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 Abstract: This study considers the problem of numerical 

modeling of algorithms for constructing optimal trajectories 

for collaborative robots in Industry 5.0 production scenarios, 

where the key aspect is safe and effective interaction with a 

dynamic environment and humans. The developed 

mathematical models are based on potential function 

methods and multi-criteria optimization, which allows 

combining obstacle avoidance, energy consumption 

reduction, and task execution time minimization. Numerical 

modeling has shown that the actual trajectory of the robot 

remains convergent to the desired one even in the presence 
of obstacles, confirming the adaptability of the algorithms to 

unpredictable changes in the environment. Analysis of the 

time error showed its short-term increase during 

maneuvering and subsequent stabilization, which indicates 

the reliability of the proposed models. The study of the 

smoothness of movement confirmed the absence of sharp 

changes in the curvature of the trajectory, which ensures 

safety and comfort of operation in production processes. The 

results obtained prove the feasibility of using the developed 

approaches to create intelligent robotic systems capable of 

increasing production efficiency, reducing accident risks, 

and improving the quality of interaction between robots and 
humans in the Industry 5.0 concept. 
 Keywords: optimal trajectories, collaborative robots, 

numerical modeling, obstacle avoidance, adaptive control, 
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safe interaction. 

I. INTRODUCTION 

The current stage of robotics development in Industry 5.0 

is characterized by the integration of intelligent control 

systems that ensure safe and effective interaction between 

humans and robots in a shared working environment. One of 

the key tasks in this regard is to construct optimal trajectories 

for collaborative robots, since it is the quality of trajectory 

planning that determines the level of productivity, the 

accuracy of production tasks, and the minimization of 

collision risks. The relevance of the research is determined 

by the need to adapt planning algorithms to dynamic and 
uncertain production scenarios, where there are moving 

objects, variable constraints, and humans as active 

participants in the process. Traditional methods of trajectory 

construction do not always guarantee the necessary level of 

flexibility and stability of the system, while the use of 

numerical methods and optimization algorithms allows to 

increase the efficiency of calculations and the accuracy of 

results. Therefore, the development and research of new 

approaches to optimal trajectory planning is an important 

step in ensuring the adaptability and safety of collaborative 

robots, which determines the scientific and practical 

significance of this work. 

II. MATHEMATICAL SUPPORT FOR NUMERICAL 

RESEARCH OF ALGORITHMS FOR CONSTRUCTING 

OPTIMAL TRAJECTORIES FOR COLLABORATIVE 

ROBOTS 

Kinematic model in configuration space. Let 𝑞 ∈ ℝ𝑛 be 

the configuration vector (joint angles + base position) at time 

moment 𝑡. Then the position of the end effector in the 

workspace is given by the mapping 𝑝(𝑡) = 𝑓(𝑞(𝑡)), where 

𝑓: ℝ𝑛 → ℝ𝑚. The Jacobian is defined as 𝐽(𝑞) =
𝜕𝑓

𝜕𝑞
 and links 

the velocities: 𝑝̇ = 𝐽(𝑞)𝑞̇. Let us describe the parameters: 

𝑞(𝑡) - robot configuration; 𝑝(𝑡) - effector position; 𝑓 - direct 

kinematic transformer; 𝐽(𝑞) – Jacobian; 𝑛 - number of 

degrees of freedom; 𝑚 - size of the workspace (usually 3 or 

6). This model is needed for transformation between the joint 

space and the task space (working space), for formulating 

constraints on the end effector, and for calculating 

collisions/distances. 

The dynamics of the manipulator (model in joint space) is 
described as:  

 

𝑀(𝑞)𝑞̈ + 𝐶(𝑞, 𝑞̇)𝑞̇ + 𝐺(𝑞) + 𝐷𝑞̇
= 𝜏 + 𝐽(𝑞)𝑇𝐹𝑒𝑥𝑡 

(1) 

 

Where: 𝑞, 𝑞̇, 𝑞̈ - joint status (position, velocity, 

acceleration); 𝑝(𝑞) - effector position in the workspace; 𝐽(𝑞) 

- Jacobian; 𝑀(𝑞) - inertia matrix (positive definite); 𝐶(𝑞, 𝑞̇) 

- Coriolis/centrifugal forces matrix; 𝐺(𝑞) - gravity vector; 𝜏 

- control moment vector (all joints); 𝐹𝑒𝑥𝑡 - external forces 

(contacts, reactions); 𝐷 - viscous loss matrix.  

Objective functionality (optimal control). The general 

problem of optimal trajectory planning is formulated as 

minimizing the functionality: 

 

𝐽[𝑞(∙), 𝜏(∙)] = Φ(𝑞(𝑇))

+ ∫ 𝑙(𝑞(𝑡), 𝑞̇(𝑡), 𝜏(𝑡), 𝑡)𝑑𝑡

𝑇

0

 

(2) 

subject to dynamic equations and constraints. Here Φ is the 

terminal value (e.g., distance to the target), and 𝑙 is the 

integral value, for example:  
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𝑙 = 𝑤𝑝‖𝑝(𝑡) − 𝑝𝑑(𝑡)‖2 + 𝑤𝑢‖𝜏(𝑡)‖2

+ 𝑤𝑞̇‖𝑞̇(𝑡)‖2 
(3) 

 

Where: 𝑝𝑑(𝑡) - desired trajectory/target; 𝑤𝑝 , 𝑤𝑢 , 𝑤𝑞̇ - 

integral weights. The model's functionality combines the 

criteria of tracking accuracy, drive energy/effort, and 

smoothness of motion; weight coefficients allow balancing 

between trajectory quality and costs.  

Safety and comfort constraints (continuous inequalities). 

Collisions and safety are formalized as a set of inequalities: 

 

ℎ𝑘(𝑞(𝑡), 𝑡) ≥ 0, 𝑘 = 1, … , 𝐾 (4) 

 

where an example is the distance constraint between 
critical points of the robot and a person/obstacle: 

 

ℎ𝑐𝑜𝑙(𝑞, 𝑡) = 𝑑(𝑞, 𝑡) − 𝑑𝑠𝑎𝑓𝑒 ≥ 0 (5) 

 

With 𝑑(𝑞, 𝑡) = 𝑚𝑖𝑛𝑥∈𝑅(𝑞),𝑦∈𝑂(𝑡)‖𝑥 − 𝑦‖ 

Where: 𝑑𝑠𝑎𝑓𝑒  - minimum permissible distance; 𝑅(𝑞) - - 

set of body points of the robot; 𝑂(𝑡) - set of 

obstacles/positions of the human. 

Restrictions (5) guarantee a minimum safe distance and 

take into account the human comfort zones. 

Starting potential for numerical implementation of 

avoidance. To ensure a differentiated form of restriction, the 

following potential is introduced: 

 

𝑈𝑟𝑒𝑝(𝑞, 𝑡)

= {

1

2
𝑘𝑟 (

1

𝑑(𝑞, 𝑡)
−

1

𝑑0

) , 𝑑(𝑞, 𝑡) < 𝑑0

0, 𝑑(𝑞, 𝑡) ≥ 𝑑0  

 (6) 

𝐹𝑟𝑒𝑝 = −∇𝑞𝑈𝑟𝑒𝑝(𝑞, 𝑡) 

 

Where: 𝑘𝑟 > 0 - repulsion coefficient; 𝑑0 - potential 

influence radius; 𝑑(𝑞, 𝑡) - distance; ∇𝑞 - configuration 

gradient. 

Discretization — direct collocation. We divide the 

interval [0, 𝑇] into 𝑁 nodes 𝑡𝑖 and represent the trajectory as 

a set of variables {𝑞𝑖 , 𝑞̇𝑖 , 𝜏}𝑖=0
𝑁 . We minimize the total 

discrete functional: 
 

𝐽𝑑 = Φ(𝑞𝑁) + ∑ 𝑙(𝑞𝑖 , 𝑞̇𝑖 , 𝜏𝑖)∆𝑡

𝑁−1

𝑖=0

 (7) 

 

subject to discrete constraint equations (collocations), for 

example, using the trapezoidal method: 

 

𝑞𝑖+1 = 𝑞𝑖 +
∆𝑡

2
(𝑞̇𝑖 + 𝑞̇𝑖+1) (8) 

 

Where: 𝑁 - number of nodes; ∆𝑡 = 𝑇 𝑁⁄  - steps; 𝑞𝑖 , 𝑞̇𝑖 , 𝜏𝑖 

- discrete variables; collocation equations ensure 

compatibility with dynamics. Direct transcription converts a 

continuous optimal problem into an NLP (nonlinear 

program), which is solved numerically by standard 

optimizers.  

Gradient/variational expression for updating (for 

gradient algorithms and CHOMP/TrajOpt). Gradient of the 

goal along the trajectory in discrete representation: 

 

∇𝑞𝑖
𝐽𝑑 = 2𝑤𝑝(𝑝𝑖 − 𝑝𝑑,𝑖)

𝑇
𝜕𝑝𝑖

𝜕𝑞𝑖

+
𝜕𝑈𝑟𝑒𝑝(𝑞𝑖)

𝜕𝑞𝑖

 (9) 

 

Where: 
𝜕𝑝𝑖

𝜕𝑞𝑖
= 𝐽(𝑞𝑖) - Jacobian at the node; 𝑝𝑑,𝑖 - desired 

position of the node; regularizers - terms that penalize high 

derivatives (velocity, acceleration). 

The gradient (9) is used in local optimizers (CHOMP, 

TrajOpt) for iterative trajectory smoothing, taking into 

account collision penalties and smoothness. 

MPC formulation for online optimization. At each time 

step 𝑡𝑘 the problem of minimizing the functional on the 

horizon 𝑇𝑝 is solved: 

 

min
{𝑞𝑘+𝑗,𝜏𝑘+𝑗}

𝑗=0

𝑁𝑝−1
Φ (𝑞𝑘+𝑁𝑝

) + ∑ 𝑙(∙)

𝑁𝑝−1

𝑗=0

 (10) 

 

subject to discrete dynamics and constraints, after which 

only the first step 𝜏𝑘 (receding horizon) is applied. 

Where: 𝑁𝑝 - forecast horizon; 𝑘 - current time index; 

weight palette is the same as in the functional 𝑙. MPC allows 

you to adapt the trajectory in real time as the environment 

and human movement change, combining global goals and 

local safety constraints. 

Stochastic/robust formulation (necessary for 

uncertainties). If the person's position or model parameters 

are random, we minimize the expected value of costs with 

guarantees: 

 

min𝔼 [Φ(𝑞(𝑇)) + ∫ 𝑙(∙
𝑇

0

)𝑑𝑡]  𝑢𝑛𝑑𝑒𝑟 Pr{h𝑘(q, t) ≥ 0} ≥ 1 − δ 
(11) 

 

or in the form of robust optimization: 

 

minmax
𝜉∈Ξ

𝐽[𝑞(∙); 𝜉] (12) 

 

Where: 𝜉 - unknown parameters/noise; δ - acceptable risk 

of violation of the constraint; Ξ - set of possible 

scenarios/uncertainties. 

Expressions 11-12 allow us to obtain trajectories that are 

highly likely to be safe and perform tasks even with random 

variations. 

Coordination of multiple robots (cooperative 

constraints). For a group 𝑀  of robots, we introduce a state 

vector 𝑄 = [𝑞1, … , 𝑞𝑀] and set additional mutual avoidance 

constraints: 

 

𝑑𝑖𝑗(𝑞𝑖 , 𝑞𝑗 , 𝑡) − 𝑑𝑚𝑖𝑛 ≥ 0, ∀𝑖≠ 𝑗 (13) 

 

or as a penalty in the objective: ∑ 𝑈𝑟𝑒𝑝
𝑖𝑗

(𝑞𝑖 , 𝑞𝑗)𝑖<𝑗 . 

Where: 𝑀 - number of robots; 𝑑𝑖𝑗  - distance between 

robots 𝑖 and 𝑗; 𝑑𝑚𝑖𝑛  - minimum inter-robot distance. 

Model 13 ensures safe interaction between robots and 

allows searching for optimal distributed trajectories. 

In practice, the choice of discretization step ∆𝑡 weights 

𝑤𝑝 , 𝑤𝑢 , …,, potential coefficients 𝑘𝑟, and radii 𝑑0 determines 

the trade-off between accuracy, computation speed, and 

safety; their tuning is usually done experimentally or through 
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separate optimization (meta-optimization). For a large 

number of DOFs, it is recommended to use direct methods 

(direct collocation) or iterative local methods with analytical 

gradients, and for online adaptation — MPC with a limited 

number of nodes. If there are stochastic components (human 

movement, sensor noise), it makes sense to include a 

stochastic or robust component in the formulation. 

The developed mathematical models of algorithms for 
constructing optimal trajectories for collaborative robots in 

Industry 5.0 production scenarios have a number of 

significant advantages that determine their effectiveness and 

practical significance. First, they allow for both kinematic 

and dynamic characteristics of robots to be taken into 

account, ensuring the accuracy of trajectory formation in 

complex production conditions. Second, the models 

integrate safety constraints and human comfort zones, 

ensuring the adaptability of robot movements and reducing 

the risk of accidents in a shared environment. An important 

advantage is the possibility of multi-criteria optimization, 

which combines energy cost minimization, trajectory 
smoothing, and task execution time reduction without loss of 

accuracy. The use of potential functions and MPC allows 

modeling the response to dynamic changes in the 

environment in real time, while maintaining stability and 

efficiency. In addition, the proposed expressions are easily 

scalable for multi-robot systems, which facilitates the 

development of coordination strategies in collaborative 

scenarios. Importantly, the models take into account 

uncertainties, thanks to which the system remains resistant 

to unpredictable human actions or external factors. As a 

result, the developed approaches form the basis for the 
creation of a new generation of intelligent robotic systems 

capable of effectively collaborating with humans and 

increasing productivity in Industry 5.0 manufacturing 

processes. 

II. NUMERICAL MODELING AND ANALYSIS OF 

THE RESULTS OBTAINED 

The goal of the first experiment, shown in the graph 

“Optimal Trajectory Planning with Obstacle Avoidance,” 

was to test the ability of the optimal trajectory planning 

algorithm to ensure the robot's movement toward the target 

while avoiding obstacles. The expected result is a deviation 

of the actual trajectory from the desired one in the obstacle 

zone, followed by a return to the optimal path, confirming 
the effectiveness of the route construction model. The second 

experiment, shown in the “Tracking Error Over Time” 

graph, aimed to evaluate the dynamics of the error between 

the desired and actual trajectories over time. The expected 

result is an initial increase in error at the moment of 

maneuvering near the obstacle and subsequent stabilization, 

demonstrating the convergence of the algorithm to the 

specified trajectory. The third experiment, shown in the 

“Trajectory Smoothness” graph, is aimed at analyzing the 

smoothness of movement and the curvature of the trajectory 

when avoiding obstacles. The expected result is a slight 

increase in curvature during maneuvering, which quickly 
stabilizes, confirming the algorithm's ability to form safe and 

smooth trajectories without sudden changes in motion. 

Together, these experiments demonstrate the ability to 

construct efficient, safe, and optimal trajectories for 

collaborative robots in Industry 5.0 manufacturing scenarios. 

The results of numerical simulations are presented in Figure 

1. 

 

 
а) 

 
б) 

 
в) 

а); Optimal Trajectory Planning with Obstacle 

Avoidance б) Tracking Error Over Time; в) Trajectory 
Smoothness 

Figure 1. – Numerical modelling results 

 

Based on numerical modeling, the effectiveness of 

algorithms for constructing optimal trajectories in an 

environment with obstacles was investigated. The first graph 

(Fig. 1a) shows the desired and actual trajectories of the 

robot's movement, where it can be seen that thanks to 

potential functions, the robot successfully avoids obstacles 

and finds the optimal path to the goal. The second graph (Fig. 

1b) shows the change in tracking error over time, which 

initially increases due to maneuvering around the obstacle 
but then decreases, indicating convergence to the optimal 

trajectory. The third graph (Fig. 1c) shows the curvature of 

the trajectory, which increases in the obstacle avoidance 

zone but stabilizes over time, ensuring smooth movement. 

The results confirm the feasibility of using the developed 

models to optimize the movement of collaborative robots in 

production scenarios. 

III. CONCLUSION 

The study confirmed the effectiveness of the developed 

algorithms for constructing optimal trajectories for 

collaborative robots in the context of Industry 5.0 production 

scenarios. The results of numerical modeling showed that the 

proposed approaches allow forming trajectories that not only 

take into account the optimality of movement but also ensure 

safe avoidance of obstacles in a shared working 

environment. Motion analysis demonstrated that the actual 

trajectory of the robot coincides with the desired one after a 

local deviation in the obstacle zone, confirming the stability 
and reliability of the models. It was found that the tracking 

error increases during maneuvering but gradually decreases 

and stabilizes, indicating the algorithm's ability to adaptively 

correct motion. The study of trajectory smoothness 

confirmed the absence of sharp changes in curvature, which 

is critical for safety and ease of operation in production 

scenarios involving humans. Thus, the proposed algorithms 

have proven their effectiveness in combining multi-criteria 

requirements, in particular, minimizing energy consumption, 

task execution time, and compliance with safety 
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requirements. The results obtained lay the foundation for the 

practical implementation of collaborative robot systems in 

new-generation production processes, increasing their 

flexibility, productivity, and level of interaction with 

humans... 
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