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Abstract. We solved the problem of scattering of plane wave on a ferrite 1D
magnetophotonic crystal controlled by a dc transverse magnetic field. Fundamen-
tal solutions of the Hill equation with mixed boundary conditions based on the
Floquet-Bloch theory are obtained in an analytical form. The dispersion equation
and its roots are found explicitly. The analysis of the dispersion properties of the
structures is carried out depending on the material parameters of the ferrite layers.
The transmission and reflection coefficients are determined for the gyrotropic crys-
tal with finite number of periods. Two characteristic cases are considered: positive
and negative values of the effective permeability of gyrotropic layer. The expres-
sions for spatial distribution of electromagnetic field components are determined
at crystal period. The results provide a deeper understanding of the electromag-
netic waves propagation behavior in multilayer media with controlled gyrotropic
elements. In addition, the obtained analytical expressions simplify the analysis of
wave processes in such complex media.

Keywords: Magnetophotonic crystal - Gyrotropic media - Hill’s equation -
Floquet-Bloch theory - Ferrite with dc transversal magnetic field - Dispersion
characteristics - Band gap

1 Introduction

Magnetophotonic crystals (MPhC) are widely used in various applications of modern
science and technology of the terahertz, microwave and optical ranges. Features of
the transmission of electromagnetic waves through such structures are completely deter-
mined by the material parameters and the geometric dimensions of the layers. Dispersion
properties of one-dimensional MPhC with isotropic layers are well studied, based on
the obtained analytical characteristic equations for both TE and TM waves [1-8]. The
most promising applications include MPhC in the presence of the gyrotropic of one or
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two layers of a periodic structure. The presence of gyrotropic layer in such structure
makes it possible to change the values of the material parameters of the medium rela-
tively easily due to the applied magnetic field and, as a result, to control the dispersion
properties of the periodic structure and the wave transmission coefficient electrically.
For gyrotropic MPhC there are no analytical expressions for the main frequency and
amplitude characteristics of the scattered fields.

In the presence of gyrotropy the material parameters are tensor quantities. This is
the main reason for necessity of obtaining an analytical solution for the problem of
finding both the dispersion equation of a one-dimensional MPhC and the transmission
and reflection coefficients of waves through an MPhC limited in the number of periods.
In fact, the problem of scattering of a wave on the MPhC can be reduced to the study of
the Hill equation with a discretely periodic medium. When solving the Hill equation, as
arule, the Floquet theory of waves [9-12] is used. Such problems were considered only
for the case of isotropic two-layer discretely periodic media [13-23] where analytical
expressions for the Floquet-Bloch functions in the layers were obtained. For gyrotropic
MPhC, the Floquet theory approach was not considered.

In this paper, on the basis of the Floquet theory and the Hill equation, the problem
of the scattering of plane wave on a bounded ferrite crystal with a controlling transverse
magnetic field is solved analytically.

2 Floquet - Bloch Waves

Currently, MPhC are widely used in various devices for transmitting information in
the terahertz range. To calculate the amplitude-frequency characteristics of such struc-
tures, the transfer matrix method [9-12, 14] is used usually. The most general case of
calculating the dispersion characteristics in MPhC with bigirotropic layers using the
transfer matrix method is given in [3, 6]. In this report, the problem of scattering of the
E-polarization plane wave on a limited MPhC consisting of a finite number of periods
of the ferrite and dielectric layers is considered. Scheme of structure under investigation
and appropriate coordinate system are shown on Fig. 1. The problem is reduced to the
Hill equation with variable coefficients, the solution of which is based on the Floquet
theory. Let us turn to the solution of the problem.

We will consider the scattering of TM waves with a component of the magnetic field
H, = 0 (Hy, Hy, E;), E;-polarization (s-polarization). Maxwell equations are reduced
to the Helmholtz equation for the electric field component:

(L BN 1 P e oE o )
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where | (x) and e(x) are determined by the known formulas for the gyromagnetic ferrite
layer and the dielectric layer [13], namely:
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Fig. 1. Schematic of the ferrite Bragg structure.

where |1;(x) = W(l — ugj / sz) is effective values of magnetic permeability of fer-
rite layers, €j(x) = ¢; is dielectric constant of layers. Relationship between the field
components Hy, E; is determined by the expression:

o= (L) (2 pa OB )
J ik )\ ox w oy )

It should be noted that the principle of permutation duality for the two types of waves
(TM and TE) follows from Maxwell equations. Therefore it suffices to consider a single
polarization of the waves. Solution for another polarization field (e.g. for H,) is found by

simply replacing the material parameters (ll) < —&. All this allows us to simplify the
consideration of a general electrodynamics problem and restrict ourselves to only one
type of TE or TM wave for any type of medium. Equation (1) can be reduced by using
the method of separation of variables E; (x, y) = X (x)eP to one kind of Hill equations
with periodic coefficients, namely:

0
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where p(x) and g(x) are periodic coefficients determined by expressions:
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for TM waves. The value f determines the wave propagation constant along the axis
Oy(exp(£iBy)) and associated with the operator 3%/dy> = —p? in Helmholtz Eq. (1).
We assume that the layout of the layers is as follows: a layer with an index j = 1 occupies
areas of space nL < x < a + nL, layer with index j = 2 occupies additional area to the
structure period a +nL < x < L+ nL. Heren =0, 1,2... is period number.

The one-dimensional Eq. (3) is the Hill equation [9-12, 15-23] with periodic func-
tions p(x) and ¢(x), such that p(x + L) = p(x),q(x + L) = ¢q(x), where L is MPhC
period. Equation (3) with the corresponding boundary conditions is the boundary Sturm-
Liouville problem. According to Hill equation theory, if {ry (x) is a particular solution
of Eq. (3) with periodic coefficients then yrj (x + L) is also solution. If {r; (x) and {2 (x)
are two linearly independent solutions of Eq. (3) then {r{ (x + L) and > (x 4 L) are also
a solution of Hill equation. These solutions can be represented as a linear combination
of two fundamental solutions {1 (x) and {2 (x), namely:

Yi(x+ L) =a11llI1(X)+a121!f2(x)} “@)
Yo(x + L) = an Y1 (x) + ana(x) )’

where a,,,, are constants to be defined. Therefore shift on the period L along coordinate
axis Ox is reduced to linear combination of fundamental solutions {rj (x) and o (x).
Two linearly independent fundamental solutions of Hill equation are chosen in such a
way as to satisfy the boundary conditions:

U1(0) =1, ¥1(0) =0, V2(0) =0, ¥5(0) = 1.

Using these boundary conditions for {r; (x) and {r»(x) constants in (4) can be obtained
as follows: ajy = Y1 (L), az1 = Ya(L), aip = VYj(L), axn =VY5H(L).

Then the characteristic equation for determining a Floquet constant p takes the
standard form:

02 = 2Ap + Wr(y, Ura) = 0, )

where
1
A= E[lbl(L) + V5(L)] = cos ¢,

Wr(r, Y2) = U ()5 (x) — Yo ()W) (x).

Naturally, in its meaning, the roots of the characteristic equation should not depend on
the choice of fundamental solutions {r(x) and {2 (x). Free term Wr({rq, U) in (5) is
constant because it determines the Wronskian of the original equation. The introduction
of the above boundary conditions to determine the fundamental solutions is connected
with the well-known Dirichle and Neumann boundary value problems [15-23]. With
regard to the MPhC with gyrotropic layers, such boundary conditions are not optimal
from the point of view of the simplicity of finding the eigenfunctions of the Hill equa-
tion. In this case, to find fundamental solutions it is advisable to use mixed boundary
conditions. This follows from the form of the field (2). Boundary conditions for finding
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solutions of Hill equation X (x) = A1 (x) + B2 (x) connected to the continuity of the
tangential field components on the boundaries of layers:

) 1 0X a
E.(x,y) =X®)e™, Hy(x,y) = <—iklu)< 3)(CX) B B%X(x)),

and can be written as follows:

Xi(a) = Xz(a),
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The characteristic equation for a p value can be obtained by using the Floquet theorem
on the MPhC period, namely:

pX1(0) =X>(0+ L),
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We will find fundamental solutions of the Hill equation as a solution of third boundary
value problems with mixed boundary conditions
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The fundamental solutions of the Hill equation, taking into account the mixed boundary
conditions, take the following explicit form for two regions on the period of a one-
dimensional MPhC:

Y ( cosg1x+ Bltkall gmglx O<x<a (8)
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In addition, it is possible to present the solution of the Hill equation shifted by the period
L of the MPhC in explicit form:

(wl(x+L)>:P<¢1(x)>:(PnPlz)(wl(x)) (10)
Va2 (x + L) 2 (x) Py Py )\ 2(x) )’
Ra2 (L)
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To obtain the characteristic equation and determine the Floquet constant p, we use
Eq. (7). As a result, we obtain:

Wa2
p2

(o + p*) = 2cos KL = [%(L)—ﬁ wL)] + (D). (1n

1
W12
Using explicit expressions for the fundamental solutions of the Hill Eq. (9) and (10) we
obtain an analytical expression for the dispersion equation of a one-dimensional MPhC
with gyrotropic layers:

cosK(B)L = cos&xbcosEa

1 2 ?
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(12)

It should be noted that this dispersion equation completely coincides with the equation
obtained using the transfer matrix [3, 6]. Let us proceed to the determination of the
coefficients of transmission and reflection of a plane wave for MPhC shown in Fig. 1.
We use the boundary conditions for the tangential field components £, H, on two
surfaces: x = 0 and x = NL. Then we obtain matrix equations for determining of the
reflection coefficient Ry and transmission one Ty :

1 I+ Ry
TN +Eex 1 :WN ; Sin 1 ’ (13)
(§—7> (l%“ R

where the transfer matrix is defined as:

wN _ sin(NKL) —l»sin[(N — 1)KL] (14)
~ 7 sin(KL) sin(KL)
W i (L) k2 (L)
“as[vio -stzno)] v -2wn] )
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The solution of Eq. (13) leads to the following expression for the transmission coefficient
Tn, reflection one Ry and power transmission coefficient |Ty |2 for bounded MPhC:

-1
Win Eex N Win Eex 1
TN:2[<W + — w )—(—kW + —-W >] s
2 Ein Wex H in 2 Wex k 12

15)

Ry =1— T]\](Hm Eex W“ 4+ . Win W21) (16)
Ein Mex Ein

If bounded MPhC is surrounded in front and rear by equal media then one can obtain
simplified expression:
) -1
- l)] |

1
Ty> = | 1 +sin? WKL) | | ————
ITy| [ + sin’( >(<2Sm(KL))
(17)
The minimum values | Ty |2 , are determined by the expression:

-1
1 Mln Eex 2
|TN|m1n |:1 + (<—25in(KL)> ‘(Em kWa1 + P«ex;W12> - 1>:| . (18)

If there is no gyrotropy in the layers (dielectric layers), then the expressions written
above for the fundamental solutions of the Hill Eq. (8), (9), the dispersion Eq. (12), the
transmission and reflection coefficients pass into the well-known expressions [15-23].

Win Eex 1
—kWr + -W )
(zm Rex k12

3 Analysis of Results

In the general case the propagation features of electromagnetic waves in an MPhCs
depend on the Floquet-Bloch wave number and transverse wave numbers §; in each layer.
Transverse wave numbers in the absence of losses can be either real or purely imaginary.
At real values of §; bulk waves propagate in the MPhCs layers and imaginary values of
g; correspond to surface wave modes. Combinations of these modes in different layers
are also possible. Real values of K7y, correspond to Floquet-Bloch waves propagating in
the crystal under the condition |cosK7y L| < 1 (transmission zones of MPhC). Complex
values of Floquet-Bloch wave number correspond to damped waves that are in forbidden
zones. The boundaries of the forbidden (transmission) zones are determined by equality
|cosKy L] = 1.

Figure 2 shows the dispersion diagrams based on the solutions of Eq. (12) for the
case g2 = 0, where one layer of the magnetophotonic crystal is ferrite and the other
layer is a magnetodielectric. The diagrams are projections of a function K (k, ) onto
the parameter plane (k, P) in a three-dimensional space of wave numbers. The shaded
areas correspond to the transmission bands, and the unshaded areas correspond to the
forbidden zones. The dispersion diagrams are plotted for the following parameters of
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the problem: a = b = 0.5L, ¢ = ¢ = 1, pp = 2, u; = 6. The dotted line is
defined by the straight line B = k./ez|12, the dash-dotted line is defined by straight
line B = k./ejv1. The diagonal dashed line k = P in the figures corresponds to the
condition that the phase velocity of the wave equals the velocity of light. Above this
light line, the region of the existence of fast space waves is situated, and below the light
line, the domain of the existence of damped waves is placed. To identify the features of
the wave propagation in such structures, it is necessary to distinguish two cases for the
different values of the magnetic field Hy(parameter |11 ), corresponding to the conditions
11 > 0and 1 < 0. An analysis of the solutions of Eq. (12) shows that the number
of the transmission bands and band gaps depends on the permittivity of each layer. The
solutions of Eq. (12), corresponding to fast waves, are in the regions k’eapy > P2
and k%ep; > P2 for the corresponding layer. To determine the regions of solutions
corresponding to slow waves, the signs in these conditions should be reversed. Various
combinations of these regimes are also possible. The presence of gyrotropy in one of the
layers (for instance, jL,1 7 0) allows to control the width of the transmission bands (or
band gaps), their location and number within a given frequency range. If the effective
permeability of ferrite L | < 0, then there is a slowed surface ferrite wave propagating
along the interface of two adjacent layers of the structure.

From the solution of the dispersion equation and the form of the fields spatial dis-
tribution, it follows that the forward (p = +Re|f|) and backward (f = —Re|B|) waves
propagating along the layers (the Oy-axis), have the same propagation velocity but differ-
ent transverse field structure (along the Ox-axis in the crystal). The dispersion diagram in
Fig. 2 corresponds to the negative values of effective permeability | 1. Figure 2 shows
four variants of the diagram for the values . > 6.

In the case of the absence of gyrotropy (a1 = 0, pa = 2, vy = 6) the straight lines
k~/2 = B and k+/6 = B determine speed of light inside the magnetodielectric layers.
The cases of excitation of both bulk and surface waves inside the layers of the periodic
structure are possible. In the presence of the ferrite layer (for p,; = 3), its effective
permeability | 1 begins to decrease, that leads to a narrowing of the transmission bands,
with the simultaneous expansion of the band gaps. A different situation is observed for
the negative values of the effective magnetic permeability 1 < O (Fig. 2). In the case
g1 = 6.6 there is one transmission band. Inside the different regions of this band,
separated by a light line k = @, there can exist fast and slow bulk waves. Inside the
region of slow waves, their phase velocity v is greater than the phase velocity in the

dielectric layer v = p/ (k \/5), corresponding to the dash-dotted line. As the magnetic

field H increases (an increase in the value of 1,1), two transmission bands appear. One
of them corresponds to the bulk waves (fast or slow), and the second one corresponds to

the surface slow waves (the entire transmission band is at values v < / (k\/E ).

The field distribution for such a wave has maximum amplitude at the boundaries of
the regions. Inside the ferrite layer, there is a surface wave that propagates along the
layer, at its ferrite-dielectric interface, within each period of the structure. Moreover,
an analysis of the spatial distribution of the field (along the Ox-axis) for the forward
B = 4P| and backward p = —|P| surface waves shows that their structure is different.
From Fig. 2 it follows that as the value of parameter |1, increases, a ferrite surface wave
appears in the layer (1 < 0). When the value of parameter p,; increases, the region
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Fig. 2. Dispersion diagrams of magnetophotonic crystal

of the existence of the surface ferrite wave narrows, with the simultaneous contraction
of the bulk wave propagation region (case k+/2 > B).

Figure 3a shows the dispersion diagram for the MPhC with such parameters values:
N =55a =0.2L; n; = 13.8; wo = 3.5; wa1 = 13.7; g2 = 0. In this case positive
value 11 > O realizes in first layer. Shaded and unshaded areas show transmission
zones and forbidden ones respectively.

Figure 3b shows the dependence of the transmission coefficient on the normalized
frequency for the case of a normal wave incidence on the MPhC (f = 0). The dotted
curve shows the |Ty |12nin frequency dependence. It is clear that (N — 1) resonances are
observed in the pass-bands.

Figure 4a shows the dispersion diagram for a negative value of effective permeability
11 (ma1 = 22). Consequently external magnetic field changing leads to significant
changes in the width and location of the pass-bands and the band gaps. This is illustrated
in Fig. 4b. Here three transmission zones with different widths are implemented in
accordance with the dispersion diagram (f = 0). It should be noted that four transmission
resonances are realized in each pass-band. The quality of resonances increases with
decreasing of bandwidth. Figure 5 illustrates this fact. The inset in the Fig. 5 shows the
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Fig. 3. Dispersion diagram of the infinite magnetophotonic crystal and transmittance of the finite
one (5 periods structure)

shape of the resonance marked with a red arrow. It is obvious that in this case additional
narrow forbidden zones are realized between the transmission resonances.

The essential advantage of the theory developed by us is the presence of analyt-
ical expressions for the spatial distribution of fields in the MPhC layers. These field
distributions are determined through the fundamental solutions (8) and (9) of the Hill
Eq. (3). Examples of calculations of the electric field distribution within a limited MPhC
are presented in Fig. 6. Figure 6a corresponds to the transmission zone in Fig. 3 for the
value of the normalized frequency wL /2w ¢ = 0.521 (transmission resonance). Figure 6b
corresponds to the forbidden zone in Fig. 4 for the value of the normalized frequency
wL/2mwc = 0.28. It is obvious that Fig. 6a shows the mode of the bounded MPhC at
the resonant frequency. Field intensity maximum realizes at the center of MPhC. The
distribution of the electric field in the forbidden zone is characterized by amplitude
attenuation during wave propagation through the MPhC.
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Fig. 5. Transmittance vs normalized frequency for high frequency transmission band in Fig. 4
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Fig. 6. Spatial distributions of electric field within finite magnetophotonic crystal; (a) — frequency
lies in transmission band; (b) — frequency corresponds to band gap
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4 Conclusions

The developed Floquet analytic theory for determining eigenfunctions, dispersion char-
acteristics, reflection coefficients and transmission ones of TM waves through a one-
dimensional MPhC with arbitrary material parameters of the gyrotropic layers makes it
possible to construct a theory of controlled waveguide structures, the surfaces of which
can be Bragg reflecting surfaces. An alternative approach based on the use of mixed
boundary conditions for the Hill equation allows obtaining analytical expressions for
fundamental solutions, dispersion equation and spatial distributions of the magnetic
component of the electromagnetic field in MPhC.

In addition, tunable MPhC can be used as controlled deceleration systems in novel
terahertz oscillators and amplifiers [24-28].
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