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Abstract: Inresearch, control of biological processes for determining the motility of microorganisms, (estimation
of the impact of chemical compounds, electrophoretic mobility, evaluation of severity of pathology, etc.) using
a scanning optoelectronic system as the most effective means of solving applied problems, it is necessary to
determine the objects number in the optical system field of vision since the measurement accuracy of the solution
concentration and the objects motion speed in the solution depend on their number. In the article a probabilistic
method for estimation the number of objects and the number of frames during frame-by-frame filming for providing

a given accuracy with a given probability is presented.
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1. Introduction

To measure the objects linear dimensions and their
speed optical methods have been widely disseminated.
The main advantages of which are non-contact way,
high measurement accuracy and high spatial resolu-
tion, obtaining information about the form of the
object. Using optical methods of measurement of
specified parameters, it is possible to solve a wide
range of problems related to research in microbiol-
ogy, medicine, biology, agriculture [1]. The purpose
of optoelectronic tracking system is the monitoring
of the relative displacements of the object located
in the system field of vision and emitted or reflected
electromagnetic waves in the optical range. The result
of the study of the parameters of such objects is the
measurement of the speed, trajectory, and rhythm of the
motion of individual cells by frame-by-frame scanning
of the distance travelled by the cell for a certain time
interval [2, 3]. A necessary condition for finding these
parameters is the accuracy of estimating the measure-
ments of such a system, while an important element
is the determination of the number of objects and the
number of measurements, which ensures a given ac-
curacy of such a system and limits of its measurement.

2. Statement of the problem of

determining the number of observed

objects during scanning a solution

Set a problem of determining the sample size so
that the point estimation of probability of emergence
of an object of a specified type of motility will be
registered by the system.

Having fixed some kind of motility (in this case
it makes no differences which one), it is possible
to imagine the situation in the form of a Bernoulli
scheme. It means that in a single test the occurrence
of an event 4, when the object has a specified type
of motility, is recorded. It is known [4] that an
unbiased, consistent and effective point estimate of

the probability of occurrence ﬁ(A) of an event 4 is

P(A)=k /k, . (1)
where f, —the number of occurrences of an event 4,

and k, —the total number of tests. However, with this
solution it is impossible to speak about the accuracy
of this estimation depending on k,, except the fact,
that it converges in probability to the true value at
an unlimited increase of the total number of tests.
Therefore, it makes sense to operate with interval
estimates, i.e. with the specified confidence interval
(it is determined by required accuracy) and with
specified confidence probability to find an interval

(a, b) , which covers the true value with the specified
probability.

Hence it is necessary that an estimate of a
form (1) possesses sufficient accuracy with a high

probability. Using the central limit theorem for the
Bernoulli scheme, we can write:

Plk, [k, - p|> )=
:P{(k, —kzp)/\/@‘xﬁ:\/g/\/ﬁ}z 2)
~20{- |k, /\/pq)
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X 2
where (D(X):[l/\/Zﬂ e /zdtj — is the error
function. B

Taking into account that p+¢ =1, then
pq=p(1-p) and f(p): p(l—p) reaches max inthe

point p =1/2, i.e. the maximum value of /pg is
equal to 1/2. Then

—g\/E/\/E < —25\/E. (3)

Since the error function is increasing one, then

d)(— EJE/M)S CD(— 28%)

or
Pllk /ky - pl > e} <20(-26K,). (0

Thus, by setting the accuracy & and & — the
confidence probability, with which it is necessary to
provide the specified accuracy, we obtain equality:

(D(—Ze\/g)=a/2. (5)

Since often the error function in tables is given
in the form

o*(X)= (I/Jﬂ))je"z/zdt, )
0

we obtain the equality (5) by the following sequence
of operations

D(X)=1/2+ @ (X),
12+0' (- 26k, )=a/2. 7

o264k, )= (1-a)/2

Denote by » a quantile grade level (1 - a)/ 2

of function @", i.e.

D' (y)=(1-a)/2.

Then, having chosen « =0.1; 0.05; 0.01; 0.001,
we will get the value for  , presented in the table 1.
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Table 1. The arguments of the error function when

the function takes the values (1-a)/2

a | 0.1 0.05 0.01 0.001

7 | 1.65 1.96 2.58 5

For k, from (7) we will have

2
k, = [7} ®)
4e
where k2 — the number of objects in a test, & —
the accuracy of the deviation of the frequency of
emergence of the motile objects from the true value,
y — the quantile of confidence probability.
It is clear from (8), that an increase in accuracy

by an order of magnitude leads to an increase in the
total number of tests by two order of magnitude. Give

below a table of values k,, depending on @ and &

Table 2. The minimum number
of observed objects during scanning a single frame

S 01 | 005 | 001 | 0001
01| 67 | 9 | 166 | 625
0.01 | 6724 | 9604 | 16641 | 62500
0.001] 672400 960400 | 1664100 | 6250000

This table shows that the minimum number of
objects that must get into count. Having recognized
among them a certain number of motile ones, it is
possible to obtain an estimate of the probability of
the emergence of an motile object in the frame in
the form of frequency (7). In this case, the deviation
of the frequency from the true value should be less

than ¢ and the event occurs with probability 1-a.

For example, to make the estimate in form of
frequency differ from the true value by less than 0.01
(1%) with the probability of @ =0.95, a minimum
of 9604 objects should be observed. On the other
hand, if @ =0.5, then to within 0.1 (10%) in half of
the cases, it is possible to obtain an estimate when
observing 11 objects.

For the automatic monitoring system for
estimation the motility of microbiological objects at
specified values & = 0.9 and accuracy of 0.1 (10%)
close to the optimal value [5], 96 objects should be
monitored.
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3. The method of solving the problem
of determining the number of scanned
frames for a specified accuracy and

a specified probability

Formulate the statement of such a problem as a
follows: it is necessary to evaluate the objects number
per unit of volume of analysed solution. By taking
a sample, it is possible to find in it the total number
of objects, that are in the system field of vision and
this number will be random. The distribution of
this random value, strictly speaking, is unknown,
but it can be considered as normal one, since a lot
of independent random factors impact. It should be
noted, that the problem of checking the statistical
hypothesis of the distribution of this random value
can be set and solved. Since the number of observed
objects in the system field of vision is large, we
specify the normal distribution law.

Based on the problem statement, where & — the
objects number in a frame and random value is

normally distributed with parameters & and y,
for determining the concentration it is on interest to
estimate its expected value.

The statistics it is possible to collect by getting
realisations of the random value & in m samples.

Denote these realisations by X, ,..., X, . It is known
that an interval estimate ¢ with a given reliability

¥ and with a known variance is as follows
x—ta/ﬁ<a<x+ta/ﬁ, 9)

where ta/4/m =0 —an accuracy of the estimate;
m — the sample size (the number of frames); ¢ —

quantile of the error function @ (¢),

cD(t)z (l/m)je_jdx oflevel y/2,i.e.

0

@(t)=y/2 and x = ,x,/m;in case of an

i=1

unknown variance

x—t(a,k)S/M <a<x+t(a,k)S/\/E , (10)

where S — the so-called standard (unbiased variance
estimation)

S= i(x, —x)*/(m-1), and t(a,k) — the
critical polint of the Student distribution with
k =m—1 - the number of degrees of freedom and

corresponding to the level of significance 2 =1—y.

The ratios (9, 10) allow determining the
minimum number of frames, providing the required
with a specified probability.

In this case, the following options are possible.
In the first one, assume that the variance is unknown
to us, but it does not depend on the level of
concentration. A variation from the true value of
concentration depends on equipment parameters and
on arbitrary motion of objects in the frame, but not on
the solution concentration. Therefore it is possible to
proceed as follows. Find a point estimate of variance,

e.g. in the form of a standard S, for some biological
solution, composed of randomly located motile
bio objects, (taking, in so doing, once a sufficient

large number of measurement ~ 10°). Then during
measurement the concentration for other solutions
we assume the obtained earlier estimate as the true

value of the variance o . In this case we come to
the first possible option in this case.

The variance o> is known and it is necessary to
obtain an estimation of objects concentration in the
frame in the form of averaging objects numbers over
samples. This estimation of objects concentration

should have a specified accuracy & with a given
probability ) [2]. The ratio (10) allows finding the

minimum number of scanning frames providing the
conditions set out above.

m=t'c’/5" (11)

Thus, at a concentration level of objects in the
solution equal to about 102, we obtain the following
values for different reliability levels (Table 3).

Table 3. Estimation of the number of frames for a specified accuracy

4 0.95 0.975 0.99 0.999 0.9999
t 1.96 2.24 2.58 3.4 5
m ~4 ~5 ~6 ~ 10 25
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Based on the results of table 3, if the variance
is commensurable with the required accuracy, m

grows as a square of the quantile #*> of the error

function @ (X') of level y/2. In case of reliability
coincides with 1 to within a fourth digit, we have
m =25. It means that estimate of 25 frames is
practically guarantees us the specified accuracy in
these conditions. Now assume that a second option
takes place.

Now, suppose that the second option takes
place, where the variance o’ is unknown and we
do not have possibility to obtain its point estimate
in a form of a standard. Then to find a minimal
number of frames, that provides the estimate of

the concentration of specified accuracy § with the
specified reliability ¥, we can use the successive
approximation method. From (11) it is clear, that

accuracy determined by the ratio t(a,k)/\/;.
Then carry out the following procedure. First
for two measurement (two frames), i.e. m=2,

find §= \/[(x] —;c)z + (x2 —})2] and ?, (1 -7.1)
. Hence we get &, = t(l fy)SZ\/E. Compare this

valueto § .If §, < & the process should be stopped

and the answer is m = 2, if §, > & we take one more
measurement (take one more frame) and find

S, = 3y ~xf /2. 1,(1-7.2) and

i=1
5, =1,(1-7,2)8, /43
Compare ¢, to & . If 5, <& then m =3 is

an answer, otherwise take one more measurement
(frame) etc. In some k-th step we will obtain:

S, =t,(1-y.k-1)

Sl =2 f M-V <8 12
i-1

As soon as it happens, we can assume that
resulting estimation of the number of measurements
(frames) has the required accuracy for a given
probability [4].

This accuracy, according to tables 2, 3, is optimal
for the system under consideration [5].
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4. Conclusions

The method of probabilistic estimation of the
number of moving microbiological objects in the
optoelectronic system field of vision was offered. It
is shown that when scanning 25 samples (frames)
with the concentration of a solution containing 96
objects, a specified accuracy with a high probability
(to four decimal places close to one) is guaranteed
while ensuring an appropriate resolution and a field
of vision of the optical system.
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