u) 0 0
~ to.) - ;
(D((E)M (Zx'u ) = 2& 12 I+ fc(E)M (El'u) = O (I)E‘fw)M (El'u) 0
&, (l+291c) 0 0 (DS;)M(FHM)

The constructed resonance functions Eq. (20) depends on the electric
parameters, &, 4, , of the resonance-size spheres. Meanwhile it is possible to

introduce resonance structure functions which would be independent of the
electric parameters of the spheres. Such functions can be obtained with the use of
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Eq.(12), provided that in Eq. (10) the terms involving the curl of Egs. (4) and (5)
can be neglected as contributing only slightly at the resonance. Then, the
conditions Egs. (17) and (18) can be brought to the form

£ (koo )~ B (k, ecﬂc)ﬂ{“—“eiwz(an},

| 1+267
(21)
E (ka JEM )—FE(ka JE M )=g—° 3+46, + [k (7o)
cik c clc 0 c cle gc 1+2012L cik \"u'u >
while the functions Eq. (19) become
3+467
CDM Fo)= lc M P ,
czk(ruu) 1+29i +fc1k (ruu)
(22)
_ o\ 3+46] -
q)fik (ru'u ) = 1+ 2‘9112( + f;ﬁc (nt'u )

These will be the components of the magnetic- and electric-type resonance
structure functions of the interaction.
As a result, the functions Eq. (20) can be represented as

Do (7)) 0 0
M (= 3"‘4912c TM (= M (=
(Dc (ru'u):—zl fc (ruu)z 0 q)vyy(ruu) 0 >
1426, o
0 chzz (ruu)
(23)
q)fxx(l_ﬁ;t'u) 0 0
E (- 3+49126 = PE [ — E -
o, (7, )= <+ [0 (7)) = 0 @, (7o) 0
1426, o
0 0 chzz(r;t'u)

In contrast to the functions Eq. (20) those of Eq. (23) will be referred to as
the electric- (E) and magnetic-type (M) structure functions of interaction for an
isolated sphere in the cavity.

Note that Eqs.(20) and (23) associated with alternating triple lattice sums
with infinite limits of summation which are analogous to the Ewald triple lattice
sums for infinite crystal lattices [6]. Calculating and estimating such triple sums
represent certain difficulties. Levine [5] replaced these sums by integrals, which
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procedure resulted in an uncontrollable error. The present paper suggests an
experimental method for estimating triple lattice sums with infinite limits of
summation.

1.4. Magnetic and electric resonance functions of interaction for a sphere

Let us construct components of the tensorial function ®” (7. ) Eq. (23). To that

end we will determine the resonance conditions for the internal electric field of
an isolated sphere in the cavity from a solution of Eq. (12) which can be
represented in the explicit form as follows

EO' E' E' E'
l//CXX + (//uxx l//ll)(y l//wcz
E E' EO' E' E'
det Re”aij H =det W Very t Wy Yy =0. (24)
E' E' EOQ' E'
l//MZ)C l//MZy WCZZ + l//llZZ

The elements figuring in the matrix Re”a,f ” Eq. (24) are

EQ' E'"\_ 40 E' EOQ' E'\_ EQ' E'"\_ 40 E'
(l//cxx +l//wcx)_ Acs _Acsruxx’ (V/cyy +l//uyy)_(l//czz +l//uzz)_Acg _Acgruyy’

EO' E'"\_ 40 E'. E" _ E' _ E' . E'" _ E' _ E'.
(l//czz + l//uzz ) - Aca‘ - Acgruzz > l//uxy - l//uyx - _Acs Tuxy H l//wrz - l//uzx - _Acgruxz7 and
E' _E' _ E'
l//uyz - (//uzy - _Acg Tuyz >
where
N © 0 0
E' _ .
Tpr = z BCZZZ(CW coskr,, +a,. sinkr,, ) |,
c=1 —0 —00 —00
L p st a
c'(p,s,t);tc'(p':O,s':O,t’:O)
) _ 25)
N 0 0
E' _ .
Ty = Z BCZZZ(CW coskir,, +a,, sin klru,u) ,
c=1 —00 —00 —00
p s t

c'(p,s,t)ic'(p'zO,s'zO,t’zO)

2 2
o (gce.f +2¢g)) + Blcgceﬁ, + 6’10(506]( +2¢,)

cE

b

3¢g,
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Ecof .
A, =|——-1|and B, =—(sinka, —ka_coska,),
o

with (sf. Egs. (1) and (3))

2 2 2

2 ( c',s'=0 xcv) _ruu z(xcv 0 xcv)
cuxx:_kl 5 _kl 3 >
u'u ‘ ru'u ru'u ‘

| ( Xers=0 ~ Xeos )(yc',t':0 _yc,t)_k2 (xc',s':0 _xc,s)(yc',t':0 _yc,t)

uxy 5 1 3 ?
‘ u'u ru'u
a _k 3(xc s'=0 ,S)(yc't 0 yct)
uxy — ™ 4
7 v

If the wavelength tends to infinity, 4 — oo, then

2 2
O DO © (cv 0_xcs) _nt'u

EITS)H) :

c=l —0 —00 —00 u'u
p s t

c'(p,s,t) # c'(p’zO,s'zO,t'zO)

qu Z Bbiii% cls'=0 Css)(yct -0 yc,t) .

—0 -0 —00 Vo
p s t

c'(p.s,t)#c'(p'=0,5"=0,t'=0)

Expression for the values 72 7% 7% 7E" can be obtained from Eq. (25)

uyy > “uzz> “uxz> “uyz

by changing the subscripts and coordinates of the spheres and images in Eq. (25)
according to the subscripts of these values.
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By solving the cubic equation Eq. (24) with respect to F (kac‘/gc, yc) (Eq.
(6)) with an assumption of real-valued electric parameters of the sphere [3, 4],

the components of the tensorial function (i)f (17 ) Eq. (23) can be represented as

_3+46;

CEH(FM“)_l—i-ZHZ +f;’ix(;it'u)’
lc
L\ 3+46] _
L, () =T+ S () (26)
le
_ o\ 3+46] .
(Diz(ru'u)zﬁ—i_ﬂfz(ru'u)’
le

where [ (7, )5 fory (P )s fiee (7, ) are the roots of the cubic Equation (24).

The components of the tensorial function ®* (7..) Eq. (23) can be found

from Eq. (26) by reversing the sign in front of 7 72 7% &

uxx > “uxy® “uyy? “uyz?® ete.

Analysis of the expressions Eq. (26) shows that if the field wavelength in a
complex spatial lattice representing a cavity with spheres is commensurate with
the lattice constant, then structural magnetic- and electric-type resonances of
electromagnetic interaction may appear in the cavity filled by resonance-size
magnetodielectric spheres.

The structure resonances of the magnetic and electric type can exist
simultaneously in the cavity at practically equal resonance wavelengths whose
value depends on the cavity geometry, positions of the spheres and their radius.
Structure resonances of each cavity type can affect only analogous internal
resonances of the magnetodielectric sphere in the cavity. A physical effect is
possible of combining the cavity structural resonances with internal resonances
of the spheres, which serves to increase their impact on the fine structure of the
latter.

1.5. Analyzing the possibility to experimentally estimate magnitudes of
the cavity structure functions

The resonance conditions for the x—, y — and z -components Eq. (7) of the

internal fields of an isolated sphere can be expressed via the structure functions
Egs. (22) and (23) as

379



A.l. Kozar

2(1+ 62
EIZ‘Z (kac\]gwuc):_% l(_i_Te})_(ng(ﬁt'u) ’
27)
E f & 2(1 * 0‘2“' ) E (=
F;’iK (kat gc:uc ) = _g_ W - q)cik (nt'u ) .

c

As can be seen from Egs. (26) and (27), the resonance conditions for the
internal field components of the spheres in the cavity may assume different
values. This results in the appearance of a fine structure of the internal field of
the spheres in the cavity and splitting of the resonance curves which characterize
this field. For a given geometry of the sphere-containing cavity, the conditions
for the internal resonances of the spheres can be varied using, for example,
temperature dependences [1, 7] of the electric parameters of the material which
the spheres are made of. The effect allows determining the resonance values of

the functions F}i(M)(kac«/gcﬂc) Eq. (17) and F‘((lf)M (kacwlgcuc) Eq. (18) (see
Fig.2) through measuring the fine structure of the internal field [1] of the spheres,
and estimating experimentally the magnitudes of the components of the cavity
) and q)gf()M (7,,) as given Egs. (19) and (20),
respectively. The latter functions involve alternating triple lattice sums with
infinite limits of summation.

structure functions d)E(M)(F

cix u'u

CONCLUSION

The paper suggests a new technique for constructing functions to describe the
structural electromagnetic interaction in the cavity filled by magnetodielectric
spheres.

The notion of resonance structure functions of the electric- and magnetic-
type electromagnetic interaction has been in troduced.

The possibility is discussed of estimating experimentally the magnitudes of
the resonance structure functions of the electromagnetic interaction.
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