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METHOD FOR CALCULATION OF DISPERSIONS OF DEPENDENT VARIABLES
OF A STOCHASTIC MODEL OF QUASI-STATIONARY OPERATING MODES
OF THE MAIN WATER PIPELINE

The subject of research in the article is a stochastic model of quasi-stationary modes of operation of water supply and distribution
systems, which adequately describes the actual operating modes of the water supply system for a given time interval and can be used
as a basic model for setting and solving problems of optimal stochastic control of the development and operation of supply and
distribution systems. water. The goal of the work is to develop a method for calculating estimates of the dispersions of dependent
variables depending on the given values of mathematical expectations and dispersions of independent variables for a stochastic model
of quasi-stationary modes of operation of the main water conduit as a subsystem of the water supply and distribution system.
To achieve this goal, it is necessary to solve the following tasks: to build a deterministic equivalent of a stochastic model of
quasi-stationary modes of operation of the main water conduit; calculate estimates of mathematical expectations of dependent
variables; calculate estimates of variances of dependent variables. To calculate estimates of the variances of dependent variables
depending on the variances of independent variables, we will use the method of statistical linearization. To obtain estimates of
mathematical expectations of dependent variables, the deterministic equivalent of the stochastic model of quasi-stationary modes
of operation of the main water conduit is solved by the modified Newton method. The following results are obtained: a method
for calculating estimates of the dispersions of dependent variables for a stochastic model of quasi-stationary modes of operation
of the main water conduit. Conclusions: the paper proposes an approximate method for calculating the statistical properties of
dependent variables depending on the statistical properties of the parameters and independent variables of the stochastic model
of quasi-stationary modes of operation of the main water conduit. The proposed method is based on the construction of a deterministic
equivalent of a stochastic model of quasi-stationary modes of operation of the main water conduit and its use for calculating estimates
of variances of dependent variables depending on the given values of mathematical expectations and variances of independent
variables. Compared with the simulation method, the proposed approximate method does not require significant time and
computational resources. The use of the proposed method was demonstrated by an example.
Keywords: stochastic model; dispersion; main water conduit; quasi-stationary regime; deterministic equivalent.

Introduction as optimization is aimed primarily at reducing energy

costs and water losses. For effective application of this
model, it is necessary to obtain estimates of mathematical
expectations and variances of dependent variables.

At present, considerable experience has been
accumulated in mathematical modeling and optimization

of water transport and distribution regimes in water
supply systems [1 — 12]. In works [1, 10] quasi-stationary
operation modes of water supply systems and their
application for modeling and optimization are considered;
in publications [3 — 6, 12] issues of zoning of water
supply systems for the purpose of energy and resource
saving are studied; in works [8, 11] stochastic models
of water supply networks and gas pipelines with leaks
are proposed. The stochastic model of quasi-stationary
operation modes of water supply and distribution systems
developed in studies [7 — 9] adequately describes the
actual operation modes of the water supply system at
a given time interval. Also, this model can be used as
a basic model for formulating and solving problems
of optimal stochastic control of development and
functioning of water supply and distribution systems.
This is an important and urgent task for water utilities,

The aim of the article is to develop a method for
calculating estimates of dispersions of dependent
variables for given values of mathematical expectations
and dispersions of independent variables for stochastic
model of quasi-stationary modes of operation of the
main water pipeline.

A simple, but extremely time-consuming method
of calculating statistical properties of dependent variables
from statistical properties of parameters and independent
variables of a stochastic model of quasi-stationary
operation modes of water supply and distribution systems
is the method of simulation (computer) modeling.
At that, it is assumed that model equations should be
solvable for any realizations of random variables included
in this system. In order to obtain unbiased, efficient,
and consistent estimates of the model's dependent
variables, the number of experiments N must be at least
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1000 to 10 000. This approach guarantees, if, obtaining
unbiased, efficient, and consistent estimates, but requires
considerable time and computational resources.

To reduce time costs and computing resources, we
use an approximate method for calculating the statistical
properties of the dependent variables in accordance
with the statistical properties of the parameters and
independent variables of the stochastic model of quasi-
stationary modes of operation of the main water
pipeline (MP) [10 — 13]. The proposed method is based
on the construction of a deterministic equivalent of the
stochastic model of quasi-stationary operation modes
of MP and its use to calculate estimates of mathematical
expectations (ME) and dispersions of dependent variables
for given values of ME and dispersions of independent
variables. The approximated method involves solving
the following problems: building a deterministic
equivalent of a stochastic model of quasi-stationary
modes of operation of a main water pipeline; calculating
estimates of mathematical expectations of dependent
variables; calculating estimates of dispersions of
dependent variables.

Stochastic model of quasi-stationary modes
of operation of the main water pipeline

Let us consider a stochastic model of quasi-
stationary modes of MP operation, the structure of which
can be represented as an interconnected sequence of
multi-process pumping stations (PSs) with clean water
reservoirs (CWR) at their inlets, which are connected
by multi-line sections of main pipelines, and CWRs
at MP outlets [14 — 17].

To represent MP structure in the form of an orgraph
G (V, E), where V is the set of vertices, E is the set of
arcs (e=Card (E), v=Card (V), the real MP is added
by zero vertex and dummy chords connecting zero
vertex with all MP inputs and outputs. The set E of MP
graph arcs can be represented as E=LUMUKUR,
where L is the set of MP graph arcs corresponding
to sections with pump units (PU); M is the set

of MP graph arcs corresponding to passive sections
(M=M,UM,, M;,M, correspond to the set of
branches and real chords of the graph tree); K is the set
of fictitious MP sections (K =1UN, where | is the set
of dummy arcs corresponding to MP inputs, N is the
set of fictitious arcs corresponding to MP outputs);
R is the set of MP graph arcs corresponding to regulating
gate valves (GV). For mathematical formulation of
the problem the following MP coding is performed:
MP graph tree is selected so that fictitious sections of
MP become chords, sections corresponding to HU and
GV become branches. At the same time, the real sections
partially become chords and partially become branches
of the tree. We divide each set M, N, | into two, which
correspond to tree branches My, Ny, I; and chords M,, Ny,
I, (N, =) [7]. Since each node corresponding to the
input or output of MP is given a head or flow value, each
of the sets I3, I, N, is split into two, depending on
whether these arcs are given the flow Iy, 55, Ny or the
head 1, 1, Nao. The branch of the tree that corresponds
to one of the outputs from the CWR is assigned
number 1, the other branches from 2 to v-1, the chords
of real sections from v to v+, -1, the fictitious ones

with given nodal rates from v+7, to v+n,+& -1,
where 7, is the number of chords of real sections;
the chords with other outputs from CWR from v+n, + &
to e, where & is the number of outputs with given nodal

rates, the number of MP (from CWR) (chords) inputs.
& =e—(v+n,+¢&) the number of MP (from CWR)

(chords) inputs. (Card(ly)=1; Card(l,)=¢, =e-(V+n,+&) ;
Card(N,)=¢, ; Card(M,)=v; Card(M,)=n,).

The control interval [0,T] is divided into K
subintervals [0,k -At], (k =1,2,...,K). Then the stochastic

mathematical model of quasi-stationary modes of MP
operation for each subinterval [k,k+1] at a given time

interval [0,T] will look like this:

M {hr (A (@ k) + D bishy (@ (@.K) + X byhey (6 (@ k) + 3 biihy (0 (e, k))] =0, (r=v..v+n,-1), (1)

ieL ieR

ieM;

l\(ﬁl (hrc (d, (@,k)) = H, (0, k) + Zblri hyai (4 (0, K)) + Zblri hezi (0 (@,Kk)) + Z (blri h, (g; (@,k)) +h? )] =0, ?)

(r=v+n,,..v+n,+<& -1,
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I!I [hr (g, (@,k))+h? —H, (o, k) + Hl(a),k)+2bmhNAi (q; (a),k))+2bmhRZi (G (o, k) + Z (by;h; (g (@ k))+h’ )] =0, @)

el

ieR ieM;

(r=v+n,+&,...6; 2=1..,2),
,\a/)l ( Zrblriqr(a)vk)—i_ i blriqr(a)lk)_qi(a)lk)]zo ) (I =1,...,V—1), (4)
P(qi(a),k)>0)2a, a=1 iel. (5)
h (a9, (@,k)) = sgnq, (@, k) S, (@)q? (@, k), ieM, (6)
hya (0 (@,K)) = ag; (@) {%J +a,; (0)q; (o, k %+a2i (0)q7 (w,k), i€ L, ()
s (G (@, K)) :l_l_doi (@) —dy (@) (@, ko),sdei (@)g" (o,k) el ®)
(ngi /1)
Nyys; (G (@, k)):cm(w)[:ij +C“(a))£%j q (@ k) +c, (w)(gl—‘] a2(@,k), iel, )
9,81-hy, (4, (@,k)) - g (o, k)
N (G (@,K)) = elL, 10
aai (G (@, K)) 0,917, (@ (@ K)) (10)
hea (6, (@,K)) = w icR, (1)
H,(@k) =H,(o,k-1)+c,(q,y, (@K) =0,y (@, k), (2=1,....2), (12)
P(H™ <H, (oK)= 8, B =1, (z=1..,2), (13)
P(H(@K) <H™)2 B, B =1 (z=1..2), (14)
P(hf (g, (@,k)) 2 hf)Z ve r=L(r=v+n,,..v+n,+§-1), (15)

where random variables characterize: ¢, (w,k) water

flow rate at the i-th pipeline section at the k-th time
interval; hy, (0. (@,k)) — head of the i-th PU at the

k-th time interval; h7(q, (w,k)) — free head at the r-th MP
node at the k-th time interval (r =v+7,,...v+17, +¢& -1);
h” — minimum allowable head at the r-th MP node.
S (@)
i-th pipeline section (i e M ); hg, (0, (@, k)) — evaluation
of head drop on the i-th HV at the k-th time interval,
i (0 (@,k)) — evaluation of efficiency of the i-th PU

— evaluation of hydraulic resistance of the

at the k-th time interval; a,(®),a;(®),a,(@),dy(®),
d, (®),d,, (®) — evaluation of PU parameters (ieL);
C(ow) -
E; — degree of HV opening (E€(0,1]); h® — geodetic mark

evaluation of HV parameters (ieR);

of the i-th pipeline section (ieM); b, - element

of cyclomatic matrix; N, (0 (@,k)) — estimation of PU

power at the k-th time interval; H,(®,k) — estimation of

water level in z-th CWR at the k-th time interval,;
H,(w,k) - estimation of water level in CWR that

corresponds to tree branch number 1 at the k-th time
interval; H™ H™ — given limits of water level change

in z-th CWR; q,,, (®,k),q,,(w0,k) — volume water

supply in z-th CWR and volume water withdrawal from
z-th CWR at the k-th time interval; ¢, — normalizing

multiplier for z-th CWR.

The stochastic model (1) — (15) of quasi-stationary
MP operation modes allows the calculation of parameters
and the state of the quasi-stationary MP operation mode
at a given time interval [0,T]. It is assumed that all
random variables included in the model have normal
distribution with known statistical characteristics —
ME and variances. Boundary conditions are also set as
random variables having normal distribution and are also
set by their parameters — ME of pressures or water
discharge at MP inlets and outlets and their dispersions.

z
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At the same time, a boundary condition in the form of
ME head must be set at one of MP inlets or outlets.

Such setting of boundary conditions allows to
calculate parameters and state of stochastic model of
quasi-stationary mode of MP operation. At the made
assumptions about normality of distribution law, the
solution of system of equations of mathematical model
(1) — (15) is reduced to calculation of statistical
characteristics (ME and dispersions) of dependent
variables according to statistical properties of parameters
and independent variables of model (1) — (15).

Deterministic equivalent of stochastic model
of quasi-stationary modes of MP

To construct a deterministic equivalent of the
stochastic model (1) — (15) to calculate values of ME
estimates of dependent variables from given values
of ME estimates of independent variables, we will use
an approximate method by replacing ME of nonlinear
implicit functions of random arguments (1) — (4) by
values of these functions from ME of their arguments.

The deterministic equivalent of the stochastic model
of quasi-stationary modes of MP is as follows:

G, () + 2 bihyy @)+ 2 bhey @)+ D bh @K) =0, (r=v,...,v+7,-0), (16)
fo =0 (@ (k)= AL (0 + X bihyy (600 + X bhey @ K)+ X by (R (@ K)+h) =0, -
(r=v+n,,..v+n,+& -1),

h, (@, (K))+h? = H, (k) + Hy () + by Py (@ () + by (G0 + X by, (R (G (<)) +he ) =0, -
(r=v+mn,+&,...6s z=1..,2),
q(k) = fqr.q (K)+ Zbl,.q K), (i=1...v-1), (19)
g;(k)>0, ielL. (20)
hNAl (q (k)) ay; [n_lJ +3;0; (k)%+§2i _iz (k), iel, (21)
ﬁNAi (ql (k)) :1_1_ dOi _dll_l k) Oscejziqi (k) i L, (22)
(n0| /nli)
N (G (K)) =Ty, [2—] +c1.(” ] G, (k) +Cy {n ‘_j G’ (k), ieL, (23)
N1 = 9181'hNAi (ql (k))Q(k)
N, (@ (K)) = L, 24
wai (@ (K)) 097 ) (24)
= o GKG
hezi (G (K)) = E2(K) ; R, (25)
h @ (k) = sgn T, (K)S,a° (k), ieM, (26)
|—_IZ (k) = H_z (k _1)+Cz (qzvh (k)_qzvih (k))’ (Z :l’ ’Z) ’ (27)
Hzmin < I-_|Z (k), (28)
I—TZ (k) <H™, (29)
he (@, (k) =h/ . (30)

The deterministic equivalent of the stochastic
model of quasi-stationary modes of MP operation
is an interrelated system of nonlinear algebraic
equations (16) — (18), systems of coupling equations

(19), (21) — (27) and systems of one-sided inequalities
(20), (28) - (30).

The peculiarity of the system of equations (16) — (19)
is that it contains 7, +¢&, equations with e—(& -1)=e-¢& +1
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unknowns. In this case, the number of equations is
less than the number of unknowns by an amount equal
to the total number of inputs and outputs MP & +¢, .
To meet the necessary conditions for solvability of
the system of equations (16) — (19) (coincidence of the
number of equations with the number of unknowns) it is
augmented with values of boundary conditions, which
are treated as independent variables. As independent
variables of model (16) — (19) we will use ME boundary
conditions: pressures H (rel,Ul,,UN,,), set on tree
branch number 1 (1l,) and on MP inputs 1,, and
outputs N,, MP, which correspond to fictitious chords;
flows T.(ie 1, UN,), seton MP inputs 1,, and outputs
N,, MP. As shown in [7], the obtained system of

nonlinear algebraic equations (16) — (19) coincides
with the system of equations of steady-state flow
distribution and has a single solution if conditions
(19) — (30) are satisfied.

Statistical linearization method

As a result of solution of the interrelated systems of
nonlinear algebraic equations (16) — (18), systems of

ieL 0i

f. (@) =sgnq, ()S, (©)a; (@) + by, [ﬁm (2—1] +8,0,() -

+Z b59ng; (@)S,07 (@) =0, (reM,),

ieM;

ieL 0i

f.(@)=H, (0)-H +Zb1r.[ao. (n&j +a,q

connection equations (19), (21) — (27) and systems
of one-sided inequalities (20), (28) — (30) we got
estimates of ME of dependent variables. To calculate
the variance of dependent variables depending on the
variance of independent variables, we will use the
method of statistical linearization [11]. The system of
equations (16) — (18) will be treated as a system
of implicitly given functions of dependent variables
from independent variables. The entire set of variables
will be divided into two subsets: independent and
dependent variables. We will use ME boundary
conditions as independent variables of model (16) — (18):
pressures H, (r e 1,, U1l,, UN,,), set on branch of the tree
numberl (1,,) and at the inputs I,, and outputs N,, of
MP,  which correspond to fictitious chords;
flows G, (iel,, UN,,), set at the inputs I,, and outputs
N,, of MP. The dependent variables are the flow
rates in the real chords and at MP inputs and outputs
with the given headsq,(reM,Ul,,UN,,); and the
flow rates at MP inputs and outputs with the given
flowsH, (rel, UN,).

For further calculations, we present the system
(16) — (18) in the form:

L (w)]+2bm %()C,
ieR (31)

0i

a(0) 2 v (w)]+2bm G()C,
0| ieR i (32)

+> by, (5000 (@)S,67 (@) +h? ) =0, (reN,),

ieM;

fr ((0) = |:|l - Hr(w) +Zb1ri [am (:i)

ieL 0i

+8,0,0) 3,0 (w)}me %), ,

O|

ieR i (33)

+z b (Sgnqi (a))s_iqiz (@) +h? ) =0, (rely,),

ieM;

(@) =s0n 0, (©)S,07 (@) +h? —H, (@) + H, + Y by, (san g, (@)S,0” (@) +h¢ )+

ieL oj

g (w) = Z

reM,Ul,,UNy,

+Zblr|[ |[iJ +a1|q (a))_+a2|q| (QJ)J

blriqr (60) + Z blri qr (a))v

rely UNy;

1 (34)
+Zb1r.q(“’)c ~0, (rel,UNy,),

ieR i

(ieM,Ul,). (35)
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The resulting system of implicit functions can be
represented as:

(g, (@).r €M, UL, UN,y; H (@) H; (@), j € 1, UN,,;0; (@), j € 1, UN,, ) =0, (36)

f (Hr(a)),r €1, UN,; H, (); Hj(a))l jel,U NZZ;qj(w)! jel,U N21>:0- (37)

Let us decompose functions (36), (37) into Taylor flux distribution mode, and limit ourselves to the linear
series approximately the point I—_Ij (jel,Ul,UN,,), terms of the expansion, and then we obtain:

d;(j e 1, UNy), which corresponds to the steady-state

q,(ao):qr(l-_|1,l-_|j,(jeIZZUNZZ);qj(jeIﬂUNZl))Jr > [8qr(w)J5Hj(a))+ > {aq,(w)ngj(w), (38)

jer,UrUn,, | OH (@) jeinn,, | 00 (@)
rel,UNy,

jet,UraUn,, | OH (@) jeinUn, | 04, (@)

H (@) =H, (H.H.(jel,UN,)T (i, UN)+ > [aHf—(“’)]aHj(wH > [GH'—(“’)j(qu(w), (39)

re |21U Ny,

where the derivatives are calculated at the decomposition

point, and
5Hj(w):Hj(a))_Hj’5qj((0):qj(w)_qj- (40)
For (36):
’Y}I [qr(w)_qr (F'v va(j el,U NZZ);qj (jel,U N21)):|2 =
0 0 2 (41)
_ q, (w) aq, (@)
=M [jdu%wn[am(w)] 5Hj(w)+]e.§Ni6q,—(w)J 5qj(w)] , rel,UN,,

02 02 0 0
o, () ) )| | [aq (w)] aq, ()
ol =M —= o+ —| | o +2 L : ko o +
s J‘E'wU'ZzzUNzﬂaHi“")U ie'anNn[(@qi(w) %ZU oH,(@) ) | 2ay(@) ) 7o O
J€l31UNgy

(42)
o0,(0) \'[ 29,(@) | o0,(0) | [ 00, (@) |
2 Y ( qr(w)] e ( q, wj 4@\ o o | rel,UN,
i-i§|1zU|22Usz aHl(a)) aHJ(CU) I ! !,j§|21UN21 aq|(a)) aq](a)) Rl i
i<j i<j
Taking into account that independent  quantities, so all their correlation
M(5Hj(w))=M(§qj(w))=0, 0’§qj :ij’ UEHJ =0§j: coefficients k; =0, i= j, we obtain estimates of

. . the variances of the dependent variables:
and HiH jely, UNy g, jely, UNy are P

0\? 0\?
2 09, (w) 2 09, (w) 2
Og = je'uUZ'z;Usz [(aHj(w)J ] O'H, + jd;’\‘ﬂ[{@qj(w)J J O'q,-' re |22 U sz- (43)

2

For (37)
|\0/)| |:Hr(a))—Hr(H_1,|'_|j,(j ely UNZZ);qj(j € |21UN21))j|

_ oH, (@) ) oH. (@) )
: l\g Le'lez'z;‘Usz(aHi(w)j 6Hj(w)+]€|nZUNzl[ aqi(w) ] 5qj(w)] C el Y Nax

(44)
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02 02
oH, (w) oH_ (w)
ol =M —r o’ + — ol +
He = 0 jellzt%Usz[(aHj(w)] } SH; jEIﬂZU:Nﬂ[( aqj(w)] J 5q;

0 0 0 0
oH, (w)) [ oH, (o) [GH (w)] oH_ ()
+2 : kic., o +2 : : kioc., o + 45
'EluLLJJ'%Usz(aH (a))j (6(]]((())] 7 5H; ~ oq; ivi_Ellezthsz aHi(w) 8Hj(a)) 7 5H; 7 SH; ( )
21 i<j

jelUN

0 0
oH (@) ) [ oH ()
+2 r r ko o |, rel N.,.
i,,-E;Nn(aqi(w)J [aqj(w) % % | 1< laUNa
i<j

Taking into account that coefficients k; =0, i# j, we obtain estimates of
M (SH () =M (5q;(w)) =0, Ol =04 Oon, =0 s the variances of the dependent variables:
and HiiHj el UNy g, jel, UNy, are

independent  quantities, so all their correlation

, H.(@) | H.(@) |
Oy, = jE'uU'ZZZUNZZ[[aHj(w)J J UHJ +je|212UN21[{ 8q](a))J J Gq,' re |21U N21- (46)

To obtain derivativesaq, /oH , j € 1, U1, UN,,

and oq,/oq;, jel,,UN, we will consider the system

of equations (31)—(34) as a system of implicit functions:
fl(qr(w)1r eM, U Iy U N, 0 (@) tel, U N, H (@) H, (o), rel,, U sz):

. 47
fnl(qr(w)v reM, U I U N,,; G (@) tel, U N, Hy (@) H, (w),r e, U sz) =0.
For clarity, let us introduce the following notations: Partial derivatives are calculated by the formula:
Y, =q,(®), reM,Ul,,UN,, iel.,nl, (48) D(f,,ees fy)
X, = (@), telyUN,, iel,..,n2, (49) o DX Xi) (55)
X. = H, (@), i el+n2, (50) X, D(fynfu)
_ D(YyenYy)
X, =H, (@), rel,UN,, ien2+2,..,n4, (51)
D(f,...f, . .
nl=Card(M,Ul,UN,,), n2=Card(I,,UN,), (52) where ﬁ — Jacobian of functions f,,..., f
T

n3=Card(l,,UN,,), n4=n2+n3+1. (53)

Then the system of implicit functions (47) can be
expressed as:

on variablesY,,...,Y,,.

The elements of the Jacobi matrix are calculated

fy (Ve Yoo X Xy ) =0 by the formulas:
0

fz(Yla-..,Ynl,Xl,...,XM): -

fnl (Yl""'Ynl' Xipen Xn4): 0

(()) 2sgnq<w>8q(w)+22q,.sgnq(w)Sq.(w)+Zblr.(. 28,0, <w>j+2blr. L (reM,),  (56)

ieM; ieL ieR i
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66:;:(((60)) |ZM:1 2blr|b1klsgnq (a))s q| (a)) +Zb1r| 1kl( | nll +2a2|q| (a))}—i_zblnblkl i (57)
(reM,Ul,UN,), (kel,UN,),

D 3 20, s, (0050, (0)+ Thb 8 4280, (0) [+ b b, S
aqt(a)) “ ri 1t i ri 1t i i 2i i — 1ri 1t Eiz (58)
(reM, U (P U Ny,), (tel, U N,
o, (@)/oH, (@) =0, (reM,), (59)
A (@)/oH (@) =1 (relz), (60) To obtain the derivatives aHr(w), 6Hr(w),
of (0)/oH, (@) =-1, (reN,,), (61) oH, ()  oH (o)
o (@)/0H (@) =0, (reM,). (kel,UNp).  62) oy gy . @ o)y e present
o, (0)/H, (@) =1 (rely,) (63) o9, (@)
of (w)/oH, () =1 (reNy,). (64)  eduations (32), (33) in the following form:
i q| (CU)C
H, (@) = H, (o) - Zblr. ao.( ] +8,0 (w) - +8,0 (@) +Zb1,.
Noi Noi <R E (65)
+Z by (sgnq(a)) q° (@) +h? ) =0, (reNy),
L) q (a))C_I
H, (@) =H (w)+Zb1,. ao.( ] +8,0,(0) 2 + 8,07 () +Zb1r.
Ny Ny E/ (66)
2 by, (sang, (@)S,07 (@) +h? ) =0, (rel,).
Then the derivatives of the corresponding
variables will be:
oH, (o) _ g S(@) ny aq; (w)
8H( ) iZblrl(all 6H( ) o 2|q|( )aH( )j+ (67)
C, oq,(o) oq; (w)
200 B o () 2 2SI (@S (@) o
oH, (o) _ 7 9%(®) ny aq; (w) C; 00, (w) (@) ,
aH ( ) ;bln( 6H ( ) i 2|q|( )aH ( )] IZR:blrl E2 aH ( ) (68)
o () .
+I€Z)Wb1r.2'sgnq (@S0, (@) 2= =5 @ e L, UN,,,
oH, () _ @) Ny e aq; (w) C, oq(w) (@) ,
o) H (a“ @ 5, 0) )J 20 e )" )
38,2500 (@56, () aq((z)) jel,UN,,.
. (L:t us use formula (35) to obtain partial derivatives g, (@) _ b, &g, (w) iem, 70)
Q; (@ aq; (w) jel,UN,,; aq; (w) Cjel,UNy,: oH,(w) rem,UgUN,  OH (@)

oH,(0)" H, (@)’ 9, (o)

i
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aqi (CU) — b1
aHj(w) reM,Ul, UN, )

ieM, jel,UN,,.

aq, (»)
oH (o)’

(71)

aq, (@)
OH, ()’

The procedure for calculating derivatives

aq, (@)
oH | (w) ’
considered above.

oq; (w)

. jel,,UN,, was
aqj(w) J 21 21

J 22 227

Study results

Let us apply the proposed method for an MP
consisting of an interconnected sequence of multi-
processing NSs with CWRs at their inputs,
interconnected by multi-line sections of trunk pipelines,
and CWRs at MP outputs [18 — 20].

An example of calculation of dispersions of
dependent variables in accordance with the statistical
properties of parameters and independent variables of the
stochastic model of quasi-stationary modes of MP
operation is given in tables 1 and 2.

Table 1. Estimates of dispersion of free pressures in nodes that correspond to outputs with given flow rates (T, )

Input data Calculation results
Nod — 3 =
0,,m/c Og, he,m O
1 0,00348989 0,00058 26,89 2,05
2 0,00142236 0,00024 63,22 4,80
3 0,00142236 0,00024 59,7 13,29
4 0,2024136 0,03374 15,25 13,84
5 1,11676467 0,18613 47,41 13,87
6 0,00069798 0,00012 34,66 10,14
7 0,06979779 0,01163 53,75 2,80
8 0,06979779 0,01163 43,26 4,49
9 0,00348989 0,00058 42,72 5,06
10 0,00139596 0,00023 51,56 10,14
11 0,8724724 0,14541 11,1 13,56
12 0,00139596 0,00023 42,85 10,15
13 0,8724724 0,14541 2,31 13,56
14 0,27919117 0,04653 46,6 13,87

Table 2. Estimates of expenditure dispersion, which correspond to chords with active sources

Chord H,m oy g, m°/c o,
1 2 0,333 0,3316 0,0635
2 2 0,333 0,3765 0,064
3 2 0,333 0,3968 0,0638
4 2 0,333 0,4082 0,0632
5 2 0,333 1,4671 0,1734
6 2 0,333 1,2815 0,1633
7 2 0,333 1,1874 0,1472
8 2 0,333 0,6868 0,0809
9 2 0,333 0,6868 0,0809
10 2 0,333 1,2522 0,1707
11 2 0,333 1,2913 0,1899
12 2 0,333 1,6573 0,2051
13 2 0,333 1,6894 0,2403
14 2 0,333 -0,704 0,1173
15 2 0,333 -1,268 0,2114
16 2 0,333 -2,525 0,4208
17 2 0,333 —0,806 0,1343
18 1,45 0,2116 0,2259 0,0377
19 1,45 0,2116 4,14 0,5721
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METO/ PO3PAXYHKY JUCIEPCI 3AJIEXKHUX 3MIHHUX
CTOXACTAYHOI MOJEJI KBA3ICTAIIIOHAPHUX PEKUMIB POBOTH
MATICTPAJILHOT'O BOJOBOJY

IIpenMeTOM MOCIHIUKEHHS € CTOXAaCTHYHA MOJENb KBa3iCTAIliOHAPHHX PEKHAMIB POOOTH CHCTEM TOAHHS Ta PO3MOMIICHHS
BOZM. 3a3HaueHa MOJIeIb aJIeKBAaTHO OMHCY€e (GaKTHYHI PSKUMHU POOOTH CHCTEMH BOAOIOCTaYaHHs Ha 33aHOMY YacOBOMY iHTEpPBaJIi.
Takok BOHa MOXE€ BHKOPHCTOBYBATHCS SIK 0a30Ba MOJEIb IS MOCTAHOBKM Ta BUPIIICHHS 3aBAaHb ONTHMAJIBHOTO CTOXaCTHYHOTO
YOPaBIiHHS PO3BUTKOM Ta (YHKIIOHYBAaHHAM CHCTEM MOJAaHHS Ta PO3MOALICHHS Boau. MeTa poGOTH — PO3pOOJCHHS METOLY
PO3paxyHKy OLIHOK TUCTIEPCiH 3aIe)KHUX 3MIHHUX 32 YMOBH 3aJaHUX 3HaY€Hb MaTEMaTHUYHUX CIIOJiBaHb Ta JUCHEPCIi HEe3aIeKHUX
3MIHHHX U CTOXAaCTHYHOI MOJIENTi KBa3iCTalliOHAPHUX PEXXUMIB pOOOTH MariCTpalbHOTO BOAOBOY SK IiJCHCTEMU CHCTEMH TTOIaHHS
Ta PO3MOAUICHHS BOAH. [l JOCATHEHHS Ii€i METH HEOOXiHO BUKOHATH TaKi 3aBJAHHSI: I0OyIyBaT! IeTepMiHOBaHUH €KBiBaJEHT
CTOXacTHYHOI MOJeNl KBa3iCTalliOHAPHUX PEXUMIB POOOTH MaricTpaJbHOTO BOJOBOAY; pPO3PAaXyBaTH OI[HKHA MAaTeMaTHYIHHX
CIIOZiBaHb 3aJIXHUX 3MIHHHX; PO3paxyBaTH OLIHKYM IUCIEPCiil 3aleXHUX 3MIHHUX. JIJI po3paxyHKy OLIHOK JUCHEpCil 3alIeHIX
3MIHHHX, BIAMOBIHO N0 JUCHepciii He3aIeKHUX 3MIHHHX, BUKOPHCTOBYETHCSI MeTOJ CTaTHCTHYHOI JiHeapu3amii. s oTpumaHHS

OIIHOK MAaTeMaTHYHHX CIIOJIBaHb 3aJCKHHUX 3MIHHUX JICTEPMIHOBAHHU CKBIBAJICHT CTOXAaCTHYHOI MOJENI KBa3icTalliOHAPHUX
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peXHUMIB pOOOTH MaricTpanbHOrO BOZOBOAY PO3B’si3yeTbesi MoaubikoBanuM Mmerogom HeioroHa. PedynbTatom pobotu € mMeTon
PO3paxyHKy OLIHOK IMCIEPCiil 3aJIe)KHUX 3MIHHHUX UIsl CTOXaCTHYHOI MOJIENi KBa3iCTAL[lOHAPHUX PEXUMIB POOOTH MaricTpaabHOrO
BOZIOBOJY. BHCHOBKM: y po0OTi 3aIPONOHOBAHO HAOMMKEHUH METOJ PO3PaXyHKY CTaTUCTHMYHMX BJIACTUBOCTEH 3aJIEXHUX 3MiHHUX
BIJIIOBITHO IO CTATUCTUYHUX BJIACTHUBOCTEH MapaMeTpiB Ta HE3aJlIEKHUX 3MIHHUX CTOXaCTUYHOI MOJeNi KBa3iCTalllOHAPHUX PEKHUMIB
poOOTH MaricTpaabHOTO BOIOBOAYy. HaOmmkeHWit MeTon OCHOBaHHMH Ha MOOYIOBI IETEPMIHOBAHOTO EKBIBaJIEHTa CTOXACTUYHOL
MOJIeNli KBa3iCTalliOHAPHUX PEKUMIB POOOTH MAariCTPalIbHOTO BOIOBOAY Ta MOTO BUKOPHCTaHHI [UIA PO3PAaxXyHKY OIIIHOK
MaTeMaTHYHUX CIOJiBaHb 1 JUCIEpCiil 3aleKHUX 3MIHHHX 32 YMOBH 3aJaHUX 3HAYCHb MAaTeMaTHYHUX CIOXIBaHb Ta AWCHEpCiH
He3aJIe)KHUX 3MiHHEX. Ha BiIMiHy BiJg MeTOMy iMiTamifHOTO MOJETIOBAHHS, 3alIPOITIOHOBAHUIT METO HE OTpeOy€e 3HAYHUX YACOBUX
BUTPAT Ta 00UHCITIOBATFHAX PeCypciB. 3acTOCYBaHHS HAOIMKEHOTO METOY ITOKA3aHO Ha IPHKIIALI.

KnrouoBi cioBa: croxacTMyHa  MOJeNb,  JHCIEPCis;  MariCTpaJIbHHH  BOJOBIA;  KBa3iCTalliOHAPHUI  PEXuM;

JIETEPMiHOBAaHUI CKBIBAJICHT.

METO/I PACUETA JUCHEPCHUIA 3ABUCUMBIX IEPEMEHHBIX
CTOXACTUYECKOM MOJEJIA KBABUCTAIIMOHAPHBIX PEXKUMOB PABOTBI
MAT'UCTPAJIBHOT'O BOAOBOJA

IIpeamMeToM ¥cCIIeIOBaHHS B CTAThE SIBISETCS CTOXACTUYCCKAs MOJICNb KBa3UCTAIMOHAPHBIX PEKUMOB pabOThI CHCTEM ITOJIA9H
U pacrhpeencHus BOAbl. DTa MOJIEIb aJICKBATHO OMKMCHIBACT (DAKTHUCCKHUE PEKUMBI PA0OTHI CHCTEMbI BOJOCHAOKCHHUS Ha 3aJaHHOM
HMHTEPBaJC BPEMECHH M MOXKET HCIIOJIb30BaThCsS B KauecTBE 0a30BOM MOJCITH AJsl MOCTAHOBKM M PEIICHUS 3a1ad ONTHMAaIbHOTO
CTOXAaCTHYECCKOTO YIPABICHUS pa3BUTHEM M (DYHKIIHOHHPOBAHHEM CHCTEM IMOJAa4yM U pactpenesicHus Bosl. Lleanlo paboTs sBiseTCs
pa3zpaboTka MeToJa pacueTa OLIGHOK TUCIIEPCHI 3aBHCUMBIX NMEPEMEHHBIX NMPH 33JaHHBIX 3HAYCHHUSX MaTEMATHYECKUX OXHIaHUI
U TUCTIEPCUSX HE3aBUCHMBIX MEPEMEHHBIX U1 CTOXaCTHYECKOW MOJENU KBa3UCTAILIMOHAPHBIX PEKUMOB pabOTBI MarkucTpaibHOTO
BOJIOBO/Ia KaK MOACUCTEMBI CHCTEMBI ITOJaYt U PACHpeAeIeH s BOABL. [ JOCTHKEHUS 3TOH eI He0OXOAUMO PELINTh CIIeIyIOIHe
3ala4i: TIOCTPOUTH JACTEPMHHUPOBAHHBIA OKBUBAJIEHT CTOXAaCTHYECKOH MOJENHM KBAa3HCTAIMOHAPHBIX PEXHUMOB pabOTHI
MarucTpajbHOTO BOJOBOJA; PACCUUTATH OIICHKM MaTeMaTW4YeCKUX OXHIAHWN 3aBUCHMBIX NEPEMEHHBIX; pPacCUMTaTh OLEHKU
JUCTIEPCUIl 3aBHCUMBIX NEepeMeHHBIX. J[11 pacdera OIEHOK AWCIEPCHH 3aBUCHMBIX IEPEMEHHBIX, B 3aBUCHMOCTH OT IUCIIEPCHIT
HE3aBHCHUMBIX IIEPEMEHHBIX, OyJIeM HCIOIb30BaTh METOA CTATUCTHUECKON JIHHEeapu3anuu. [Jis MoydeHus: OLlEHOK MaTeMaTHIECKAX
OKUJIaHWH 3aBHCHMBIX TMEPEMEHHBIX JIETCPMHHUPOBAHHBIA SKBUBAIECHT CTOXACTHYECKOW MOJIETH KBa3HCTAIIMOHAPHBIX PEXHMOB
paboThl MarucTpasbHOTO BOJOBOJA pemaeTcs MOAH(UIMPOBaHHBIM MeToJ0oM HpioToHa. Pe3yabTaToM pabOTHI SBISETCS METON
pacuera OIIGHOK IUCIIEPCHIl 3aBUCHMBIX TIEPEMEHHBIX U CTOXAaCTHYECKOH MOJEIH KBa3WCTAIlHOHAPHBIX DPEXHMOB pPabOTHI
MarucTpaibHOTO BOJOBOJIa. BBIBOABI: B paboTe MpeaiokKeH MPUOIMKESHHBIA METOJ] pacueTa CTATUCTUYCCKUX CBOWCTB 3aBHCHUMBIX
MIEPEMEHHBIX B COOTBETCTBUM CO CTaTUCTMYECKUMH CBOMCTBaMHU IMapamMeTpOB U HE3aBUCHMBIMU IEPEMEHHBIMH CTOXaCTUYECKON
MOJICNT! KBa3HUCTAIMOHAPHBIX PEKUMOB pabOTBI MArMCTPAILHOTO BOAOBOJA. [IpHONMMKEHHBI METOJ] OCHOBaH HAa MOCTPOCHHUH
JIETEPMUHUPOBAHHOTO JKBHBAJICHTA CTOXACTHYECKOW MOJIENH KBAa3HCTAIIMOHAPHBIX PEXHMOB pabOTHI MAarucTPajJbHOTO BOJOBOJA
U €ro WCMOJIb30BAHUU IJIs pacueTa OLEHOK JAWUCIEPCUN 3aBUCUMBIX TEPEMEHHBIX TNMPH 33JaHHBIX 3HAYCHHUSX MATEMATHUYECKHX
OXKHUIAHUA W JTUCTIEPCUSX HE3aBUCHUMBIX TMEpPeMEHHBIX. B  oTiauume OT MeroJa HMMHTAlMOHHOTO — MOJCIMPOBAHMSA,
NpeAIOKEeHHbII MeToAx He TpeOyeT 3HAuMTENbHBIX BPEMEHHBIX 3aTpaT U BBIUHCIHUTENBHBIX peCcypcoB. lcmonb3oBaHue
npUOJIMKEHHOTO METO/1a TIOKAa3aHo Ha MpUMepe.

KiroueBble cj10Ba: cTOXacTHYecKas MOJENb; JAWCIEPCHS; MAaruCTpajbHBIA BOJIOBOM; KBAa3HCTALIMOHAPHBIA PEXUM;

JIeTePMUHUPOBAHHbIN SKBHBAJICHT.
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