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STRUCTURE OF FACTORIZATION PROCESSES

A granular computing conception can be interpreted as information analysis of both as a group of elements
associated with internal or external properties of arbitrary nature data. Multialgebraic systems as a mathemati-
cal tool for quotient sets processing is one of possible approaches for granule and granule structure synthesis and
analysis. Embedded (implicit, induced by data nature) and external (given, required for the application domain)
regularities can be partitioned in different modes so such factorization processes are of interest for automatic

information roughening, or on the contrary, it detailing.
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Introduction

The genesis of searching for sufficient (ideally, nec-
essary) level of data (information, knowledge) pres-
entation accuracy lies in the compromise region, as
inconsistency of criteria is one of the key factors deter-
mining correctness and validity of results. A paradigm
of granular computing consists in grouping elements to-
gether (in a granule) by indistinguishability, similarity,
proximity or functionality in arbitrary feature or signal
spaces [1]. Taking into account a semantic interpreta-
tion of why two objects are put into the same granule
and how two objects are related with each other it pro-
vides one of a general methodology for intelligent data
analysis on different levels of roughening or detailing.
Internal, external and contextual properties of granules,
collective structure of a family of granules and hierar-
chical structure of granules represent a possible foun-
dation for qualitative/quantitative characterization of
levels of abstraction, detail, control, explanation, diffi-
culty, organization and so on [1]. Because the quotient
spaces have a set of favorable structural properties they
become a suitable model of granulation [2, 3].

Multialgebraic systems [4-6] can be pointed out as
one of the possible granular computing ‘languages’.
They generalize results of traditional algebraic systems
[7] and allow synthesizing and identifying algebras,
models, and algebraic systems (with carriers that join
families of sets of arbitrary nature), for different math-
ematical structures, eventually allowing operation with
granules as equivalence classes without distinguishing
particular class members.

1. Problem Statement

It is clear that an arbitrary n-ary relation induces
any k-ary relation from 1 to n on different carriers.
This is done as follows: by assuming that n-ary relation
is initially defined on a carrier in a form of Cartesian
product A=A, x..xA_  of sets of arbitrary nature
(in general case), any ordered and examined collec-
tion of sets {A,,..,A,} produces Cartesian prod-
uct B;=A, Xx..xA, which is a set. Complement
{Ag oA} to {A. A} in a form of Cartesian
product produces set B,=A, xA  Xx...xA_, thus, in
whole, binary relation on a carrier B, x B, is induced.

Ternary (or any other) relation can be induced simi-
larly. Thereby initial n-ary relation S may induce k-ary
relation S/P, which amounts to a certain partition P,
of set {A,,...,A,} into k ordered parts. The goal of the
paper consists in investigation of conditions which pro-
vide various partitions produced by relation subsets.

2. General Scheme of Multialgebraic
Structure Induction

Relation S/P, is formally specified on B, x...xB,
where
B,=A, xA., ><...><Ar]ll ,

B,=A, XA, ><...><Ar212 , )

B =A, XA, x..x Arklk
and
1, <1 <..<1y,

Iy, <r22<...<r212,

Iy <rk2<...<rklk

with this, sets from the right side of the equations
(1) belong to collection of sets {A,,...,A,}, and
I, +L,+..+l,=n.

It is not hard to notice that relation S/P, is specified
on a collection of points, each of which is a result of pro-
jection of A into B;, i=1,k. Indeed, by fixing element

a=(a,,...,a, )€ A, where a; €A, i=l,n, and elements
Bl,...,Bk respectively, for which t_)i eB,, i=1,k and
b=(@a, ,a, ,..a, ),

[T

b,=(a,, .a,, sy ),
bk=(arkl Ay el )
are held, then mappings
f,(@=b,, i=1.k

are simply projectors, as is customary for arithmetical
spaces R" . When we pick some ordered set of coordinates
S from coordinates n , we actually project R™ into RS.
It can be schematically presented as follows.
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Fig. 1

_ Now consider induced relation S/P, specified on
B=B, x...xB, . As for any relation, equivalence class-
es will be formed on each B; in a known manner, i.e.
b,~b," if

S/P,(b,,b,,...,b,,b;, b, ..., b,)

=S/P.(b,,b,,...,b, 1, b;', by, ..., by)
for any element

(by,...,b; 1 .b;bishesby ) €
eB, x..xB, ;| xB; xB;,; x...xB,

Actually, indiscernible elements (from the point
of the relation) fall into one equivalence class.
Factorization procedure takes place at this stage, and
k-ary multirelation M[S/P, ] specified on equivalence
classes is induced along with corresponding mappings
that are to be called classifying mappings and denoted
by o, . It can be schematically illustrated as follows (see
fig. 2).

&

fi@=b; oi(bi)=Lij/[S/P]

A 4

Fig. 2

Here, j=E » L;/[S/P] denotes equivalence classes
induced on set B,, and |, denotes the amount of these
classes. Thus, the following set is formed

Li={Li\/IS/P1.....L;; /IS/P 1}

and i=1,k . Eventually, k-ary multirelation M[S/P, | is
specified on Cartesian product L, x...xL, .

Now it is easy to see that the general scheme of in-
duction of k-ary multirelation M[S/P, | by arbitrary n-
ary relation S looks like this (see fig. 3).

A=A1><...><An Bl Ll

_ f, _ ] o =
a=(a.....an) ——{ £,(@)=b; ——] o1(D1)=L1; /[S/P]
A=A1><...><An B2 L2

f2 (0.5 —
a_(ala aan) fz(a)_bz > O('Z(bl):LZ_]z/[S/Pk]
A=A x.. xA, L

fi - o =
a=(ay.....an) —5b fi. @)=y F——] o (Br)=Ligi /[S/Pi]

Fig. 3

In fact, if the value of initial n-ary relation S at
point a is known, then the value of k-ary multirelation
M[S/P,] is formed according to the scheme from fig. 3:

— at the first stage, the value of k-ary relation S/P, is
defined by the following equation brought on by projec-
tors {f;}*

8(a)=S/P(f,(@),...,f; (@) =S /P (by,....b,)  (2)
34

— at the second stage, the value of k-ary multire-
lation M[S/P,] is defined by the following equation
brought on by classifying mappings {; }l; 1

S/P(by,....,0,)=M[S/P (ot (b),...,0 (b)) (3)

From (2) and (3) the whole chain of equations is ob-
tained

S(a,,...,a,)=S(a)=S/P.(f,(a),...,f,(a)) =
=S/ Py (by,...,b, ) = MIS/P [ (e (by),..., 0 (by )
which explicitly shows relationship between n-ary
relation S and its induced k-ary multirelation M[S/P, | .

For now, let us make some remarks.

Remark 1. General induction procedure of k-ary
multirelation M[S/P,] by arbitrary n-ary relation S al-
ways takes place.

Next lemma essentially follows from the previous
remark in terms of algebraic system terminology [7].

Lemma 1. Arbitrary model (A,S), where S is n-
ary relation with carrier A=A, x...x A, always pro-
duce model (L,M[S/P,]) where MJ[S/P,] is k-ary
relation (or, more precisely, multirelation) with carrier
L=L, x..xL,, while L, is a set of equivalence classes
with i=1,k, k=1,n.

Remark 2. In general, sets L, may be of different
cardinality, but algebraic structures of type (A,F,P)
are met more often, where A is an arbitrary set (carri-
er), F isa set of relations defined on Cartesian powers
of A with different order, and P is a set of operations
defined on Cartesian powers of A with different order.
Well-known algebraic structures (such as semigroup,
group, ring, field, etc.) fall into this scheme. Hence the
next remark arises.

Remark 3. It is worth to mention the following situa-
tions for the general scheme of factorization and induc-
tion of multisystems:

i) n-ary relation induces k-ary multirelation with a
common carrier, i.e. in a form of Cartesian power of
order k;

ii) n-ary relation induces a set of multirelations of
different order, but with a carrier common for all of
them in a form of Cartesian powers of different order;

iii) a set of relations of different order induces a set of
multirelations of different order, but with a carrier com-
mon for all of them.

For instance, by considering previous works [8,
9], multigroup falls into situation described in item i),
which is the most simple one and should be examined
at the beginning.

Let us state a problem to find out conditions under
which k-ary multirelation M[S/P, |, induced by n-ary
relation S, has a common carrier.

First, it should be noted that in this case, the sets of
equivalence classes L,,L,,...,L, must be equipotent

IL|=|L,|=..=[Ly -

This means that with an accuracy of nature of the
sets, there is a set L and some one-to-one mapping ¢ for
which the following is true
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o(L)=L,i=1Lk.
In such a case, the general scheme of induction of
k-ary multirelation M[S/P, ] by arbitrary n-ary relation
S, given in fig. 3, should be refined as each of its rows

is expanded by an element with the following scheme
(fig. 4).

ai(b)=Lij/[S/Pi] —2s] Li=(Lij /[S/Pi])

A 4

Fig. 4

It means that the whole scheme will look as follows
(fig. 5).

Here, mappings f; are projectors, o, are called
classifying mappings, one-to-one mapping ¢ is added,
which will be called resulting mapping in future.

It should be emphasized that a whole set of map-
pings appears as well in the scheme from fig. 5. They are
going to play an important role in future, so they should
be observed more carefully.

Consider two arbitrary elements a, and a, that be-
long to A, and fix two projectors f, and f_, p,q=1.k.
It is clear that after the influence of classifying map-
pings o, and o, on elements f,(a;) and f,(a,), the
latest fall into some equivalence classes that belong to
sets L, and L, respectively, i.e. the following super-
positions of projectors and classifying mappings appear

Lot o f,1@)) = o, (@) = Ly /IS/P,],
lotg o f,1@,) = 0, (F, (@,)) =Ly /IS/P,]

where symbol ‘ o * indicates superposition of mappings.

Assume that the following is fulfilled under effect of
final one-to-one mapping ¢

oLy /IS/P)=0(Ly /IS/P).

i.e. we fall into the same class or element of set L.
Hence, elements a; and a, fromset A may be put into
correspondence with each other due to belonging to the
same class or element of set L . The next given equations
are true for these elements

In such a case the next rule can define mapping v,
which acts from A to A or W - A A

(p(ap (fo@ )>) - (p(aq (fa@ )))

if only (4) or (5) is held.

It will be called classifying mapping on A

Examine some properties of these mappings. Denote
superposition of mappings ¢, c.,, f, by F,

F,=0¢,00,0f,. (6)
From the rule (6) it follows that
V(@) =2, & F (a)=F(a,). (7)
When p=q, the following is obtained
V(@) =2, © F(a)=F,(a,). (8)

From (8) it is clear that lines from a level of func-
tional mapping F, (mappings F,,¢ 0o, and f, are
functional mappings with a single image, i.e. for F, and
¢, there is a single element of set L, f, and o, are
the sole elements of sets B, and L, correspondingly)
are an image and pre-image of mapping v ,, for any
p=L, k , or they specify partition on A and, hence, an
equivalence on A in a following way

a ~a,oy,(a)=2a,.

When p # q, mapping vy ,, provides correspond-
ence between two partitions on A, that are induced
by lines from a level of mappings F, and F, .

Formally it is expressed by equations (7) and (8), but
in fact it means that mappings v, and v, are multi-
valued, and mapping v ,, provides correspondence for
any a, from A with any element a, from A, if they
fall into the same class (element of set L) under effect of
mapping F, (they have one image). This can be sche-
matically presented as follows i.e. correspondence for
any element a, fromset As (partition element or a line
of level F,) under mapping v ,, is provided with any
element a, from this set.

If mapping ,, is taken into consideration, there
are two partitions for it, namely lines from a level of
mapping F, (see fig. 6) and lines of level F, (see fig. 8)

L, L

A\ 4

Li=p(Laj, /[S/PLD).

v

L=p(La,/[S/PiD).

[poa, of ](a))=[poa, of, ](a,) 4)
oy (@) = 0 (f, (@) - (5)
A=A x..xA, B,
f = -
a=(ay.....a0) —— £,@)=51 ——>] at;(61)=Lj /[S/P]
A:AIX XAn B2 L2
f2 (0.5 —
a=(a,.....an) ¥ £,(2)=b, | oa(b1)=Lo;,/[S/Py]
A=A x.. xA, By Ly
f; - -
A=(ay.....an) ——{ £, (3)=by | ot Br)=L; /[S/Pi]

h 4

Li=p(Ly;, /[S/Py])

Fig. 5
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i.e. if set Ks, p (line from a level of mapping F, ) under
this mapping F, moves to the same class (element of
set L) as a set Asyq (line of level F,) under effect of
mapping F, (see fig. 10), then the scheme from fig. 9
takes place: mapping vy, provides correspondence for
any element a, fromset Ay, withanyelement a, from
set Asyq. Thus, v, is multivalued mappings between
elements that move to the same element of set L under
mappings F, and F_ .

Va, Va,
R Wpa |
Ay -
Fig. 9
A A
Asl p Aqu
/

Fp\> leL +— Fq
Fig. 10

Remark 4. In the figures above cardinality of set L
is defined as a finite one for simplicity, though it is not
obvious.

It is not hard notice that lines from a level of map-
pings F, , notablyset Ay withany p , formacollection
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or a set which cardinality does not depend on p . Thus,
by fixing p # g, binary relation T, defined on Cartesian
square A and built under the following rule

T, (@,,3,)=1< F,(@,)=F,@,) 9)

will be the relation of difunctionality.
Indeed, equations that are held for the relation T

T, (a,2))=1,T,(as,a,)=1,T, (a;,a,)=1  (10)
influence a number of equations for mappings F, and F,
F,(a))=F,(a,), F,(a;)=F,(a,), F,(a;)=F,(a,) ,

from which it is clear that
F,(a;)=F,(a,),
and because of (9), the following equation is obtained
qu(§1!§4)=1' (11)

Thus, for the relation T, equation (11) is obtained
from a number of equations in (10), which testifies di-
functionality of the relation T, .

In general, steps needed to be performed for factori-
zation procedure or induction of k -ary relation with
a common carrier using mappings F, look simple. If
mappings F, have a common image, i.e.

Im Fp=L, vpell,...,k},

it means that acting projector at the beginning, and
then the classifier, superposition of which is the map-
ping F,, influences induction of binary relations T,
all of which are difunctional in this case.

Thus, next lemma is proved. B

Lemma 2. An arbitrary model (A,S), where S is
n -ary relation with carrier A=A, XA, X...x A, pro-
duces model (L,M[S/P,]) where M[S/P,] is k-ary
multirelation with carrier L=L* (common carrier),
then in such a case binary relations T, are difunction-
ality relations under Vp,qe{l,...,k}

Remark 5. If p=q then relation T, is an equiva-
lence relation that is a special case of difunctional rela-
tion.

Consequently, difunctionality of the relations T, is
a necessary condition for common carrier formation. A
question arises concerning sufficient conditions.

Conclusion

Within the scope of granular computing conception
on the base of multialgebraic system tools a problem of
arbitrary arity relation reduction has been considered.
This reduction produces different quotient sets which
represent unified carriers for various multialgebraic
structures. A necessary condition for common carrier
formation has been established and search for sufficient
conditions remains a unsolved problem.
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Crpykrypa akTopuzannonnsix npoueccos / A. Karpama-
HsH // BuoHWKa MHTEeIIEKTa: HayYH.-TexH. XXypHai. — 2014.
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KoHIenmust rpaHyISIIIMOHHOTO HCYUCICHUS MOXKET
TPaKTOBaThCsl KaK aHAIN3 MHMOPMAIIMK B BUIE IPYIIIT 3J1e-
MEHTOB, CBSI3AHHBIX BHYTPCHHUMH WJIM BHEITHUMM CBOW-
CTBAMM JaHHBIX IPOM3BOJLHON MPUPOABI. MysbTHaITe-
OpanvecKkre CHCTeMBbl KaK MaTeMaTUICCKHWI armapaT Ui
00paboTKMU (haKTOP-MHOXKECTB — OIMH U3 BO3MOXKHBIX ITOJI-
XOIIOB K CHHTE3y 1 aHAJIM3Y IPpaHyJ ¥ KX CTPYKTYp. BHenpeH-
Hble (HesIBHBIC, WHIYIIMPOBAHHBIC MPUPONOI TaHHBIX) W
BHeITHYE (3aJaHHbIe, TPeOyeMble MPUKIIAIHBIMU 3a1adyaMu)
B3aMMOCBSI3U MOTYT pa30MBaThCs PA3TUIHBIMU ITyTSIMU, TIO-
9TOMY 9TU (PaKTOPU3aLIMOHHBIE MPOIIECChl UHTEPECHBI IS
ABTOMAaTHYECKOTO OTrPYyOJIeHUS WIM, HAIPOTUB, JeTajli3a-
1Y MH(GOpPMALIUU.

Win.10. bubnuorp.: 9 Ha3B.
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Crpykrypa dakropusaniitnux nponecis / O. KarpamaHsH
// BioHika iHTeNeKTy: HayK.-TexH. XypHai. — 2014. — Ne |
(82). — C. 33-37.

KoHuemniist rpanysiiiiiHuX 00U CIIeHb TPAKTYBATUCS SIK
aHauti3 iHGopmallii y BUIJISIIi Ipyn eJIEMEHTIB, SIKi TTOB’s13aHi
BHYTPIITHIMU 200 30BHIIIHIMM BJIACTUBOCTSIMU JaHUX J1O-
BUIbHOI Tipupoau. MynbTrianreOpaidyHi CUCTEMHU SIK MaTeMa-
TUYHUI anapaT 10 CUHTe3y Ta aHaJli3y IpaHyJ Ta iX CTPYKTYP.
BropoBamkeHni (HesBHi, iHIyKOBaHi IIPUPOIOI0 JAHUX) Ta
30BHIllIHI (3a7aHi, sIKi HEOOXiMHI MPUKIATHUMHU 3aTa4aMM )
B3aEMO3B’SI3KM MOXYTh PO3OMBATHUCS PI3HUMHU IUISIXaMU,
TOMY 11i (haKTOpU3alliliHi TPOLIEeCH 11iKaBi 1J1s1 aBTOMaTUIHO-
ro orpy0iHHS 200, HaBIMaku, AeTatizalii iHpopmariii.

In. 10. Bi6miorp.: 9 Haiim.
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