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IpennmpuHUMaeTcs MOMbBITKA (OPMAIbHOIO OIMMCAHMS
Kareropuu KojaudecrBa. C 3TOM 1IeJIbIO Ha SI3BIKE areOphI
[IOACTAHOBOYHBIX OlNepalMil JaeTcs aKCHMOMAaTUYyecKast
XapaKTepUCTHKA TOHSTUA HATypaJbHOIO 4MCJa, CYETa,
CIIOXEHHMSI, YMHOXEHHST M MOPSIIKA HA MHOXKECTBE HATy-
paibHBIX ynces. UaeHTudUIUpyoTcsl mepBUYHbIE TTOHSI -
THSI TCOPUU IOJOXUTEIbHBIX M IPOMU3BOJIBHBIX PaLO-
HaJbHBIX uKcea. CpencTBaMy JIOTMUYECKON MaTeMaTHKH
ITPOBOIUTCS aKCHOMATHUYECKasT XapaKTe pU3aIls ITOHATHIA
TEOPUU ACUCTBUTEIbHBIX YMCET U aprU(METHIECKUX Ieii-
CTBMI Ham HUMHM. PasBuBaioTcs uaeu, cHOpMYIMPOBAH-
Hble B paborax [1, 2].

1. ITonoxuTenbHbIE palnMoOHAJIbHbIC YUCJIA

BHauaie ocTaHOBUMCSI HA MTHTYUTUBHOM ITOHUMAaHUU
palMoHaNbHBIX Uuce. PalioHanbHbIe Yncia MOXHO
HATJISIIHO ITPeICTaBUTh KaK TOYKY Ha mpsMoii. Haxe-
CeM Ha IIpSIMYI0, IBUTAsICh CJIeBa HATIPAaBO, HA PABHBIX
PaCCTOSIHUSIX APYT OT Apyra 06 CKOHEYHBIN psif TOYEK
1,2, 3,..., IpeacTaBIsSIOIINX COO0I BCe HATypaIbHbIE
yucaa. CiaeBa OT TOYKM | HAaHOCMM Ha TOM Xe
paccrossHun Touky 0 (puc. 1).

0 1 2 3.

Puc. 1

-3/2 0 132 2 3.

Puc. 2

Pasnenum otpesok Om , rme m — kaxkoe-HUOYIb
HAaTypaJIbHOE YUCIIO, Ha 71 paBHBIX yacTeil. [Tomyyen-
HBII OTPE30K OTKJIaJbIBaeM BOpaBo OT TouKu 0, ero
MPaBbIii KOHEI UHTEPIPETUPYEM KAK IMOJIOKUTEITBHOE
paLuoHanbHoe uncio M/ n . Ha puc. 2 Ha npsimoit
HaHeceHa Toyka 3/2, Mojy4aemas mpu m=23 u
n=2. Touku, COOTBETCTBYIOIIME BCEBO3MOXHBIM
napam HaTypaJbHBIX uucen (m,n), BMecTe B3sIThIe,
00pa3yOT MHOXECTBO BCEX MOJOXUTEIbHBIX paliio-
HalbHBIX yMces. OTKiaabpiBasi MOJyYEHHbIM paHee
OTPE30K BJIEBO OT TOUKU (), ToJlyyaeM OTpULIaTEIbHOE
panoHansHoe ynucio —m/ n . Ha puc. 2 HaHeceHa
TOYKa, COOTBETCTBYIOIIASI UnCIy - 3/ 2 . [Tonoxurenb-

'Jactp 1 onmy6amKkoBaHa B XypHale “PannosneKTpoHuKa
u uHdopmatuka”, 1999, Nel, c. 95-104.
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HBIE ¥ OTPULIATeTbHBIE pAllTOHATBHEIE YHACTIa, BMECTE
cuuciioM 0, 00pa3yroT MHOXECTBO BCEX palliOHATEHBIX
yrces. Bce HaTypajdbHBIe YMCIIa SIBIISTIOTCST TaKsKe
MTOJIOXUTETLHBIMU PallOHATBHBIMI ynciamMu. Cio-
KeHue X + ) palMOHAJIbHBIX YACEN X U ) OIpeje-
JIIeM KaK MPUCOeIMHEHNE CIIpaBa K OTpe3Ky, Tpe-
CTaBJISTIONIEMY YK CIIO X , CIBUHYTOTO OTpe3Ka, Ipe-
CTaBJISIIONIETO YMCIO V . BeramTaHue onpezesisieM Kak
oIneparuio, 00paTHYIO CIIOKEHUIO. Y MHOXEHUE pali-
OHAJILHOTO YMCIIA 711/ 71 HAHATYPATbHOE ) OCYLIECTB-
JAETCS €r0 p -KPATHBIM CJIOXEHUEM C CAMUM COOOM.
[p1 yMHOXEHHY Ha - p TIONYYEHHbIN OTPE3OK OTKIIA-
IBIBaeM B MPOTHUBOIIOJIOXHYIO OT TOYKM O CTOPOHY.
YMHOXeHHe m/ p Ha pallMOHalbHOE YuCIo p/ g

JIOCTUTAETCS yMHOXEHHEM €T0 Ha 1IEJI0E p C MO~
AYIOLIMM JeJIEHMEM MOJYYEHHOTO OTPe3Ka Ha ¢ Jac-
Teit. JleneHne palliOHATBHBIX YMCEJT OITpenesIsieM Kak
orepalnmnio, oopaTHyio yMHoOXeHUIo. [Tomaraem, yto
X <y, €C/I¥ TOUKA, IPEACTaB/IAIONIas PALMOHAILHOE
YUCIIO Xx , HAXOOWUTCS Ha MPSIMOIA JieBee, UeM ToUKa,
TPECTABISIOLIAs! PALMOHATEHOE YHCIIO .

IIpuctynaeM K hopMarbHOMY OIPEASICHUIO ITIOHSTUS
MOJIOXKUTEJIbHOIO PalOHAIbHOIO 4mucia. Beogum
MHOXECTBO BCEX ITOJIOXKUTEIbHBIX pPALMOHAIbHBIX
qrcel1, KOTopoe 0003HaYaeM CUMBOJIOM 4 . [Tonaraem,
YTO MHOXKECTBO N HATypaJbHBIX YHCEJI C ONIPeAeICH-
HBIMU Ha HEM OTTepallsIMU CIIOXKEHUS U YMHOXEHMUST
M OTHOLIEHMEM CTPOrOro IOpsiKA YXe BBIOpAHEI.
Beoaum, nanee, npeukar R(x, y,z) , onpeaeaeHHbli
Ha N x N x A. CooTBeTCTBYIOIIIee eMy OTHOIIICHUE
MHTEPIIPETUPYEM KaK CBSI3b MEXIY HATYpaJbHBIMU
YUCIaMU X,y W TIOJOXWUTEIbHBIM PAllMOHABHBIM
qucIoM z = x/ y.

Yucna x,y M z CBA3BIBAET YPaBHEHUE VZ = X.

Ecnu z paccmaTpuBaTh Kak HaTypajJbHOE YUCIIO, TO
3TO ypaBHEHME OYIIET pa3pelimMO OTHOCUTEILHO z He
IpY JTIOOBIX HATYypaTbHBIX x ¥ ) . Tpelysi, 4TOObI
YPaBHEHUE Yz = X ObLIO Pa3pEIIMMO OTHOCUTEILHO
z TIPUJIOOBIX HATYPATBHBIX X U ) , MbI, TEM CAMbIM,
pacImpsieM MHOKECTBO HaTypaJbHBIX YMCEN 0 MHO-
JKECTBa BCEX MOJIOXUTEIbHBIX pALlMOHATbHBIX YK CEJT.
IMpenukar R(x,y,z) CBSI3bIBAET IOJOXHUTEIBHOE pa-
LAOHAJIbHOE YMCJIO z C IOPOAUBIIEN €ro Mapou
HaTypaJbHbIX YKcea X, .

MHoxectBo AunipeaukaT RHa N x N x A popMaib-
HO OTPEJIEISIEM CIIEAYIOIIMMU YEThIPbMSI CBOMCTBAMU,
Ha3bIBAEMBIMH AKCUOMAMU NOAONCUMENbHBIX PALUO-
HANbHBIX HlCeN:

BKJTIOYEHMS:
Vx,y,ze NVz'e A(yz=xAR(x,y,2") D
RN (1)
(pyHKIIMOHAJIBHOCTU:
Vx,ye NJze AR(x,y,z); 2)

CIOPBEKTUBHOCTU!

Vze A3dx,ye N R(x,y,z); 3)
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paBeHCTBa Ipo0eii:
Vx,x'y,y'e N(3ze A R(x,y,z) A
AR(X', ', 2)) ~ xy'=x'y).

ConepxarenbHo akcroMa (1) o3HavaeT, 4TO eCiH
MMeEeTCST HaTypaJibHOE YHCJIO z , YIOBJICTBOPSIOIIEE
YCIOBUIO yz = X, TI€ X,y — IPOM3BOJILHO BHIOpaH-
HBIe HaTypaJbHbIE YK CIIa, ¥ TTOJIOXKHUTEILHOE PAIIO-
HaJIbHOE YHCJIO z', YIOBIIETBOPSIOIICE YCIOBUIO
x/y=2z" (r.e. ypaBHeHuio yz'=x), To z=2".
Takum oGpas3oM, oTobpaxkeHue x/y =z', Kormax
HAlIEeJIO IEJIUTCA Ha 3 , IAET TOT XK€ PE3YJILTAT, UTO U
pelLlIeHNe YPABHEHHUS! 1z = x OTHOCHTEJILHO IEPEMEH-
HOI z . UHBIMM CITOBaMM, €CJTM 00JIaCTh OTIpEICTICHUS
nepeMeHHOW z mpenukara R(x,),z) Cy3uTb 10
MHOXecTBa N ,ToTnpenukatr R(x,y,z) npeBpaTuTcs
B npeaukat P(y,z,x). Akcuoma (2) o3Hayaer, yTo
npenukat R(x, y,z) onpenesisieT HEKOTOPYIo QyHK-
wio r(x,y)=z, r:NxN — A., 1T.e. pelieHue
YPaBHEHUS yz = x OTHOCUTEIBHO z BCETIA Cyllle-
CTBYET U €IMHCTBEHHO B 00JIACTU ITOJIOXKUTEIbHBIX
paLoHabHBIX yrcen. PyHKIms 7(Xx, y) 3amuieTcs
B BUze npobu: r(x,y)=x/y. PaBeHcTBO X/ )y =2
O3HayYaeT TO e camoe, 4To U yciosue R(x, y,z) =1.
Akcuowma (3) o3Hayaer, uyTo J1000e MOJIOKUTEIbHOE
paloHaJIbHOE YKCIIO MOXHO IIPEICTaBUTH B BUJC
npobu. MHade roBopst, GyHKIMS p CIOPHEKTUBHA.
Akcuoma (4) BeIpaxaeT U3BECTHOE MPaBUJIO0, OTIpeie-
JISTIOIIE € PABEHCTBO IPOOEii: IPH JIIOOBIX HATypaTbHbBIX
x,x',y,y' 3HaueHus apobeit x/y ux'/ y' copnaga-
I0T B TOM U TOJBKO TOM cllyyae, Koraa xy'=x'y.
MHuoxectBo A , ynosnersopstioiee akcromam (1)-(4),
Ha3bIBACTCSI MHONCECMBOM HNOAONCUMEALHBIX PAUUO-
HaavHoix vucea. Tlpenukat R(x,y,z) HasbiBaeTcs
gopmuposamenem NOAONCUMEAbHBIX PAUUOHANBHBIX HlL-
ces. OH CTaBUT B COOTBETCTBUE KaXKIOH ITape HaTy-
PaJIBHBIX YKCE X, V' eAMHCTBEHHOE MOJIOXUTEIBHOE
paLMOHATBLHOE YUCTIO Z = X/ ).

C))

Jemma 1. [1ns moObIX X, Y,z € N ycinoBus X =Y,
X+z=y+z W XZ=)Z paBHOCWIbHbI. Takxe
PaBHOCWIBHEI YCIOBUSA X<V, X+z<y+z u
xz < yz.

HokaszaTenbcTBO. J1amo0bIX X, y,z,€ N BbIIOI-
HEHO B TOUHOCTH OTHO M3 YCIOBUIA

x=y (a), x<y (6), y<x (B).

B ciiyuae (a) misimo6oro z ¢ N uMeeM X +z =) +z
u Xz = yz. Ecam BepHo (0), TO cymiecTByeT x'e N,
Takoi 4YTo Xx+Xx'=y u s moboro ze N
(x+x)+z=y+z, (x+2)+x'=y+z, x+z<y+z,
a Takke (x+x")z=yz, xz+x'z=yz, xz<)z.
AnanornyHo, B ciaydae (B) OJIs JH000roz ¢ N
Y+ z < x+z nyz < Xz. [1ocKOIbKY ITepeuncIIeHHbIE
clydyau B3aMMHO UCKJTIOUAIOT APYT IPYra U B COBOKYII-
HOCTH MCYE PIIBIBAIOT BCE BO3MOXHOCTH, TOKA3aTe b~
CTBO JIEMMEI 1 3aBepllIeHO.

Jemma 2. JIto60€e HemycToe MHOXKECTBO HATypaJIbHBIX
YyyrceJl CONePKUT MUHUMATbHbIN 3JIEMEHT.
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Hoxa3zarenbcTBO. [lycTh M/ —HemycToe moaMHO-
>KeCTBO MHOXecTBa J . PaccMoTpruM MHOXKeCTBO

M,={xeN|VyeN(y <x>-M(y))}.

[pennonoxum, ytoB M HeT MUHMMAIBHOIO 3JIEMEH-
ta. Torma 1€ M, Bcuny ycnosus —M (1) (unave 1 —
MUHUMaJIbHBIN 971eMeHT B M ). [lycThreneps z € M, .
Tormau (z+1) € M|, Tak Kak uHaue (z+1) Gyzer
MUHUMAIBLHBIM 3JIeMEHTOM B )\ . [IpuMeHsist akcuomy
MHIYKLWHM, TIOJTy4aeM, 4To M| coBmagaerc N , 4To
HEBO3MOXKHO B CHJIy MPEAINOIOXEHUSI O HEIYyCTOTE
MHOXecTBa M . 3Hauut, B M nMeeTcs MUHUMAJb-
HbIH 37eMeHT. JleMma 2 nokaszaHa.

Teopema 1 (0 CymecTBOBAHHH MHOXKECTBA MOJOXKH-
TeJIbHbIX PAIIMOHAJIbHBIX YK ce] U uX hopMupoBaTe.is).
Ilycmo (N, Q) — namypanwhbuil psad. Toeoa cywecmay-
tom muoxcecmeo A u npeduxam R na N x N X A,
Y006:1emeopAIUUe AKCUOMAM NOAOICUMENbHBIX PAUUO -
HAAbHBIX HlCen.

JokasarenbcTBo. OmpenenuM Ha MHOXECTBE
M = N x N TpenuKar f yCIOBUEM:

V(x, ), (X, ¥,) € M (E((x, ), (x5, ¥,)) ~
~ XY, =X, )))-

OTOT mpeauKaT, OYeBUIHO, 00JIaZaeT CBOMCTBAMU
pednekcuBHOCTU U cuMMeTpuYHOCTU. [Tokaxkem, uTo

E TtpansutuseH. [1ycthb
E((x;, 1)), (x5, 3,)) = E((x5, ¥,),(x5,3)) =1

IJIS HEKOTOPBIX X, Y, X,,Y,,X;,V; € N. Torna

X\ Yy =XV, XV3 =X;3), U MO3TOMY

(x,3,)(%,13) = (6, 0,)(X%;1,),

OTKy/Ia, B CUJTYy CBOICTB KOMMYTaTMBHOCTH 1 aCCOLIMA-
TUBHOCTU YMHOXEHMS HAaTypalbHBIX YMCEN, CIely-
er (x,13)(x,,) = (X3 ,)(X, ¥, ). U3 mocnentero pa-
BEHCTBA BBITEKAET, YTO X, V3 = X;); (BCHUITyJIEMMEI 1).
[Mostomy npeaukar £ TpaH3UTUBEH. A 3HaYuT, £ —
SKBUBAJIEHTHOCTb, KOTOPOI COOTBETCTBYET pa30MeHNe
MHOXECTBA }/ Ha CMEXHbIe KJIACChl, TAKOE YTO
(x,y) 4 (x,,y,) TpUHAIEKAT OJHOMY KIaccy
TOT/Ia M TOJIBKO TOT/IA, KOra X, y, = X,y,. Obpasyem

MHOXECTBO A, BbIOMpasl M3 KaXIOro Kiacca IIo
2JIEMEHTY C HaUMEHBIIMM (B TaHHOM KJIacce) HaTy-
paJIbHBIM YKCJIOM Ha BTOPOI MO3ULUK. Takoil BEIOOP
BO3MOXEH B CUJY JIeMMbl 2 U YCJIOBUS, YTO €CJIHU
(x,,,)-(x,,y,) OKBUBAIEHTHBl M X, # X,, TO
¥, # ¥, (BCUIy aKCHOMBI paBEHCTBA IPOOEH 1 JIEMMBI
1). Ecniu kitacc 9KBUBaJIGHTHOCTH COAECPKUT IEMEHT
Buna (x, 1), To B KauecTBe MPEACTABUTENSI STOTO
Kiacca BeIOMpaeM x . [anee, mag ymobctBa Oynem
OTOXIECTBIATH 37eMeHTHl (x,1) e NxN u xe N
(MCToJIb3ysl €CTECTBEHHYIO OUEKIIMIO (P MHOXKECTB N
u {(x,I)|xe N}, ¢:x— (x,1)). llpenukar R Ha
N x N x A Onpeneanm yCIOBUEM:
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Vx,ye NVz'e A(R(x,y,z") ~
~Vx',y'e N z'=(x',y") D xy'=x"y)).

IIpoBepsieM, 9YTO MHOXECTBO 4 U TMpenuKaT R
YIOBJIETBOPSIIOT BCEM aKCMOMaM TOJI0XUTETbHBIX pa-
HUOHANbHBIX 4ymuced. 1) IlycTp mid HEKOTOpBIX
X, ¥,z € N BbIonHeHo yciosue yz = X. Toraa s
moboro z'e N,z'=(x',y') ycnosue R(x,y,z')
Bieder x)'=x'y. Mcnons3ys semmy 1 u cBoiicTsa
KOMMYTAaTUBHOCTH M aCCOLIMATUBHOCTU YMHOXEHUS
HaTypaJIbHbIX UM CEJI, TTOTy4aeM

2)y'=x'y, (V'2)y=x'y, yz=x', zy'=x1,
T.e. E((x','),(z,1)) =1. Bcuny BeiOopa MHOXecCTBa
A , mocnenHee ycnoBue o3HavaeT, yto (x', y') = (z,1),
win z'=z. 2) Jns mo0bix X,y € N cyliecTByerT,
MIPUTOM €IMHCTBEHHBIN, 3JIEMEHT z'€ A , TAKOM 4TO
E((x,y),z')=1.ycrb z'= (X", y"), Torma xy'= x'y
U 10 ONpejesieHUIo mpeaukara R momydaem
R(x,y,z')=1.3)Iyctb z'€ A n z=(x,y). Torna,
B CHJIy OYEBMIHOTO paBeHCTBa Xx)'= X'y, MMeeM
R(x,y,z)=1. 4) dnsa mob6eix x,x',y,y'e N ycino-
Be xy'= x'y osHauvaer, uto E((x,y),(x',»'))=1.
IMostoMy cymecrByer z'€ A, Takoi dYTO
R(x,y,z)=R(x',y',z) =1. [IpoBepKa BbIOTHEHUS
aKCHOM IOJIOXXUTETBHBIX PALIMOHATBbHBIX YU CEJT TSI
MHOXecTBa A W npenukara R 3aBepuieHa. Teopema
1 noxasana.

TeopemMa 2 (0 BKJIOYEHHH HATYPAJbHbIX YHCENT B
NOJIOKUTEJIbHbIE PAllMOHAJNIbHBIE). Bce namypaavHbie
YUCAA AGAAIOMC MAKIHCe U NOAONCUMENbHBIMU PAUUO-
HAABHBIMU YUCAAMU.

Teopema 03HaYaET, YTO MHOXECTBO ITOJIOKUTETbHBIX
paLMOHALHBIX YMCEJT IBJISIETCS paclIiipeHrueM MHO-
JKeCTBa HaTypaJIbHbIX YUCEN, T.e. YTO N < A.

HoxkazateabcTBO. M3 akcroMsl (2) ciemyer, 4To st
moboro z€ N cymecryer z'e N, Takoe 4rO
R(z,1,z')=1. Torma monoxus X=2z, y=1, us3
axcuoMsl (1) BeiBoauM z = z'. Utak,ecim z € N |10
z € A. Teopema 2 nokazaHa.

Teopema 3 (006 u30MOpHOCTH MHOKECTB MOJIOKHTETb-
HBIX PAIMOHANBHBIX uncen). [Iycms (N,Q) — namy-
panvhbtil pad, a mroxcecmea A, A' unpeduxamot R, R'
Ha NxNxA u NxNxA" ydoseremsopsaiom axcu-
OMAaM NOAOICUMEAbHBIX PAUUOHAAbHbIX uucen. Toeoa
cywecmeyem Ouekyua ¢:A—> A', makas umo dra

Mobbix X,y € N u z € A R(x,y,z) =R'(x,y,9(2)).

CMBICTI TEOPEMBI COCTOUT B TOM, UTO ITOJIOKUTETbHBIC
palMoHaIbHbIE YKMC/Ia OTIpeesIsitoTcs akcuomamiu (1)-
(4) BaGCTpaKTHOM CMBbICJIE OTHO3HAYHO (T.€. C TOYHO-
CTBIO 10 0003HAYEHUIT).
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Hoxka3zaTenbcTBO. PaccMoTpuM oTHOLIEHNE P Ha
Ax A', ompeneisieMoe CIeAyIOLIUM O0Opa3oM: IS
BceX ze A u z'e A'

D(z,2') =3,y e N(R(x, y,2) AR' (%, ,2")).

[MokaxeM, 4TO OTHOLIEHHUE ¢p OIpenessieT OGUeKLHIO
¢(z) =2z', orobpaxatomyo 4 Ha A'. Boibepem
npousBonbHO z € A. Ilo akcrome (3) cylecTByioT
X,y € N ,takue uto R(x,y,z) =1. U3akcuomsi (2)
ClleAyeT CyLIECTBOBaHUE eMUMHCTBEHHOIO z'€ A', mist
kotoporo R'(x, y,z") = 1. 1o onpeneneHuto oTHoLLIE-
HUst @ umeem @D(z,z') =1. Ilokaxem, 4To 3Haye-
HUEM z OJIEMEHT z' OIpenessieTcss OMHO3HAYHO.
[Ipenmnonoxum, 4To CyIeCTBYeT deMeHT z''e A',
Takoii uto @d(z,z'"") =1 u z''# z'. Torma, no omnpe-
IeJICHUIO OTHOLIEHUS (P, CYLIEeCTBYIOT X', V'€ N,
takueuto R(x',y',z)=R'(x",)',z") =1. [loakcu-
ome (4) u3 R(x,y,z)=R(x',y',z)=1 caenyer
xy'=x"y. Hotormano toii xe akcuome (4) Cy1iecTBy-
erz'"'e A', takoeuro R(x', )", z")=R'(x,y,z'"")=1.

Hrak,

R'(‘x’y7z') = R'(x7y’ Z'”) =
— RY(xY’yl,ZlYY) — RY(xY’yY’ZH) — 1.

Torma, B cunmy akcuoMmsbl (2), z'=z'"u z'"'=Zz", a
3HAYUT z''= z', YTO IPOTUBOPEUUT IPEAITIOIOKEHUIO.
EnuHCTBEHHOCTD 3JIeMeHTa z' moKa3aHa. Mtak, st
moboro z € A cylecTByeT eIUHCTBEHHBIN z'€ A',
TaKoii uto @D(z,z') =1. AHaJIOTMYHO JOKA3BIBACTCS
Juts 1oboro z'e€ A' cyliecTBoOBaHME €AMHCTBEHHOTO
z € A, takoroyto @(z,z')=1. D10 03HaYaeT, 4TO
@ omnpenenser ouekunio ¢@: A4 — A'. Teopema 3
JOKa3aHa.

IepexommM K aKCMOMATHIECKOMY OITPEIETICHUTO CIIO-
KEHUS M YMHOXEHUS TTOJIOKUTETbHBIX PalliOHAb-
HBIX YKce. 3anmuch X/ y mapsl yucen X,y , onpene-
JISTIONIE! TTOJIOXMTENIbHOE PAallMOHAIBHOE YHCIIO
r(x,y), Ha3bIBaeTCst dpobbio. PalilnoHaNIbHBIE MTOJIO-
SKUTEIbHbIE YU CIIA BBIPAXKAOTCSI COOTBETCTBYIOLIUMU
M JpoossmMut. [IpoOeii “OoJ1blire” , yeM IMOJI0XKUTEIbHBIX
pauMoHaIbHbIX yrces. OTHO U TO XK€ MOJIOKUTETbHOE
palMOHATbHOE YUCIIO MOXKHO MPEICTABUTh PAa3HbIMU
npobsimu. Kak y3HaTh, Kakue IpoOU BbIpaxkaloT O1U-
HaKOBbI€ YKC/a, a Kakue — pa3Hblie? OTBET Ha 3TOT
BOIIPOC HACT Mpasuio omoxicdecmeneHus dpooeil, oc-
HOBaHHOE Ha aKCHOMe PaBEeHCTBRa 1pobeii: paBeHCTBO
X,/ y, =X,/ y, PABHOCUIILHO DABEHCTBY X, ', = X, });.
DTUM yCIOBUEM OIPEAEISIeTCSI OTHOLLIEHME KBUBA-
JICHTHOCTH, pa301Baollee MHOXKECTBO BceX Apo0eil Ha
CMeXXHBIE KJTacChl. B KaxkmoM Kiracce comepskaTcs Bce
JIpoOu, 0003HAYAIOIIE OTHO 1 TO K€ IMTOJIOKUTEIHHOE
palMOHAIBHOE YU CII0. DTH KJIACChI MOXKHO IIPUHSITH B
POJIV COOTBETCTBYIOIIVX ITOJIOKUTETHHBIX PALIIOHAb-
HBIX YHCeJ.
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Onepayuu ca04ceHuss U YMHONCEHUS NONONCUMENbHBIX
PAYUOHANLHBIX HUcen OTIPEETSIOTCS CICLYIOMU
NpaBUIAMU: €CTU X, /Yy, =z, U X,/ Y, = z,, TO

2+ 2, = (X0, + 50 W )ss )
22, = X%,/ Y1), (6)

g moObIX X,,X,,V,,V, € N; z,z, € A. BaxHo

MMOTYEPKHYTh, YTO paBeHCTBaMH (5) ¥ (6) OTIpeIeIIsIIoT-
Cs1 CYMMBI 1 ITPOU3BEICHMST HE CAMMX ITOJTOKUTETbHbBIX
palMOHATBHBIX YMCEI, a IPOo0eil, COOTBETCTBYIOIINX
otuM unciaaMm. [loaTromy HeoOXomMMoO yOeauThCs B
KOPPEKTHOCTHY TAKMX OTIPEACICHUMA.

OmnpenenuM Ha 4 x 4 x A TPEAUKAT CJIOXKEHUA S U
NpPEIUKAT YMHOXEHUST P TMOJOXUTEILHBIX Palio-
HaJIbHBIX YN CEJI YCIIOBUAMMU:
Vz,,z,,z€ A(S(z,,2,,2) ~ VX, ¥,,X,, ¥, €N,
R(x,,y,,2) AR(Xy,¥5,2,) D
D R(xy, + X,01,%,,,2)));

)

Vz,,2,,z€ A(P(z,,2,,2) ~ (Vx,,¥,,%,,, €N,
R(x, »,2) AR(X,, ,,2,) D
D R(x,%,, ¥,¥5,2))).

2"

Y100 060CHOBATH KOPPEKTHOCTb BBEACHUA OIl€pa-
LA CJIOXXEHUS U YMHOXEHUS, HY>KHO 10Ka3aTb, YTO

npeaukarel § U P obianatoT cBOHCTBOM QyHKIINO-
HAJIBHOCTH.

Teopema 4 (0 GYHKIMOHAILHOCTH NPETUKATOB CJI0XKeE-
HAS M YMHOXKEHHS TOJIOKHTENbHBIX PAIMOHAJIbHBIX
gucen). Ilpeduxamo § u P Ha Ax Ax A PyHkyu-
OHANBHYL, M.e. YO08AeMBOPAIOM YCAOBUAM:

Vz,z, e ANz e 45(z,,2,,2); 3"
4")
JlokazaTenbCTBO. BbiGepeM MpPOM3BOIBHO
z,,Z, € A. NTIyCTb JUISIHEKOTOPBIX X, ,, X,, V, € N

R(x,,y,,2,)=R(x,,y,,2,) =1. (a)
ITo akxcumome dyHKUMOHaAbHOCTU (2) Iz e 4
R(X, Y, +X,9,, 1,,2) =1 (0). [lokaxem, 4yt0 z He
3aBUCHT OT BbIOOpA X, ), X,,),, & 3aBUCHUT TOJIbKO
OT z,,z,. Ilycts st HekoTopBIX X, ', ¥,', x,", ¥,'e N
R(x',y",2)=R(x,",»,',2z,) =1 (B). Torma us
aKCMOMBI paBeHCcTBa Apobeit (4) u (a) cmemyeT
xy'=x'"y', 1e.

Vz,,z,e Adze A P(z,z,,z).

(X, + 500"V, = (0" v + 5,00 )y, =
=" Vo0 vy, =" Y, + 5,0, )0,

Hcnonp3ys cHoBa akcuomy (4), moaydaeM
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R(x1'y2 +x2y1'7y1'y27z) =
=R(x,y, + X, ¥, 1, ¥,,2) =1.

AHaJIOTMYHO JOKa3bIBa€M, 4YTO

R(x,'y,"+x,' /s 'y, 2) =1

CyuertoMm (a), (0), (B) mocieaHee paBeHCTBO O3HAYaeT,
yTO 27eMeHT z € A onpenensercda U3 yciosus (0)
OIHO3HAaYHO MO 3alaHHBIM z,,z, €A W 4YTO
S(z,,2,,z) =1. AHaIOrMYHO JOKa3bIBAETCS (PYHK-
LIMOHAJILHOCTh IIpeaukara yMHoxeHus: P . Teopema 4
JToKa3aHa.

Teopema 5 (00 aCCONHATHBHOCTH CJIOKEHNS IOJI0KH-
TeJIbHbIX PAMOHABHBIX wcen). [ 6cex z,,2,,2; € A
(z,+2,)+z,=2,+(2, +z3) (a).

JokasatenbcTBo. nsa mobbIX z,,z,,z,€A u
X, Xy,X5, V15 V5, Y3 € N U3 ycnosuit

R(x,, 11, 2)) AR(X,, 5, 2,) AR(X;, 15, 23)
u onpeaeneHus (1) cneayer

R(x, 3, + 2,01, 1192, 2 +2,) A

AR, Y3 + X305, V25, 2,23) A

R((x,y; + %) 55 +%5(113,),

Ay (2 +2,) +23) A

ARG (1,03) + X105 +X30,)
Yi(0y3), (2, + (2, + 23)).

B CUIIy aCCOLIMaTUBHOCTHU CJIOKECHU A, A TAKXKE aCCOLIU -
aTUBHOCTHU, KOMMYTAaTUBHOCTU U Z[I/ICTpI/I6YTI/IBHOCTI/I
YMHOXKEHUA HATYPAJIbHBIX YUCET, UMCEM

(X7, +X,0)y5 +x3(Vy,) = (5, (V,05) +
+ (Y )INn (50 =x5(0,03) (505 + X33, 0
(V2)Ys = 11(1,)5)-

Hcnonbaysi Tenepb akcuoMy (PyHKIIMOHANTBHOCTHU (2),
HeIocpeACTBEeHHO NoyvyaeM yciaoBue (a). Teopema 5
JIOKa3aHa.

Teopema 6 (0 KOMMYTATHBHOCTH CJIOXKEHMS M0JIOXKH-
TeJbHbIX PAIMOHAIBHBIX YHceN). /15 6cex

z,2, €Az +z,=2,+2z,.
HoxaszatenbcTBo. s JMOObIX z,z, €A u
X1’xZ’yl’y2 ENHBYCHOBHH R(xlaylazl)/\R(xzayzazz)a

B cuty onpeneneHud (1), monydyaeM
R(x,y, + X,V MiV2s 21 +2,) A
ARG + X5, 1,152, + 2)).

B cuiy KOMMYTaTMBHOCTHU CJIOXKEHUSI U YMHOXEHUS
HaTypaJbHBIX 4YUCET, XV, +X, ¥, =X, +X),,
V1Y, = ¥,,, OTKyJa (10 akcoMe (PYyHKIIMOHAIBHOC-
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T (2)) cpasy nony4aem z, +z, = z, + z,. Teopema 6
JIOKa3aHa.

Teopema 7 (00 acCONMATHBHOCTH YMHOKEHMSI MOJI0OKH-
TeJIbHbIX PAIMOHAJIBHBIX uncen). Jis 6cex z,,z,, 2, € A

(212,)23 = 2,(2,23).
HNoxaszartenbcTBOo. [dns Bcex z,z,,z;€ A4
UX,,X,5,X35, V5 V,,V; € N U3 ycI0BUIA

R(‘xlﬂylﬂzl)/\R(‘XZ’yZ’Zz)/\R(x3ﬂy3ﬂz3)

u onpeaeneHus (2') cneayer

R(x,x5, y,015,212,) AR(X,X5, 1, V5, 2,25) A
A R((x,,)x5,(1,3,) y3,H(2,2,)25) A
A R(x1 (x2x3)a Vi (y2y3)a Z; (2223))-

B cunmy acconmaTBHOCTA YMHOKEHMST HATYPaTbHBIX
qyucel, UMeeM

(x,,)x; = (x,(x,%3), (2,)ys = (V203)-
Hcnonb3yst akcuomMy (byHKIIMOHAIBHOCTH (2), TTOJTy-
vaeM (z,z,)z, = (z,(z,2;). Teopema 7 noka3aHa.

Teopema 8 (0 KOMMYTATHBHOCTH YMHOKEHHS MOJIOXKH-
TEeJbHBIX PAHMOHANLHBIX 9uceN). /s 6cex z,,z, € A
2,2y = Z,Z,.

HoxazartenbctBo. Hna mobObX z,z, €A u
X, Xy, ¥, V, € N U3 ycloBus

R(x17y1721)/\R(x27y2722)
u onpeaeneHus (2) cneayer
R(x,%5, 1175, 2,25) A R(X, X, Y, 01, 2,2)).
B crity KOMMyTaTMBHOCTH YMHOXKEHUST HATYPaTbHBIX
quCeN, UMEEM XX, = X,X;, ¥V, =),),. Orciona

caenyet (1o akcuome GyHKUUOHAIBHOCTH (2)), 4TO
z,z, = z,z,. Teopema 8 noka3aHa.

Teopema 9 (0 AMCTPIOYTHBHOCTH YMHOKEHHS MOJI0KH~
TeJIbHBIX PAIMOHAJIBHBIX YHCEJ OTHOCHTEJILHO CJI0OXKE-
Hus). /s écex

Z,2,,2, €A (z,+2,)z, =2z, + 2,2, (a).

HokasarenbcTBo. ns mMOOBIX z,,2,,Z; €A n
X, Xy,X5, V15 V5, Y3 € N U3 ycnosuit

R(‘xlﬂylﬂzl)/\R(‘XZ’yZ’Zz)/\R(x3ﬂy3ﬂz3)

u onpeAeaeHuii (1°, (2) cnemyer

R(x,y, + X, 51, 11V5, 2, + 2,) AR((X,x, + X, 0,)X5),
()3 (2) +25)25) A R((xx)(1,35) +

+(0,%)(1,33), (V)0 35), 2,25 + 2,25).

B cumy acconmmaTMBHOCTH, KOMMYTATUBHOCTH U IUIC-
TPUOYTUBHOCTY YMHOXXEHMSI HATYpaJTbHBIX YHCE,
MeeM
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(0,63 (Vo13) + (,) (0, y3) =

= (X0, +,31)%) V3, (1Y) (V2 03) = (013,)Y3) Vs
ITpumeHsiss akcroMy paBeHCTBa Apooeti (4), moryyaeM
(a). Teopema 9 nokaszaHa.

OnpenenM Jajiee OTHOIIEHIE IOPSIIKA Ha MHOXKECTBE
MTOJIOXUTELHBIX pAallMOHATBHEIX UKicell. OmHouieHue
nopsaodka < Ha MHOXECTBE 4 OTIPEACIISCTCS TIPABUIIOM:
s mookIX z,,z, € A

(zy=x1Y1,2, =%,/ ¥, %, 1, %, ¥, €N )
yCIoBUE z, < z, PABHOCUIIBHO YCJIOBUIO X, ), < X, ).
®DopmanbHO BBOAUM npedukam nopsioka H(x, y) Ha
Ax A > COOTBETCTBYIOLLMI OTHOLUEHUIO X < V), Clle-
Y IOIIUM MTPSIMBIM OTIPENETIEHUEM:

vzlazz € A(H(Zlazz) ~ (vx17y25x17y2 € N 5
(5")
R(x, 31,2) AR(Xy, ¥5,2,) D XY, <X, 0,))-

Teopema 10 (0 cCpaBHIMOCTH IOJIOKHTEIbHBIX PAIIHO-
HAJIBHBIX 4Hcen). Jis awobbixz,,z, € A 6binoaneno

POBHO O00HO U3 YCAOBULL Z, = z,, H(ZI’ZZ):L
H(z,,z,)=1.
HdoxazaTenbcTBO. BhriOepeM NpPoOU3BOJBHO

2,2, € A. Torna cymwecTsylor x,,X,,y,,y, €N,
Takue uto R(x,,¥,,z,) = R(x,,¥,,2z,) =1. [lo Teo-
peMe O CPaBHUMOCTU HAaTypaJbHBIX 4YUCcel J16O
XYy = X, )y, MO0 x,y, <X,y;, MO0 x,y, > X, ;.
Paccmorpum, Hampumep, ciyvai x,y, < x,y,, (a).
[Toxaxem, urto torna H(z,z,)=1. Ilycts
x'x,',»',y,"e N, Takue 4o

1 1 |l — |l 1 ' —
R(xl 7y1 721 )_R(xz 5y2 722 )_1
' 1 " |l
Torma x,y,'=x,"y, ©) 1 x,y,'= x,"'y, (10 akcuome
paBeHcTBa Apobeii). M3 nemMmbl 1 1 ycioBus (a)
1 |l 1 1
nomydaeM (x,y,)(x;"y,") < (x,»,)(x,' y,"). Tlombay-
SICh CBOMCTBAMY KOMMYTAaTUBHOCTHY 1 ACCOLIMAaTUBHO-
CTU YMHOXEHUsI HaTypaJbHbIX Yucel, OyaeM UMeTh
1 |l 1 |l
(%' y2) (x50, ") < (6,0,")(x," ;). Yantbisas (6) v cHo-
1 — |l
Ba UCHONB3Ys jieMMy 1, moaydaem Xx,'y, =x,y,"
Ipomonxkas aHaJOrMYHO, MPUXOAUM K YCIOBMIO
|l 1 |l 1 —

x,'y,'< x,"y,". D10 1 03HayaeT, yT0 H(z,,z,)=1.
Bcayyae x,y, < x,y, MomoOGHOE paCCMOTpEHKE MTPH -
BOIMT K ycnosuio H(z,,z,)=1. Ecin xe nmeer
MECTO PaBeHCTBO X, ), = X, ), TO, 10 AKCHOME PaBEH-
crBanpo6eit (4),3z € 4 R(x,,3,,2) AR(X,,,,2) 1
TOrJa, B CUJYy aKCHMOMBI (DYHKIMOHAJIbHOCTU (2),
nojyJaem z, = z, = z. Teopema 10 mokazaHa.

Teopema 11 (0 COOTBETCTBHH omepanuii CJIOXKeHHs,
YMHOKEHMS ¥ OTHOLIEHHS MOPAJKA HA MHOXKECTBAX
HATYPAIbHBIX YACEJT H OJIOKHUTENHBIX PAIMOHATBHBIX
ancen). s aobvix z,,z,,z € N ycaosus z, +z, =z
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(@), z,z, =z (0), z, < z, (B) pasnocunbHhoL, coomeem-
cmeenno, ycaoeuam  S(z,,z,,z)=1 (a’),
P(z,z,,z)=1 (6),H(z,,z,)=1 (B), 20eS,P,H
— npeouKamol CAONCCHUS, YMHONCCHUS U NOPAOKA HA
MHONCECEE NOAONCUMENbHBIX PAUUOHANLHBIX YUCeA.

CMbICT 3TOM TEOPEMBI COCTOUT B TOM, UTO HA MHOXKEC -
CTB€ HaTypaJIbHBIX Y1 CECJI BBOOAMMDBIC TETICPh ITPpEAMKA-
ThbI CJIOKCHUWA, YMHOXKXCHUA U MOPAAKA COBIIagaroT C
BBCACHHBIMU paHEC.

HokasarenbctBo. Ilyctb z,z,,ze N. Torna
umeeM z,,z,,z€ A (mo Teopeme 2) W
R(z,1,z))=R(z,,1,z,) = R(z,l,z) =1 (1) (cM. m0-
KazaTeJIbCTBO TeopeMbl 2). Eciv BBIMOMHEHO yCI0B1e
(a’), T0, cornacHo (T) u onpeaeneHuto (1), monyyaem
R(z, +z,,1,z) =1. Vicnosb3ys akcuoMy BKIIIOUEHHUs]
(1), BeiBomuM oTctoza (a). [To reopeme 4, mpeaukar §

o0JsiagaeT cBoiicTBOM (DyHKIIMOHATBLHOCTH. [ToaTOMy
ycnoBusa (a) u (a’) paBHocuibHBEL I[Ipenmonoxum
Ternephb, YTO BBITIOJIHEHO ycaoBue (6 ). Torma (coryacHo
(r) monpesenenuio (2') nonyyaem R(z,z,,l,z) =1,

otkyaa BeiTekaeT (0). Mcnonb3yst PyHKIMOHATIBHOCTD
npeaukaTa P, IpUXOJWM K BbIBOAY O pABHOCUJIbLHO-

ctu ycnoButii (0) u (6 ). IlycTb, HaKOHe1l, BBIIOJIHEHO
ycnoBue (B)). Toraa, B cuiy () u onpeaeneHus (5,
roJrydaem (B), a 13 TEOPEMbI O CPABHUMOCTH ITOJI0XKH -
TEJBHBIX PAITMOHATBHBIX UM CEJT BHIBOIUM PABHOCHITH-
HoCTb ycnoBuii (B) u (B'). Teopema 11 gokaszana.

DTa TeopeMa IO3BOJIAET B JATbHENIIIEM UCITOIB30BATh
eIMHbIe 0003HAYEHYIS /IS OTIEPALINI CJIOKEHMS, YMHO-
SKEHWS A 1711 3aTTACH OTHOLLIEHHS TTOPSIIKA Ha MHOXE -
CTBaxX HATYPaJIbHBIX YMCETI U TTOJIOKUTEILHBIX PALIO-
HAJILHBIX YUCEI.

Jlemma 3. [l moObIX z,,z, € A yClnoBust z, <z, U

Jz € A z, = z, + z PaBHOCUJIbHBI.

HoxkasarenbctBo. Ilycts z,,z,€ 4 n z,<z.
Torma cyuiecTByloT Takue x,,Xx,,Y,,V, € N, 4TO
R(x;,y1,2) = R(x,,¥,,2,) =1 1 X, <x;y,. B
CHJTy OTIpeleIeHVsI OTHOLICHUS TTOPsIKa ISl HaTy-
paJbHBIX YUCEN, HaillneTcs y e N Takoe, 4TO
Xy, = X,y, +u. Ilo akcuoMe (HyHKIMOHATBHOCTH
(2) Ize AR(u,y,y,,z). Torna us yciouii

R(x\,y,2)) = R(x, 35,1, )5,2,) =
=R(x,y, +u, 1,,,2,) =
= R((x, 0 +u)y,,(W)2),2)) =
=R, (n ) +uy,, ,(1y,),2)) =1

v R(x,,y,,z,)=1crenyer z, = z, + z. (3nech OblIn
KCIIOJIb30BaHbl aKCHMOMa paBeHCTBa apobeir (4), a
TaKKe CBOMCTBa KOMMYTAaTM BHOCTH, aCCOLIMaTUBHOCTH
U JUCTPUOYTUBHOCTU YMHOXEHUSI HaTypaJibHbIX YN -

cen). Ilyctb Temepb mndg HEKOTOPHIX z,,Z,,Z € A
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BBITIOJIHEHO YCIIOBUE z, = z, + z. Torma cyiecTByroT
Xy,Y5,X,Y € N, YIOBIETBODSIOIIMUE YCIOBUIM

R(x,,¥,,2,) =R(x,y,2) = R(x,y +xy,,,¥,2,) = 1.
W mockonbky

X, (1,0) < (5, y +x9,)y, = %, (1,3) +(x0,) 5,

TO TOJy4aeM z, < z,. Jlemma 3 nokaszana.

Teopema 12 (0 TPAH3UTHBHOCTH OTHOLIEHUS MOPSAIKA
HA MHOKECTBE IOJIOKHUTEILHBIX PAIIHOHAILHbIX YMCENT).
Jsecexx,y,z€ Auz X<y uy <z credyem x < z.

HNoxa3zartenbcTBo. Ilyctb X,y,z€ 4 u X<y,
y<z. Torma (mo jsemme 3) CYIIECTBYIOTU,V € A,
TakWe 4YT0 ¥ =X+u, z=y+Vv. OTCIooa BhITEKAET
z=(x+u)+v=x+(u+v) (Bcuiy acCOUUaTUBHO-
CTU CJI0XeHus), T.e. x < z. Teopema 12 noxasaHa.

JlanbHelilee pa3BUTHE TEOPUH TMTOJTOXUTETbHBIX pa-

LIMOHAJIBHBIX YMCEJI BRIXOMUT 38 PAMKU TEOPUM NHTE-
JIEKTa ¥ TI09TOMY 3[€Ch HE paCCMaTPUBAETCSL.

2. IIpon3BoJIbHbIE PAIIMOHAIbHBIE YHCIIA

HYCTI) 3aJaHO MHOXKECTBO 4 IOJIOXMUTEIIbHBIX pallu-
OHaJIbHbIX YU CEJT, IJI KOTOPBIX OITPEACICHDBI OIICpaln
CJIOKCHUA 1 YMHOKCHMN . Ol'[pC,I[CJ'[I/IM MHOXECTBO B

BCEX payuoHanbHbiX vucen v npenukar 7' (x, y,z) Ha

Ax Ax B, Ha3bIBaeMblil ghopmuposamenem pauyuo-
HAAbHBIX Hiicen, KOTOPBIN CBSI3BIBAET pallMOHAIBHOE
YUCJIO z C3aJalOlIMM €TO ITOJIOXUTEIbHBIMU palli-
OHAJIbHBIMU YMCIAMU X U ) , CTICAYIOLUNMU aKCHUO-

MaMHu:
BKJTIOUCHUST:
Vx,y,z€ A,
Ve B(y+z=xAT(x,y,z2")Dz'=2"); )
(YHKIMOHATIBHOCTH:
Vx,ye AAze BT(x,y,z); (8)
CIOPBEKTUBHOCTH:
VzeBax,ye AT(x,y,z); ©)]
PaBeHCTBa Pa3HOCTeIA:

vx,x',v,y'€e A(FZzezT(x,y,2) A
AT(X',y',2))~x+y'=x"+y). (10)
Jemma 4. 1ns mo6bix Vx,y,z € A ycnosue X =)
PaBHOCHJIBHO X+ 2z =) +2z, a X <) paBHOCUJIbHO
X+z<y+z

JokazaTenbcTBO. LI IPOU3BOIBHBIX X, y € A
BBIMIOJIHEHO B TOYHOCTUM OJHO M3 YCIOBUN X =
(a),x<y (0), y<Xx (B). B cnyuae (a), oueBUIHO,
UMeeM IS IIOObIX 7z ¢ 4 X+2z = y+z. Eciu BbI-
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IMOJIHEHO yciioBue (0), TO O JieMMe 3 CYLIeCTBYeT
ue A, Takoe qTO y=x+u. Tornma
v+z=(x+u)+z=(x+z)+u npumaodom z c 4
1, CHOBA MICTIOJTB3YST IEMMY 3, TToJTyJaeM X + z < y + Z.
AHaJI0OTMYHO, B cTy4yae (B) UMeeM ISl IIPOU3BOJIBHOIO
ze A y+z<x+z. IlockoabKy nepeuyucieHbl Bce
BO3MOXHBIE CITy4ald ¥ OHM B3aMMHO MCKITIOYAIOT APYT
Ipyra, T0Ka3aTeIbCTBO JIEMMBI 4 3aBepIIEHO.

Teopema 13 (0 cymecTBOBaHMM MHOXKECTBA PaIHoO-
HAJIbHBIX YK ces U ux popmuposarens). Cywecmeyrom
muoxcecmeo B u npeduxam T na Ax Ax B, yoos-
NemeopaulUe AKCUOMAM PAUUOHANLHBIX YUCeA.

HOoxkasatenbcTBO. OmpenenrM Ha MHOXECTBE
M = Ax A npenukar E yciloBUeEM

v(xlayl)a(xzayz) EM ’
E((x,),(x,, 3,)) ~ (X, +y, =X, + »,).

DTOT mpeauKaT, O4eBUAHO, 00JagaeT CBOMCTBAMU
peIeKCUBHOCTY U CUMMETpUYHOCTH. [TokaxkeM, 4To
OH TpaH3uTuBeH. [1ycTh

E((xl’yl)a(xwyz)):E((xzayz)a(x3ay3)):1

IJS. HEKOTOPBIX X, V,,X,,V,,X;, V3 € A. Torma
X +y,=x,+y, X, tY; =X;t), U INOITOMY

(X, + 1)+ (x5, + y3) =(x, + )+ (x5 + 3,),

(x,+y)+ (x5, + ) = (x5 +y)+(x, +3,).
Ucnone3ys nemmy 4, moimydaeM X, +y, =X, + ),
T.e. E((x, +»,),(x; + »;)) = 1. [Noatomy npenukar E
tpaH3utuBeH. CrenoBarenbHO, £ — 3KBHMBaJCHT-
HOCTb, ¥ MHOXeCTBO M pa3buBaeTcs Ha CMEXHbBIE
KJIACChI TaK, 4T0 (X, + ;) U (X, + y,) TPUHALIEXAT
OHOMY KJIacCy TOraa M TOJBKO TOT/Aa, KOrma
X, + ¥, = X, + y,. Bkaxnom kiacce umeeTcsi, IpUTOM
eIUHCTBEeHHBII, anmemeHT (x,1), tme x>1, nubo
(1,y), roe x>1. [eiicTBUTeNbHO, €clIuM B Tape
(x,,3,) X, > y,, TO IO leMMe 3 CYILECTBYET Z € A,
Takoi uro x, = y, +z. Torma

x+l=(y+2)+1=(z+D)+y,

T.e. BBIIONHEHO ycnoue E((x;,,),(z+11))=1, a
sHaunT E((x,,,),(x,1))=1,tme x=z+1>1. Ana-
JIOTUYHO, €CIM BIape (X, y,) J, > X;, TO CYLIECTBYET
yved, y>1, rtakoit uto E((x,,y,),(1,xy))=1.
Ecimxe x, = y, TO, O4EBUIHO, BBITIOJHEHO YCIIOBUE
E((x, ), (L) =1. B enynac E((x,1), (1, 1) =1,
rme x=1, y>1, nonmysaem x+y=1+1. Torma
x=y=1, unaue 160 x>1, 60 y>1, AM6O
BepHBI 00a HEPABEHCTBA, U B IIOOOM 13 3TUX CIy4aeB
cymectByeT u € A, Takoe yto x+y = (1+1)+u, a
3HayuT (mo naemme 3) x+y>1+1. Ecam
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E((xD,(x",D)=1 (uma E((L,»),(1,)")=1), 1o
x+1=1+ x' (coorBercTBeHHO y +1=1+ "), OTKY-
na (o nemme 4) oaydaeM x = X' (COOTBETCTBEHHO
y ="). Chopmupyem terepb MHOXEeCTBO B , BBIOH-
past M3 KaxIOro Kjacca 3KBUBAJIEHTHOCTU TaKOIO
npencrasutens (X, y), utoamnbo x >1u y =1, 6o
x=1wu y>1. Dnementsl MHOXecTBa B Buna (x,l),
e x > 1, 6yneM OTOKIeCTBIISITh C 9lIEMEHTaMU Z € A,
TAKUMM 4TO X = 1+ z. (€IMHCTBEHHOCTb TAKOTO ITPEJI-
cTaBjieHUs BbITeKaeT u3 JeMMbl 4). [Tpenukar T Ha
Ax Ax B onpenenum yciosuem

Vx,yeA VzeB,

T(x,y,z)~(Vx',y'eAdz=(x",y")D
X+ y'=x"+y).

IIpoBepum, uto MHOXeCTBO B u nipegukar I yaoB-
JIETBOPSIIOT BCEM aKCMOMaM PaLlMOHAIbHBIX uMcelt. 1)
[Myctb st HEKOTOPBIX X, V,z€ A y+z=x. Jna
moboro z'e B, z'=(x',y") ycnosue T'(x,y,z') =1
O3Hayaer, yTto x + y'= x'+y, Torna

(y+2)+y'=x"ry,
((z+D)+y)+y="+D+y, (z+1)+y'=x"+1,
Te. E((z+1),]),(x",y") =1, z'=z (rak Kaxk aie-
MeHT (z+1,1) € B oroxnectsasercs ¢ z ). 2) na
MOOBIX X, y € A CYLECTBYeT eIMHCTBEHHBII z € B,
z=(x",y"), takoit uro E((x,y),z)=1. Torma
X+ y'=x+y u, no onpeneneHuto npeaukara 7,
T(x,y,z)=1. 3) [ns moboro z e B CylIeCTBYIOT
X,y € A, Takue yto z =(x, ). Torma, B cuny oye-
BUIHOTO paBeHCTBA X+y=Xx+), uUMeeM
T(x,y,z)=1.4)dnsa npousBonbHbIX X, X', y, V'€ A
ycaoBUe X + y'= x'+) 03HauyaeT, yTo mapsl (X, y) U
(x',y') mpuHamIexkaT ofHOMY CMeXHOMY Kitaccy. Ho
Y KKIOT0 TAKOT'O KJIACca eCTh CBOIA MPEeICTaBUTEIb BO
MHOXecTBe B, T.e. CyIIeCTBYeT Takoi z € B, 4TO
T(x,y,z)=T(x',y',z) =1. Teopema 13 noka3zaHa.
Teopema 14 (0 BKIIOYEHMM TOJIOXKHUTEIbHBIX PAIMO-
HAJIBHBIX YHCeJI B PAHOHANBHBIE). Bce noaoscumens-

Hble paAuUOHANIbHbIE YUCAA ABAAIOMCA maKce pauuo-
HA/IbHbIMU.

TeopeMa O3Ha4yacT, YTO MHOXKECTBO palilMOHAJIbHBIX
YUCCII ABIACTCA paCIIMPEHUEM MHOXKECTBA ITOJIOXKHN -
TCJIbHBIX pallMOHAJIbHBIX YHUCECJI, T.C. YTO A - B.

JloxazatenbcTBO. BbiOepeM Mpou3BoIbHO ),z € A
u nyctb y+z=x, tme x <€ A. Ilo akcuome (8)
CYLLIECTBYET, IPUTOM €IMHCTBEHHBIN, 3JIEMEHT z'€ B,
takoituto 7'(x, y,z'). Hotorxa, Bcuny (7), momyaum
z=2z', 1.e. z€ B. Teopema 14 nokazaHa.
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Teopema 15 (00 H30MOpPGHOCTH MHOKECTB PAIMOHATb-
HbIX uncen). [Tycmb A - MHONCECMBO NOAOHCUMENbHBIX
PAUUOHANLHBIX Hucen, a MHoJcecmea B, B’ u npeduxamot
T,T" na AXxAxB u AxAxB' yoosremeopsarom
akcuomam (7)-(10).
¢: B — B', makaaumo onanobvix x,y € A uzeB
T(x,y,2)=T"(x,»,9(2)).

HoxkazatenbcTBO. B cuny akcuomsl (8), 115 110ObIX
x,ye€A (zeB T(x,y,z2))A(QZ'eB' T(x,y,2")).

PaccmoTpuM crenyioliiee otHoleHne @ Ha B x B':
VzeB Vz'e B,

(D(z,2")~(Fx,ye AT(x,y,2) AT"(x,y,2"))).

@ mnopoxpaer 6uekumio ¢ : B — B'. Beuny (9), st
MOBOr0 7 ¢ B CYLIECTBYIOT Takue X,y € A, 4TO
T(x,y,z). Ilo akcuome (8) Jz'e B' T'(x,y,z').
[Mostomy @D(z,z') =1. [okaxeM, 4TO MOCIETHEMY
PaBEHCTBY YIOBIETBOPAET EIMHCTBEHHBIN z'€ B' (ipn
¢dukcupoBanHoM Vz € B). IlpeamnonoxumM, 4ro
z"e B' u @(z,z") =1. Torna, cornacHo onpenene-
HUIO OTHOLIIEHUST

@, y'ed (T(x',y',2)AT(x',)',2")).
Bcunyakenomst (10),u3 (T (x, y,z) =T(x',y',z) =1.

caenyet x+ )'=x'+y. Toraa, no Toi e akcuome,
cyuiectByer z'''e B', Takoii 4To

(T'(x,3,2") = T'(, ', 2") =1,
Hcnonb3ys akcuomy (8), moiydaem z'''=z''=z'.
[Mostomy Vze B 3z'e B' d(z,z'"). AHalOTM4HO,

Vz'eB' 3ze€e B @(z,z").
[MooTOMYy OTHOILIEHUE (H OIpPENeaseT OMEKIIUIO

¢@:B— B', npu atom T(x,y,z)=T"(x,y,0(z))
Wi o0bIX X, y € A u z € B. Teopema 15 noka3saHa.

Toeda cywecmeyem oOuexyus

IepexomM K OITpeIeIEHIIO CIIOXKEHUS M YMHOXEHUST
paloHanbHBIX yKcel. [1ycTh 3a1aHO MHOXECTBO 4
MOJIOXKUTEIbHBIX PALMOHAIbHBIX YKCET ¥ OTIEPALII
CJIOXKEHMS M yMHOXeHUs Ha HeM. ITycTh, KpoMe Toro,
MHOXeCTBO B nnipenukar 7 Ha AX AX B ymosier-
BopstioT ycnoBusiM (7)-(10). INpennkar SHa Bx Bx B
HA3BLIBACTCS NPeOUKAMOM CAONCCHUS PAUUOHANBHI HLCeN,

eci ISl MOObIX Z,,2,,Z € B
S(ZpZzaZ)N(vxnxzaylayz eAT(xl,yl,zl)/\ 6
AT (X, ¥y,2,) DT (X, + X0, ¥, + ¥5,2)). (6)

IIpu BeIMONHEHUM ycioBust (6') Oymzem mucarh
Z,+2z, =z. lpenukar P Ha Bx BX B HasbiBaetca
npeouKamom YMHONCEHUS PAYUOHAAbHBIX HUCen, €CITU
i modbIX z,,z,,z € B
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P(z,,2,,2) ~(Vx,, %), , ¥, € AT (X}, y,,2,) A

7'
~T(xy,95,2,) DT (X%, + 1,35, %Y, + 11X, 2)). (7"

ITpu BbinOTHEHM M yeoBys (7) OyneM mucathb z,z, = z.

Teopema 16 (0 pyHKIMOHATLHOCTH NPEIUKATOB CJIOKe-
HMSI H YMHOKEHHSI DAIIMOHAIBHBIX unce). [Ipeduxamot
S u P na Bx Bx B ¢yukuyuonanvhui, m.e. ydoeaem-
BOPAIOM YCAOBUSM.

Vz,,z,€e B3ze B S(z,,z,,2);
Vz,z,€e BAze B P(z,,z,,2). 9)
JlokazaTtenbcTBO. BriOepeM HOpPOM3BOJIBHO
z,,Z, € B MIyCTh I HEKOTOPBIX X,,X,,V;,V, € A

T(x,,y,,2)=T(x,,y,,2z,)=1 (a). Ilo akcuome
(GYHKIMOHATBHOCTH (8)

8)

JzeB T(x,+x,,y,+,,2) (0).

ITokaxeMm, 4To z He 3aBUCHUT OT BBIOODPA X, X,, V), V,,
a 3aBMCUT TOJIBKO OT Z;,Z,. IlycTb JUId HEKOTOPBIX

X%\ nh'ed,
T(x' ., »',z2)=T(x,",»,',2z,)=1 (8).
Torpa u3 akcMombl paBeHcTBa pasHocteit (10) u (a)
caenyet x, +y,'=x,'+y, X, +y,'=x,'t+y,, T.e.
(x +x,)+ (O '+0,") = (x,"+x,") + (y, +y,) (Benay
KOMMYTaTUBHOCTA M aCCOLMATUBHOCTU CJIOKEHMS

MOJIOXUTEJbHBIX pallMOHAIbHBIX yrces). CHoBa uc-
nonb3ys akcruoMsbl (8) u (10), monydaem

1 1 1 " j—
T(x+x,' 0"+, ) =T(x, +x,, ¥, + y,,2) =1.
Cyuetom (a), (0), (B), mocaeaHee paBeHCTBO O3HAYAET,
4TO M0 33JIaHHBIM Z,,Z, € B 2JIEMEHT 7 ¢ B, YIOB-
JIETBOPSIIOLLINIA YCIOBUIO (0), OIIpenessieTCs OMHO3HAY -
HO, HE3aBUCMMO OT BbIOOpA X,,X,,),,V,, U 4YTO
S(z,,z,,z) =1. OyHKUMOHAILHOCTb PEAMKATA CJIO-

XKeHud § gokaszaHa.

JloxasbiBaeM (PYHKIIMOHATBHOCTb NpearKaTa YMHO-
xeHus P . Ilokaxem, 4To st MOOBIX Z,,z, € B
CYLLECTBYET, IPUTOM €IMHCTBEHHbIN, z € B, TAKOI
qTO JUIS JIIOOBIX X,,X,,Y,,V, € 4

T(x, y,2) AT(Xy,95,2,) D

O T((x,x, + 11,), (x,x, + ¥,X,), 2).
IIpenmnonoxum, 4To
T(‘xlﬂylﬂzl)/\T(x29y2322)/\T(‘xllﬂyl'ﬂzl):1 (r)’

T(x,x) + 3135, %Y, + 11Xy, 2) =1 (),

T(x,"%,+ 0" 9%y, +3,'%,),2") =1 (X).

IMokaxem, uto Torma z'=z. M3 (r) cruemyer
X, +y,/'=x"+y. Torna (x,+y,")x, =(x,"+y,)x,,
(x, + ")y, =(x,'+¥,)y,. CnanpiBas COOTBETCTBEH-
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HO IIpaBbIC€ U JICBBIC YaCTU IMOCICAHUX IBYX paBEHCTB,
noJrygyacMm

(X, + )+ ('Y, +y'x,) =
=, X))+ ("X, + 3" y,).

YuuteiBast (a), (x), OyaeM HUMETb z — 7' (B CUIY
akcuomsl (10)). Otcioga cienyer, 4To eciau

T(x, 31,207 (%5, 5,2,) A

AT (X%, + 1, V25 %Y, + 11%,,2) =1,
TO z HE 3aBUCUT OT BbIOOpa mapml x,,y, € A, a
3aBUCUT TOJIBKO OT z, (IpU (PUKCUPOBAHHBIX
Z,,X,,Y, ). AHAJIOTUYHO, z HE 3aBUCHUT OT BbIOOpA
napel Xx,,y, € A, a TOJIBKO OTz,. YTBEpXIEHHE,
chopMyTMpoBaHHOE B HAYAJIe TOKA3aTeIbCTBA, BEPHO.
A M3 3TOTO YTBEPXAECHUS, B CBOIO OYEPEb, CIACAYET
CITPABEUTUBOCTD TEOPEMBI, T.€. JUISTIO0BIX Z,,z, € B
CYIIECTBYEeT EOMHCTBEHHBIN z € B, Takoi 4YTO
P(z,,z,,z) =1. DTOTON€MEHT Z € B, onpenensercs
yenosueM T((x,x, + y,1,), (X, + ¥,X,),z) =1, tae
X;,Xy, ¥, V, € A - MoObIe, YIOBIETBOPSIOLINE pa-
BeHctBy 7'(x,, v,,z,)AT(x,,y,,z,) =1. Teopema 16
JOKa3aHa.

Ipw BemMoHeHUK yeroBuiA (6 ) v (7 ) OymeM micaTh,
COOTBETCTBEHHO, Z =z, + 2, WIH Z = Z,Z,.

Teopema 17 (00 acCONMATHBHOCTH CJIOKEHHS PAIHO-
HAJIbHBIX Yncen). /15 écex

2,2,,2,€ B (z,+z,)+z; =z, +(z,+z;) (a).

JlokasatenbcTBO. g moObX z,z,,z,€B n
X5 X5, X5, V), Vs, V3 € A 13 ycnoBus

T(xlﬁylﬂzl)/\T(x25y2922)/\T(x37y3ﬂz3)
" onpeneneHud (6 ) BBITeKaeT

T(x,+X,, Y+ 35,2, +2,) A
AT(Xy+X3, V) + V3,2, +23) A
AT((x +x,) + X5,V +0,) + 35,(2, +2,) + 25) A
AT+ (x5 +X3), 0+ (0, + 33), 2 (2, + 23)).

B CHIYy aCCOLIMAaTUBHOCTHU CJIOKCHMU ITOJIO2KUTEIIbHBIX
pavMOHAJIbHBIX UM CEJT, UMCEM

(X, +x,) + x5 =x, +(x, +x3),

W +1)+ys =0+, +y3).

Torna, ucrnonb3yst akcuomy QYHKIIMOHATIBLHOCTH (8),
nojyuaem (a). Teopema 17 nokazaHa.

Teopema 18 (0 KOMMYTATHBHOCTH CJIOXKEHHS PaIHoO-

HabHbIX wncen). Aiaecex z,,z, € B z, +z, =z, + z,.
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Jloka3zaTenabcTBO. JIs1 MIOOBIX

7,2, €B,x,%,, 5,1, €4

usycnosust T'(x,,y,,2z,) AT (x,,¥,,2,) uonpenene-
HUs (6) mosydaeM

T(x, +Xy, Y, + V5,2, +2,) A

AT (x,+x,y,+Y,,2, +2,).

OTCIOILa, HCIOJIb3yAd KOMMYTATUBHOCTL CJIOXCHMUA
IOJIOKUTECJIbHBIX pallMOHAJIbHBIX YMCCJI U1 aKCHMOMY

(GYHKUMOHABLHOCTH (8), BBIBOIUM Z, + z, = Z, + Z,.
Teopema 18 mokazaHa.

Teopema 19 (00 accOMMATHBHOCTH YMHOKEHHS PAIH-
OHAJBHBIX uncen). s 6cex z,,2,,2, € B

(212,)z; = 2,(2,25) (a).

HNokasatenbcTBo. [as m00bIX Z,,Z,,Z; €B u
X, X5,X5, V), Vs, V3 € A 13 ycnoBust

T(xlﬂylﬂzl)/\T(x27y2722)/\T(x35y37Z3)

u onpeaeneHus (7 ) BRITEKaeT

T(xx, + 1115, XV, + VX, 21Z,) A
AT (X)X5 4 Y, 5, X, V3 + Vo X3, Z2,23) A
AT (%%, + 2,3,)%; + (X9, + 11X,) V5,

(%, + 1,3,) V5 + (X0, + 11X,)x;,
(212,)23) AT (X, (5 + 1, 3) + 11 (X, 05 + 1,X3),
X, (0,05 + Y,%3) + 1, (0% + 1,3),2,(2,25))-

B cuity accoumaTuBHOCTH M AIUCTPUOYTUBHOCTH YMHO-

KEHUA U CIIO2KCHUA ITOJIOKNUTCIIBbHBIX pall1OHAaJIbHBIX
YUCEII, IIOJIydJacM

(X6, + 013202 + (0, + 11X%,)ys =
=2, (%25 + 1,035) + 1 (%,05 + 1, X3),
(X%, + 11V2) Y3 + (XY, + 11%,)x; =
=X, (X, 05 + 1,X3) + 1, (X5 + 1, x3).

YuutbeiBas akcuoMy (PyHKIMOHAIBHOCTH (8), TToTyya-
eM (a). Teopema 19 nokasaHa.

Teopema 20 (0 KOMMYTATHBHOCTH YMHOKEHHS PAIHO-
HANbHBIX yHcen). /[ia 6cex z,,2, € B z,z, = z,z,.

HoxaszatenbctBo. [na mobbix z,z,€B n
X, Xy, Y, Y, € A M3 ycloBus

u ontpenesieHus (7 ') moydaeM
T(x,%) + Y172, XX, + 11V, 21Z5) A
AT (%, + Y, V1, XX + Y, V1, 2,2)).
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I/ICHOJ'IBSYH KOMMYTATUBHOCTD CJIOKCHUA 1 YMHOXKE-
HUA ITOJTOXKUTEIbHBIX pAIMOHAJIbHBIX YUCEJI 1 aKCHUO-

My (QYHKIMOHaAJbHOCTU (8), BBIBOAUM OTCIOJA
z,z, = z,z,. Teopema 20 mokasaHa.

Teopema 21 (0 AMCTPUOYTHBHOCTH YMHOXKEHHSI paniu-
OHAJILHBIX YHCEJI OTHOCUTEJILHO CJIOXKeHus ). /15 6cex
Z,,2,,2, €B (z,4+2,)zy = 2,2, + 2,2, (a).
HokasatenbcTBo. [usg mobbX z,,z,,z;,€B n
X, Xy, X5, V), Yy, V3 € A U3 ycnoBus

T(x,,0,2) AT (X5, ¥5,2,) AT (%3, 5, 23)
n onpenenennii (6, (7') cnemyer

T((x; +x,)x5 (1 +3,) 5, (6, + )y +
+(V F x5, (2, +2,)2) AT (X205 + 3, y5) +
+ (X, T 1, 03), (15 Ty, x5) +

+ (X035t 3,X%3), 2,23 + 2,23).

MCHOJ’[LSYH KOMMYTaTUBHOCTb, aCCOLIMAaTUBHOCTL 1
ILI/ICTpI/I6YTI/IBHOCTL YMHOXKCHUA U CTOKCHUA IMTOJTOKHN -
TCJIBbHbIX pallMOHAJIbHBIX YU CECJI, ITOJIydacM

(x5 Tx)xs + (0 + 0,y =
= (x5 F Y 33) (0,05 + ,5),

(5 Tx )y + (O +3,)x; =
= ()5 T X)) (5,05 1,x3).

ITpumeHsiss akcuoMy QYHKIIMOHATBHOCTH (8), BBIBO-
IuM otcrona ycsobue (a). Teopema 21 nokaszaHa.
OnpeaesisieM IOPsIIOK Ha MHOXECTBE PAllMOHAIbHBIX
yricelr. ITycTh 3a0aH0 MHOXECTBO A TIOIOXUTETBHBIX
paloOHAIBHBIX YMCENT, A MHOXECTBO B M Iipenukar 7’
Ha AXx AxB ynosnersopsior akcuomam (7)-(10).
Ilpeduxam nopsadxa H(x,y) Ha B x B ,coOTBeTCTBY-
IOLUUI omHouwenuro nopsaoka X < ), BBOIUM MPSIMBIM
OTIpeIe/ICHUEM:

Vz,,z, € B(H(z,2z,) ~(Vx,,x,,),,y, € 4,

11
T(x, y,2) AT (x5, ¥,,2,) DX +X, <X, +y1))-( )

J171s1 joKa3aTebCTBa KOPPEKTHOCTU 3TOTO OTpesIese-
HYSI TOHAI00UTCSI ey IoIast

Teopema 22 (0 CPAaBHUIMOCTH PANOHAJIBHBIX YHCET).
s aobbix z,,z, € B 6bin0AHEHO 6 MOYHOCMU 00OHO U3
yeaosui z, =z,, H(z,,z,)=1, H(z,,z,)=1.

JJoka3aTenbCcTBO. BpiOepeM IpOU3BOJIBHO
z,,z, € B. Torma cywecTByoT x,,X,,),,y, €4,
takue uto 7(x,,y,,z,)=T1(x,,y,,z,)=1. Ilo Teo-
peMe 0 CPAaBHUMOCTH MOJIOXKUTEbHbIX pallMOHATbHBIX
gucen aubo x, +y,=x,+y (a), maubo
X +y,<x,+y (0), mbox,+y, <x,+y, (B).
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IIycTh, HanpuMep, BeITONIHEHO ycaoBue (0). IToka-
xeM, uro Torna H(z,,z,) =1 (0OY€BUIHO, YTO BO3-
MOXHOCTU z, =z, U H(z,,z,)=1 WCKIIOYEHDI).
Mycrs  x,'.x,',»',y,'ed — mtakue, 4TO
1 1 — 1 ' j—
T(x" »"z)=T(x,",,",2,) =1. Tormamno akcuo-
Me paBeHcTBa pasHocteii (10) x, +y,'=x,+y, (D u
X, +y,'=x,"+y,. U3 nemmbr 3 u ycnosuit (6), (1)
OJIy4aeM

(5, + 3,)+ (x5 +p) < (x, ) +(x +3,).
HOJILSYHCI) CBOICTBaMH1 KOMMYTAaTUBHOCTU U aCCOLI M-

ATUBHOCTU CJIOXCHMUA IMOJTOXKHNTCIbHBIX pallMOHaIb-
HbIX YUCEJI, UMEEM

(x,+y,)+(x + 1) <+ 3,)+(x, + p).
CHoBa HCIIONB3ysS JeMMy 3, MojJydaeM
x,"+y, <x, +y,". Ilpononkas aHAIOTUIHO, IPUXO-
IUM K yCIIOBHIO X, '+Y,'< X, '+),". DTO 03HAYaeT, 4TO
H(z,,z,) =1.Bcnyuae (B) 101006HOE pacCMOTPEHME
NPUBOIWT K BbiBONY H (z,,2,) =1. Ecan xe Bbinmon-
HEHO ycJIoBUE (a), TO, II0 aKCMOME PaBeHCTBa Pa3HO-
creit (10), 3z e B T(x,,,,2)=T(x,,y,,z)=1 n
TOrga, B CWJIYy aKCMOMBI (DyHKIIMOHaJIbHOCTH (8),
nonyyaem z, = z, = z. Teopema 22 jjokaszaHa.

Jemma 5. 1na mo6six x,ye A T(x+y,y,x)=1.

HoxkaszaTenbcTBO. CormacHo akcuome (pyHKIIMO-
HAJIBHOCTH (8), JUTSl MPOU3BOJIBHBIX X,y € A cylle-
CTBYeT ;¢ B Takoi, uto T(x+y,y,z)=1. U3
aKCHOMBI BKII0YeHUs (7) 1 KOMMYTAaTUBHOCTH CJIOXKE-
HMSI HOJIOXKUTETbHBIX PALIMOHATbHBIX YK CET ITOTyYaeM
x = z. Jlemma 5 nokazana.

Teopema 23 (0 COOTBETCTBHH ONEpaNMii CJIOKEHN,
YMHOKEHHSI M OTHOIIEHHS TOPAAKA HA MHOXKECTBaX
PANMOHAJILHBIX M OJIOKHUTEIbHBIX PAIMOHAIBHBIX YH-
cen). /s moboix z,,z,,z€ A yeaosus z,+z, =z
(@), z,z, =z (0), z, < z, (B) pasrocunvhol, coomeem-
cmeenno, ycaoeuam  S(z,,z,,z)=1 (a’),
P(z,,z,,z)=1(0), H(z,,z,)=1 (8),20e S,P,H
— NpeouKamvl CAONCEHUS, YMHONCEHUS U NOPAOKA HA
MHOJICECMEE PAUUOHAALHBIX HUCEN.

HoxasarenbcTBo. Ilycts z , z,,z € A.IloTeopeme
7, uMeeM z,,z,,z € B, a U3 JeMMbI 5 TOIy4aeM
T(z,+11,z)=T(z,+Ll,z,)=1 (r). Ecnu Bbmon-
HeHo ycjioBue (a’), To, corjiacHo (r) U ornpeaeaeHUIO0
(6), 6ynem umetb T'((z, +1)+(z, +1),1+1,2) =1,
T((z,+z,)+(1+1),1+1,z) =1. lonaras B 1emMme 5

X=z+z,, ¥y=1+1 nnonesysace akcuomoit pyH-
KIIMOHAILHOCTH (8), 13 ITOCJIe JHETO YCIOBHUS ITOJTyYa-

eMm (a). C yueToM (pyHKILIMOHATLHOCTH MpeanKaTa S

BBIBOAMM OTCIO/Ia pPABHOCUJILHOCTB YCJIOBMIA (a) 1 (a ).
[Ipenmnosoxum Tenepb, 4YTO BLIMOIHEHO ycioBue (6 7).
Torma u3 (r) u ompeneneHuss (7') moiaydaem

145



T((z,+D)(z, +D)+1-1,(z, + DI+1(z, +1),2) =1,
T(zz, +((z, +z,))+ (A +1),(z, +z,) +(1+1),2) =1.

[Monme3ysick temmoii 5 (monmarast B Heil x =z,z,,
y=(z,+z,)+(1+1)) n akcuomoit pyHKuMOHAIb-
HocTH (8), monydaeM (0). YuutsiBas (QyHKIIMOHAIb-
HOCTb NpeauKaTa P , IPUXOAUM K BbIBOJY O PaBHO-
cunbHOCTH yciioBuid (6) u (67). Ilycth, HakoHel,
BBINOIHEHO ycaoBue (B ). Torma us (T) u onpeneaeHust
(11) monyyaem

(z;+D+1<(z, + D)+ 1Lz, +(A+ D) <z, +(1+1),
w (C yyeToM JiemMmbl 4) z, <z,. Orcroma u w3
TEOPEMBI O CPABHUMOCTU PALIMOHATBHBIX UM CEJT BHIBO-

VM paBHOCWJILHOCTB ycioBuii (B) 1 (B ). Teopema 23
JIOKa3aHa.

OnpenensieM YUCIIO HYJb. Hyaem Ha3biBaeTCs 110001
anemeHT (0 € B, Takoil 4ro IS JMOOOTO x e 4
T(x,x,0)=1.

Teopema 24 (0 CymIeCTBOBAHMM M €IHHCTBEHHOCTH
Hynn). Cyuwecmayem eOUHCMBEHHbLI HYb.

Jloka3aTeslbCcTBO. BribepeM MPOU3BOIBHBIA x c 4 .
Torna mo akcuome (8) cyliecTByeT, IPUTOM €AUH-
ctBeHHbIH, anemeHT 0 € B, takoit uto T'(x,x,0).
[Mycte y € A u y # x. CyluecTByeT aJIeMeHT Z € B,
takoit yto T(y,y,z). [lokaxewm, uto 7 =(. [eii-
CTBUTEJIbHO, 13 akcoMbl (10) crieayeT cylecTBOBaHUE
u € B, taxoro uro T(x,x,u)=T(y,y,u)=1, no-
CKOJIbKY X+ ¥ = y+Xx. B cuny akcuomsl (8), aTOT
3JIEMEHT eAUHCTBEHHBIN, T.€. 1 = z = (. Teopema 24
JIOKa3aHa.

Teopema 25 (o cBoiicTBax Hyad). [is 1106020 x ¢ B
1) x+0=x, 2) x0=0.

Hoxa3zatenbcTBO. BeiOEpeM IIPOM3BOILHO x € B U
nycts 1(y,z,x)=1, rme y,zed 1) U3
T(y,,0)=T(y,z,x)=1 creayer

T(y+y,y+z,0+x)=1 (a).

MMockonbky y+(y+z)=(y+y)+z, To, B cuily
akcuombl (10), cymiectByeT x, € B, Takoil uTO
T'(y+y,y+z,x)=T(y,z,x,) =1 (6). Ucnonb3ys
akcuomy (8), monydyaeM x, = x, aus(a) u (0) cneayer
0+ x = x. 2) Ilo onpeneneHuo Mpou3BeAeHUS paliy-
oHanbHbIX yncen, u3 T(y,z,x)=T(y,y,0)=1 cue-
ayet T(yy+zy,yy+zy,x0) =1. Orcrona BbiTeKaeT
x0 = 0. Teopema 25 noxkazaHa.

OmnpenesnsieM MOHATHE TPOTUBOINOJIOXHOIO YuUCa.
YUCII0M, nPOMUBONOA0NCHBIM YACILY X € B , HA3bIBa-
eTCSLTIO00M 9JIEMEHT — . e B ,Takoituro x + (—x) = 0.
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Teopema 26 (0 NPOTHBOMOJIOXKHOM PANHOHAJILHOM
uncae). s 06020 x € B cyuecmeyem eOUHCMBEEHHOE
NPOMUBONOAOICHOE HUCA0 — x € BB .

HoxazaresbCcTBO. BeIOEpeM Mpon3BoIbHO X € B, 1
nycte 7'(y,z,x) =1, tne y,z € A. O6o3HaYMM yepe3
— x Takoii onementus B, uro T(z, y,—x) =1. Torna
BbITIONHsAeTCst yenosue 1'(y +z,z + y,x +(—x)), o1-
Kyza caenyet, 4yto x +(—x)=0. Ecau cyuiectsyer

X, € B, Takoil  uTo x+x, =0, TO
(x+x)+(=x)=0+(-x), (x+(=x))+x, =—x,
x, =—x. OTciona BbITEKAET, 4TO JUTs JTI060T0 X € B

3JIEMEHT — X OIIpEeIeJIeH eIMHCTBEHHBIM 00pa3oM.
Teopewma 26 noka3zaHa.

BBeneHue palliOHaIbHBIX YUCEJT HE COITPOBOXKIATOCH
KOMMEHTAPUSIMU, IIOCKOJIBKY OHO OCYIIECTBIISIOCH 1O
TOW K& METOIUKE, YTO U BBEJAECHME MOIOXUTEIbHBIX
palMOHAIBHBIX YMCeJT. Pasmmdarie CoOCTONT JIMIIbL B TOM,
YTO TeNepb /151 AATbHEHMIIEro pacMpe HISI MHOXKECTBA
YKCel WCIOIb3YETCS HE OIepalis YMHOXEHUs, a
croxeHue. PalimoHaIbHbIE YKCIA ONPEIeNISTIOTCS KaK

3HayeHust pyHKuMu f(Xx,y)=x—y, Te x U J -
MOJIOKMTETbHBIE PAllMOHATbHBIE YKcia. ParmoHasb-
HOE YUCJIO Z = X — ) MOSIBIISIETCS B PE3YJIbTATE pellie-
HUSI ypAaBHEHUSI Y + Z = X WIK, 9TO TO XK€, ypaBHEHUSI
t(x,y,z)=1. Pa3HOCTH ONOXUTETBHBIX PALIIOHATb-
HBIX YMCEJ OTOXAECTBISIOTCS IO MPaBUIY:
X—y=Xx'-y' paBHOCWIBHO X+ )'=x+y. Cinoxe-
HE U YMHOKEHHE PALIMOHATBHBIX YMCEJT ONPEIEIISTIOT-
Csl paBEHCTBAMMU:

(x =)+ (x"=y") = (x+x) = (y+y");

(x =)+ (x"=y") = (ex'+pp") = (p'+ ).
TTopsinoK Ha MHOXECTBE PALIMOHATBHBIX UM CeTT OTpe-
mensieTcsl MpaBWIOM: X— ) < X'—)' DPaBHOCHJIBHO
x+y'<x'+y. Yuciao 0 BBOIUTCA PaBEHCTBOM

0 =x—Xx, OHO He 3aBUCUT OT BbIOOpa x ¢ 4. Bce
pallMOHAJIbHBIE YUCIIa TMHEIHO YIIOPSIIOYEHEL.

Hanee moHago0SITCS CIeayIOIIE TIEMMBL.

Jlemma 6. [17151 MOOBIX z,,z, € B ycnoBus z, <z, U
dz € A z, = z, + z PaBHOCHJIbHBI.

HoxkasarenbctBo. Ilycts z,z, e B n z,<z.
Torma cylecTByloT Takue Xx,y;,X,,V, € A, 4TO
T(x,y1,%) =T(xy, 95, %,) =11 X, +y, <x; + p,.
Mo nemme 3 cymecTByeT xe€ A, Takoil 4YTO
X, + ¥, =(x, +,)+ z, WIn, BCUIly KOMMYTaTUBHO-
CTU U aCCOLIMATUBHOCTHU CJIOXKEHUS IIOJOXUTEIbHBIX
palUMOHAaJbHBIX  YMCEJ U  JeMMH 4,
x, +(y, +1) =(x, +(z +1)) + y,. Tormausakcuomsl
PaBEHCTBA Pa3HOCTEH CllenyeT

T(x,+(z+D),y,+L,z)=T(x,y,,2,) =1,
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a nockoneky T1'(x,,y,,x,)=T(z+1LlLz)=1, 1O
z, = z, + z. TlycTbTenepsb 1Is HEKOTOPLIX z,,Z, € B,
z € A BbITIOJIHEHO YCIIOBKE z, = z, + z. Torna cyuue-
CTBYIOT X, };,X,,Y, € A Takue, 410

T(xlaylﬂxl):T(xpyzaxz):
=T(z+11,2)=T(x, +(z+1),y,+1,z)=1.

Hcnonb3yst akcCMOMY paBEHCTBaA PA3HOCTEM U JIeMMY 3,
TTOJTy4aeM OTCIoNIa

x +(y, +1) =(x, +(z+1)) + y,,
Xty =+ y)tzx,+y <x+y,,

T.C. z, < Z. Jlemma 6 JOKa3aHa.

Teopema 27 (0 TPAH3UTHBHOCTH OTHOIIEHHS MOPAIKA
HA MHOXKECTBE PANHOHAJBLHBIX umMced). /Jl1a eécex
X,y,z€B u3 x<y,y<z credyem x < z.

HoxasatensbcTtBo. Ilycts x,y,z€B u
x <y,y <z Torna, o jemme 6, CylIIeCTBYIOT TaKKe
u,ve A, uro y=x+u, z=y+v. Orcioga u u3s
TeopeMbI 00 ACCOITMATUBHOCTH CITOXXEHUSI PAlliOHATb-
HBIX yucen ciepyer z=(x+u)+v=x+(u+v).
CHOBa UCTIONL3YS IeMMY 6, TIoJTy4aeM x < z. Teopema
27 noka3aHa.

OTHOLLIEHUE Hecmpo202o nopA0Ka AJisl palliOHATbHbBIX
YKCeI OIpeieIsIeM YCIIOBUEM:

Vx,ye B(x<y)~((x<y)v(x=y)).
Teopema 28 (00 ynopsa104€eHHOCTH MHOKECTBA paliu-
OHAJILHBIX YKCeN). MHOJICECMB0 pAUUOHANBHBIX YUCEA C
OnpedeneHHbIM HA HeM OMHOUEHUEM HECIMPO2020 NOPS0-
Ka A6/5emcs Yenvio.

Hoxa3zatenbcTBO. OTHOLIEHNE HECTPOTOTO IOPSIA-
Ka peIEKCUBHO, TaK KaK JUISl IIOOOT0 x € B UMEEM
X =X, a3HauuT x < x. Jloka3piBaeM aHTUCUMMeET-
pPUYHOCTB 3TOr0 oTHOLIEHU. [1ycTh X, y € B mongHo-
BPEMEHHO X < ),V < X, T.€. BBIITOJIHEHBI YCIOBUS
(x<y)v(x=yp)u (y<x)Vv(y=x). U3teopembl
0 CPaBHUMOCTH PallMOHAIBHBIX YUCEN CIeIYEeT, YTO
TaKOe BO3MOXHO JIUIIb B ciydae X = ). [loatomy
HECTPOTrMI MOPSAOK 00J1aaeT CBONCTBOM aHTUCHM-
MeTprIHOCTH. CBOMCTBO TPAH3UTUBHOCTH HECTPOTOTO
MOpsIIKa BBIBOAWTCS M3 TIPEObIIYIIEH TEOPEeMBI C
y4eToM TOro, 4To [Uisl JIo0bIX X, Y,z € B yciosue
(x<y)A(y=z) wmm (x=y)A(y<z) BIeYeT
x <z, aycnosue (x=y)A(y=z) Breder x =z,
Hakonen, n1s1 mo0bIX X, y< BBcernammbo X = ), 1u0o
x<y, mmoo Y <X (mo TeopeMe O CPaBHUMOCTU
pallMOHAaNbHBIX YHCEN), IMMOBTOMY YyCJIOBUE
(x £ y) Vv (x £ y) BemonHeHo. Teopema 28 nokasaHa.
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Jdemma 7. {nsicex z€B lz=z u-(-1)z=-=z.

JlokasaTtesbcTBO. 11100010 z € A CyIIECTBYIOT
x,y € N, takue uto R(x,y,z)=1. Torma, B cuny
yenoBusi R(1,1,1) =1 u onpeneneHus: yMHOXeHWUS,
nonyyaem R(l1x,1y,1z) =1, R(x,y,1z)=1. 1o akcu-
oMe (2), oTcrogaumeeM |z = z. [lyctbTeneps z € B,
x,yeA n T(x,y,z)=1. Torma, B cuiy ycnoBust
T(1+1,1,1) =1 n onpeneneHunss yMHOXEHUsI, ITOJTyYa-
eM T((1+1)x+1y,(1+1)y+1x,1z) =1. Ucnonb3ys
PaBEHCTBO

x+((1+D)y+x)=1+Dx+
+(1+D)y=(A+Dx+1y)+y,

aKCHOMBI (DYHKIIMOHAILHOCTH (8) ¥ paBeHCTBA pa3HO-
creit (10), momydyaem z =1z, Jloka3piBaeM BTOPYIO
yacTh JeMMBbl. a1 n11060ro < B uMeeM
z+(-1)z=(1+(-1)z =0z =0. [ToTeopeme o po-
THUBOITIOJI0KHOM PallMOHAIBHOM YU CJIe, TOy4aeM OT-
ciona (—1)z = —z. Jlemma 7 nokazana.

Jemma 8. AnsaBcex z € B ycnoBus z >0 (a), ze 4
(6)u (—z) < 0 (B) paBHOCMIIBbHBL. TakKe paBHOCHITb-
HBI yenoBust z < () () u (—=z)>0 (n).

JdoxasareabcTBO. B cuny memmer 6, yciosue (a)
paBHOCWJIBHO ycnoBuio Jz'c 4 z=0+2z2', z=72"
IToatomy (a) u (6) paBHOCUIBHEL C Ipyroi CTOPOHEI,
I10 JieMMe 6, YC10BYeE (B) BHITOIHSIETCS TOIA U TOJILKO
TorAa, KOrma CYIIEeCTBYeT "< 4, TaKOl 4TO
(—2)+z"=0, t.e. z"=—(—z) =z uBepHo (a). lo-
Ka3bIBa€M PaBHOCWILHOCTD ycinoBuii (1) u (m). s
mob6oro z € B umeem z +(—z) =0, 1.e. z <0 Torma
M TOJIBKO TOT/A, Korna — Z € A (B CHJIy JIeMMBI 6), T.€.
Koraa — z > (). Jlemma 8 nokasana.

OnpenensieM MOHATUE 0OpaTHOro uucia. Yuciaom,

obpamubim uucny z € B, z # 0, Ha3pIBaeTcs 1I000M
_ ., -1

aeMeHT z ' € B, Takoit uto zz~ =1.

Teopema 29 (00 06paTHOM palMOHAJILHOM YHcae). /15
06020 ¢ B, z#(0 cywecmeyem, npumom eOuH-
cmeenHoe, 0bpamuoe 4uco.

Hoka3zaTenbCcTBO. PaccMoTpuM cHavaja ciydait
z € A. Iloakcuome (3), cyuiecTBytor x, y € N, Takue
uyto R(x,y,z)=1. B cuny akcuomsl (2) Haiinercs
Takoii z, € 4, uro R(y,x,z,)=1. Tornaus yciosuit
R(xy,yx,zz)) = R(xy,xy,zz,)=1, (xy)l=xy nu
akcrombl BKtoueHu (1) Oynem umets zz, = 1. Ipen-
HOJIOXKUM, CYILECTBYET TaKOi z, € A, uto zz, =1.
Torma w3 paBeHCTBa zz, =zz, TMOJy4YaeMm
z)(zz)) =z,(2z,), (22)z,=(z2)z,, 1z =lz,
z, =z,. [loatomy z =z"' u 310 OOGpaTHOE UMCIIO
OIpe/Ie/IeHO TSt KaKIO0TO » ¢ 4 €MMHCTBEHHBIM 00-
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pazom. IlyctbTeneps » ¢ B U z < (). Toraa, noyemme
8, (-z)€ A n nostomy cywectByer (—z) ' € A4,
TaKOW 4TO (—z)(—z)‘1 =1. Ucnonb3ysas KoMMyTaTuB-
HOCTh U aCCOIMAaTUBHOCTb YMHOXEHHUS U JIEMMY 7,
nonysaeM ((-)z)(-z)" =1, z((-D(-2)") =1,
(~(-2) Nz =1, 2(~(-2)") =1, Te.uncro - (~z)”
SIBJISIETCSI OOpAaTHBIM YMCITy z . JloKa3aTeIbCTBO eAMH-
CTBEHHOCTH OOpPATHOTO YMCJIA IUISI OTPUIIATEIBHBIX
palMOHAIbHBIX YK CEJI TPOBOJMTCS TOYHO TaK Xe, Kak
JIJISI TTOJIOXKUTENbHBIX. Teopema 29 nokaszaHa.

Jlemma 9. [Ins mo0wIX X, y,,X,,y, € A ycnosue
(x, <x)A (¥, Ayy) (a) BreUeT X, ), < X))

HNokazatenbcTBO. [lycTh AN HEKOTOPBIX
X, V15X, Y, € A BepHO (a). Torma, mo jgemme 3,
CYILECTBYIOT U,V € A, TaKue 4TO

X, =X, U, y, =y, +V,

M 3HAYNT XY, = X,y, +((x,v+uy,) +uv). CHosa
VICTIONB3YsT JIEMMY 2, TIOJTyYaeM x,y, < X,),. Jlemma
9 mokasaHa.

Jlemma 10. [Inst mo0wIX x,,y,,X,,y, € B ycniosue
(x, <x)A(y, Ay,) (0) Breuer x, +y, <X, + .

HNokazatenbcTBO. I[lycThb 1 HEKOTOPBIX
X, Y1,X,,V, € B BepHo (6). Torma, no nemme 6,
CYILECTBYIOT U,V € A, TaKue 4TO

X, =X, U, Y, =y, +V,

T.e. X+, =(x, +y,)+(u+v). CHOBa ucnonb3ys
JeMmy 6, momydaem x, +y, <x, +y,. Jemma 10
JIOKa3aHa.

Jemma 11. ]Insg moObIX X,y € B ycnosua x<y u
— y < —X paBHOCHJIbHBI.

HNokasatenbctBo. Ecmm x,yeB u x<Yy, 1o
HEBO3MOXHO — X = —). Takxke HEBepHO —X<—),II0-
TOMy 4TO MHauYe uMeeM X+ (—x)<y+(—y) (1o
nemme 10), () < ) —npotuBopeune. [ToaTomy ycioBue
X<y Baeder —y<—X, a B CHJIY pPaBEHCTB
—(=x)=x, —(—y) =y BepHO 1 06paTHOE YTBEPXK-
neHue. Jlemma 11 nokazaHa.

3. Obcyxknenune

IMonyyeHHEBIE 31eCh Pe3yJbTATHI IT0 UIEHTU(UKALIUN
MMOHSITUS YA CJIa UMEIOT MHOTO OOIIIETO C U3BECTHBIMU
MOJIOXKEHUSIMU U3 yIeHMsI 00 OCHOBAHUSIX apru(PMeTH -
KU, IO3TOMY HEOOXOIMMO ITPOAHAIM3UPOBATh Pa3In-
yype MexXay HUMU. B Hallleit mocTaHOBKe peub UAET
TOJIbKO 00 MAeHTU(UKALUY (T.€. 0 MATEMAaTUYECKOM
OIMCAHUU ) TTOHSITUS Y1 CJ1a, BOITPOC 00 000CHOBaHUU
9TOrO MOHSITUSI He cTaBUTCs. [Ipu pelieHUu 3amaun
nIeHTU KA 00BEKTOB Bce CpeAcTBa (popMabHO-
I'0 OIMCAHUS XOPOILIY, IUIIb Obl OHU ObLIN HAlEXKHBI;
HET HEOOXOIMMOCTH UX OTPAHUYMBATh, KaK 3TO JIeJIa-
eTcsl B MaTeMaTU4eCKOM JIOrMKe Mpu 0O0OCHOBAHUU
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noHgaTuit apupmMeTuku. CHSATHE 3alIpeTa Ha CpeacTBa
(hopManbHOrO ONMUCcaHMs 1aeT BOSMOXKHOCTb UJIEHTH -
¢uuMpoBaTh UMEHHO Ty apu(dMETUKY, KoTopas (ak-
TUYECKH MCTIOB3YeTCS B MAaTeMaTUUECKOM ITPAaKTUKE,
a He TOT €€ BapMaHT, KOTOPHII HOCHT Ha3BaHUE
gopmanvHol apughmemuxu.

HauGonee 61m3Kyro K popMyImpyeMoii 31ech ITocTa-
HOBKY 3a/1aul Mbl HAXOAUM B KJIaCCUYECKOIl paboTe
Jlannay [3], onyonukoBaHHOi#1 BriepBbie B 1930 roay.
Hackonbko HaM U3BECTHO, 10 HACTOSIIIETO BpeMEeHU
pe3yAbTaThI 3TOI pabOTHI HE TTIepeCMaTPUBAIINCh U HE
yiIydiuaauch. [1aBHbBII HEAOCTATOK JAHHOM paObOThI,
OLIEHUBAEMOI HAMU C TOUKY 3PEHMSI 3129 UICHTH -
¢uKaimy (a Takasi 3aJa4ya B Hell He CTABUTCS, [TIOCKOJIb-
Ky peub TaM UAET TOJIHLKO 00 000CHOBAaHUM apudmMe-
TUKW), 3aKJTIOYAETCSI B TOM, UYTO B HEM BCE aKCHMOMBI
apru¢MeTUKHU 3alicaHbl Ha He()OpMaT30BaHHOM JIO-
TMYECKOM SI3bIKE, T.€. HA TOM SI3bIKE, KOTOPbIi ObLT
OOLICTIPUHSTHIM CpeAu MaTeMaTUKOB B TO Bpems,
Korja 3Ta paborta Obula HamucaHa. Ilpu pemeHUM
3aJauv UAeHTUDUKALIMKA ITOr0 HegocTaTouHo. s
9TOH LIeJIM Mbl UCITIOJIB30BAJIM SI3bIK JIT€OPbI MTOCTA-
HOBOYHbIX ontepauii [ 1]. Akcuomsr (1)-(5), (15), (16),
(20) 1 (21) u3 mepBoOi1 YaCTU HACTOSIILIEe PabOTHI, ITIO
CYILIECTBY, TIOBTOPSIOT (hopMyIMpoBKHU JlaHaay, pas-
JINYMe 3aKJTI0YAETCSI JIUILD B SI3bIKE OTTUCAHUSI. AKCH-
oMbl (1)-(4) u3 Bropoii yactu 3Toi padothl y Jlangay
BOBCE OTCYTCTBYIOT. DTO OOYCJIOBJIEHO T€M, UTO OH
BBOJMT MOJOXUTEIbHBIE pallMOHATIbHBIE YMCIIa MPS-
MbIM OIpenesieHUEeM, KaK KJIacChl 3KBUBAJICHTHBIX
JIpoOeii (rmap HaTypajabHBIX yrcel). OQHaKo pU UC-
MOJIb30BaHUU SI3bIKA aJITeOPbI TOJCTAHOBOUHBIX OIe-
palnuii HeoOGX0IUMO BBOIUTH ITpeauKaT R, CBSI3bIBa-
IOLLM I TTapbl HATYPAJIbHbBIX YMCE C TTOJOKUTETbHBIMU
panmoHaabHbIMU. TO XK€ caMoe OTHOCUTCS U K aKCH-
omaM (7)-(10), koTopbie ONpeaessiIoT MHOXECTBO BCeX

pallMOHAJIbHBIX YUCEI U IPEANKAT T , CBS3bIBAIOLIU I
nX cIiapaMiy IOJOXKHNUTECIbHBIX pallMOHAJIbHBIX YN CEII.
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