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STOCHASTIC OPTIMAL CONTROL
OF A DESCRIPTOR SYSTEM

L. A. Vlasenko,' A. G. Rutkas,'* V. V. Semenets,'"" and A. A. Chikrii UDC 517.9

Abstract. We study the optimal control problem for a descriptor system whose evolution is
described by Ito’s differential-algebraic equation. The quadratic cost functional is considered. The
main constraint is that the characteristic matrix pencil corresponding to the equation is regular.
We establish the conditions for the existence and uniqueness of the optimal control and the
corresponding optimal state. The results are illustrated on an example of a descriptor system that
describes transient states in a radio engineering filter with random perturbations in the form
of white noise.

Keywords: stochastic differential algebraic equation, Wiener random process, quadratic cost
functional, stochastic optimal control, radio engineering filter, transient state.

In the paper, we continue the studies started in [1, 2] and related to the theory of descriptor control systems and its
applications. If a control system is subject to random perturbations, then the process of Brownian motion is the most
comprehensible approach to model such perturbations [3, 4]. As a result, the model equation is Ito’s stochastic
differential equation. If a discrete model is subject to random perturbations, then stochastic difference equations are
applied, for example, like for the conflict-controlled system from [5]. Presence of random perturbations in descriptor
systems can be described by means of stochastic differential equations not solved with respect to the stochastic
differential of the required random process [6—8]. In the present paper, we propose an analysis of the problem
of stochastic optimal control of a descriptor system, which is shown on the example of minimizing energy functional of
a radio engineering filter with regard for random perturbations.

Let us introduce the notation: -, -) is scalar product, || -|| is a norm, £ is a unit matrix of appropriate dimension; B s
a transposed matrix or a transposed vector; {QQ, F', P} is a complete probability space with nondecreasing family of sigma
algebras {F,}g<;<7 (Fy CF, cF,0<s<t<T); w(t) is a Wiener process with values in R™2, outgoing from zero and
coordinated with the family of sigma algebras {F,}; L, (0,7;R") is the space of vector functions with values in R",
summable with the squared norm on [0,7]; Wzk (0,T;R™) is the Sobolev space of vector functions from L, (0, T;R"),

whose generalized derivatives of order up to k inclusively belong to L, (0,T;R"); H, (Q;R") = H, is the Hilbert space of
n-dimensional random variables & =&(w) having a finite absolute moment of second order M||& | |2 < oo, with the
scalar product (&, 77) H, =M (&, m) if F is a sigma subalgebra of the sigma algebra F', then H, (QQ; R"; Fy) is a subspace of
space H,, consisting of F-measurable random variables; L, (0, 7; Q; R") = LZ’Q’ R is the Hilbert space of n-dimensional

T
measurable random processes x(¢,w),0< ¢t < T, w €Q, satisfying the condition J M||x(t,w) | |2 dt < oo, with scalar product
0
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L, (0, T;Q;R"; F,)=L is a subspace of space L2 AR consisting of non-anticipating random processes

IR

2,Q,R"F,
with respect to the set of g-algebras {F,}(<;,<y. We will assume that functions from W21 (0, T;R™) are continuous on

[0,7] and will change them on a set of zero measure if necessary. The orthogonal projection ITy(¢) of random
process (1) €L, (0, T;Q;R") onto the subspace L, (0,7; Q;R";F,) for almost all 7€[0,7] is the conditional
expectation M[(¢)|F;] of random variable )(¢) with respect to the sigma algebra F;.

1. PROBLEM STATEMENT ON THE EXAMPLE
OF A RADIO ENGINEERING FILTER

As an example of a stochastic descriptor control system, let us consider the electric circuit presented in Fig. 1.

Two voltage sources act at the circuit input: e(?) = e(f,w) is a given random process; u(¢) = u(t,w) is a random
process, which is a control. In parall with the capacities C; and C,, conductivities g; and g, are included. In series with the
inductance L, ohmic resistance 7 is included. As is common in radio engineering systems, random perturbations are taken
into account by means of white noise, i.e., by the generalized derivative w'(#) of the Wiener process w(t) [9, 10]. We will
model this situation according to the following procedure: white noise w'(¢) appears additively in the differential relations
between currents and voltages:

LI =U +7, (1), CUE, =Ic, +Tc,w'(1), j=1,2. (1)

Taking into account that white noise is a generalized derivative of the random process and does not exist as a normal
function, we rearrange relations (1) in the form of stochastic differentials as is common in the theory of stochastic
differential equations [11]:

Ldl; (t)=U(t)dt +Tdw(t), deUC]_ (t) :ICj (t)dt+rcl_ aw(t), j=12. 2)
According to the Kirchhoff and Ohm laws for currents and voltages, we get
Ie +1g =Ic, +1g +1, Uc, +Up+U, =e, Uc +Uc, +tu=e,
Ur=l"IL, Igj =ngCI,j=1,2. (3)

In relations (1)—~(3), we suppose that Z, r, C ;, and g ; are positive constants and 7 and Tc, are weight factors that
determine the values of influence of white noise on the respective inertial elements. The state of the electric circuit is
characterized by the three-dimensional random process x(¢)=x(¢,w), which consists of “energy” components
corresponding to the inertial elements:

xX(6)=x(6,0) = UL () Uc, () Uc, ()" “)

Performing obvious transformations over relations (2)—(4), we obtain the system of three equations with respect to
“energy” components (4) on the time interval [0, 7]

Ldl () + U, ()i +rT, (1)dt = e(t)di+7 dw(),
C1dUc, (1)=CrdUc ()—1()dt +g\Uc, ()dt =g Uc, (1)dt = (T, —T¢, )dw(1),

Uc, () +Uc, (1) = e(t)~u(d). )
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Fig. 1. Scheme of the radio engineering filter.

The first two equations are stochastic differential and the third one is algebraic. At the initial instant of time ¢ =0,
the values are given

LI (0,0) =& (), CiUc, (0,0)-CoUc, (0,0) =& (), (6)

where & and &, are random variables. The problem of stochastic optimal control of system (5), (6) is to choose input
(control) voltage u(¢) that implements the minimum of the functional of energy of inertial elements and control

T
J(u)=M j [LILZ(t)+C1Uél (t)+C2Uéz(t)+u2(t)]dt . (7)
0
In the notation
L 0 0 10
AZ 0 Cl —C2 N B = —1 gl —gz N
0 0 0 0 1 1
e(t) 0 T
f@= 0 |, K=| 0|, 0=|1¢, 7, (®)
e(t) -1 0

we rearrange the initial problem (5), (6) in vector form with respect to the state x(z) (4):
d[Ax(t)]+ Bx(t)dt = f (t)dt + Ku(t)dt + odw(t), 0<t < T, 9)
Ax(0,w) =&(w). (10)

Unlike the respective radio engineering model from [10], the stochastic model (9), (10) is descriptor due to
degeneracy of the matrix 4.

Description of the mathematical models of circuits with segments of long lines and concentrated elements leads to
descriptor systems with delay [12, 13]. Taking into account random action on elements of these circuits is modeled by
stochastic descriptor systems with delay [7].

2. STATEMENT OF THE PROBLEM OF STOCHASTIC
OPTIMAL CONTROL OF A DESCRIPTOR SYSTEM

Let us consider the problem of stochastic optimal control of system (9), (10) in a more general situation, where 4
and B are real matrices of dimensions nx n and K and o are real matrices of dimensions nx my and nx m,, respectively,

206



f(¢) is an n-dimensional random process, u(#) is an mj-dimensional random process (control), w(¢) is an m,-dimensional

Wiener process, and & is an n-dimensional random variable. To estimate the quality of control of system (9), (10), we define
the functional

T
J(u) =M [[(Rx(), x(0)) +(Nu(t), u(e)1dr (11)
0

where R and N are real nxn and my xm; matrices.

Let us associate feasible control u(t) eU =L, (0, T;Q; R™!; F,) with system’s state x(¢) = x(¢; u) or solution of the
initial problem (9), (10). Let f (t,w) € L, (0,T; Q;R"; F,), & e H, (Q; R"; Fy). Random process x(¢) € L, (0, T; Q; R"; F,)
is a solution of the initial problem (9), (10) if the equality holds

t t
Ax(t)—§+j3x(s)ds=j[f(s)+1<u(s)]ds+aw(z) ae. 1e[0,T], weQ. (12)
0 0

Uniqueness of solution of stochastic differential equation is understood to within stochastic equivalence [11].
The problem of stochastic optimal control of system (9), (10) is to find the minimum

min J () (13)
uelU

of the cost functional J(u) (11) on system’s states x(¢)=x(z;u). We will call the control u, e U on which the

minimum (13) is attained, i.e., J(u, )= min J(u), the optimal control, and the state of system (9), (10) corresponding
uelU

to it x, (¢) = x(t;u, ) the optimal state or optimal solution.

In the analysis of control systems, important is representation of system’s state that admits additive inclusion of the
control unit, for example, in [14] or (for systems of a more general form) in [15]. Let us describe solutions x(¢) = x(¢; u) of the
initial problem (9), (10) under various feasible controls u(¢) eU. The characteristic pencil of matrices or operators renders
a significant influence on the dynamics of the descriptor system [16]. For the system (9), (10), such pencil is 14 + B. Most
often it is supposed that the system is regular, i.e., the characteristic pencil is regular (pencil’s determinant as a function of 4
does not vanish identically). In what follows, we will assume that the descriptor system (9), (10) is regular. On the basis of the
studies started in [1, 2], the regularity assumption allows introducing the following matrices:

1= §Ga+B)di, G=a1(4-B)+B.
2m‘y

D=-AIBG™', H=(E-AI)AG™", (14)

where y is the circuit that limits all the eigenvalues of the characteristic pencil. Note that the matrix / is real,
matrices A/ and IA4 are projective, and matrix H is nilpotent with the nilpotency index v.
In the theorem below, we will establish the conditions whereby the regular problem (9), (10) is uniquely solvable,
and will also present an explicit formula to describe the states of the descriptor system or solutions of the given problem.
THEOREM 1. Let the following assumptions be satisfied for the regular system (9), (10):
f(t,w)el,0,T;Q;R"; F,); E€H,(Q;R"; Fy); if the nilpotency index v of matrix H is greater than 1, then
deterministic are vector (E — AI)& and vector function Hf (¢, w)=h(t) € sz 0,7;R"), j=1,...,v—1; the following

constraints hold:

v—1 j
HK =0, Alo=0, (E-ADE= Y (-1)/ d—jj[Hjh(O)]. (15)
=0 dt

Then to within stochastic equivalence, for any feasible control u(¢) €U it is possible to determine the unique state
of system (9), (10), which admits representation in the form of the formula of variation of constants
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t
x()=x(tu)=p(t)+G ! j P9 AIKu(s)ds+[E — ALKu(1)
0

t
p()=G G el ALt + P9 A1f (5)ds
0

v-1 Y ' t (16)
+G7H Y (-1 AT (B - A+ [P adwis) .
J=0 dt’ 0

t

The stochastic integral JeD (’_s)odw(s) in formula (16) is understood in the sense of the Ito integral with respect

0
to the vector Wiener process.

Proof. In the special case v =1, the statement of Theorem 1 can be obtained from the respective results of [6] on
the assumption that all the spaces are finite-dimensional. Let us consider the general situation v >1 and describe the
scheme of the proof of Theorem 1. Since matrices A/ and /A4 are projective, solution x(#) of problem (9), (10) admits
representation in the form of the sum of two components x(z) = I4x(¢)+ (E —IA4)x(¢), and Eq. (12) is equivalent to the
system of two equations

t t

GlAx(1)— AIE = j DGIAx(s)de AILf (s)+ Ku(s)]ds+ow(t), (17)
0 0
t t
HG(E = I4)x(1) = (E = ADE + [ G(E = 1A)x(s)ds = [ (E = AD[f (5) + Ku(s)]ds. (18)
0 0

The component /4x(¢) is a solution of Eq. (17) if and only if random process y(z) = GIAx(¢) is a solution of the
following initial problem for the linear stochastic differential equation:

dy(t) = Dy(t)dt + AL [ (¢) + Ku(t)|dt + odw(t), 0< t < T, 1(0)= AIE.

This initial problem has a unique solution, which is strong according to the terminology from [11], and this solution
is defined by the formula

t t
(1) = P! AIE + j P AL f (s)+ Ku(s)]ds+ j P gaw(s). (19)
0 0

By means of Eq. (18) and considering that v is the nilpotency index of matrix H and the first equality in (16) is
true, we can uniquely find the component (£ —74)x(¢) as
. v=l - dl .
(E-IA)x(t)=G Z(—l)f ——[H!(E—AD)f()]+[E — AIKu(t) |. (20)
J

j=0 dt

From here, we obtain the necessary constraint in (15) for the random variable £ (10).

Taking into account (19) and (20), we conclude that the initial problem (9), (10) has a unique solution
x(t) = G_l[y(t) +(E —1A4)x(t)], which can be presented in the form (16).

The theorem is proved.

The formula for states of system (16) does not envelop stochastic systems with impulse control; an interest to these
systems is caused by the studies started in [2]. Taking into account the random and impulse components in [6] allows
service of stochastic impulse systems if the nilpotency index v of matrix H of the descriptor system is equal to one or the
system is explicit, i.e., the system equation is solved with respect to the state differential. This note specifies the method of
the analysis of impulse systems from [17—19] with regard for random action in the form of additive white noise.
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3. SOLUTION OF THE STOCHASTIC OPTIMAL CONTROL PROBLEM

In [6, 7], a method is proposed for the analysis of the stochastic optimal control problem with quadratic
performance criterion for distributed systems not solved with respect to the stochastic differential dx(z). Let us expand
this method to the case of concentrated descriptor systems whose evolutionary equations are considered in
finite-dimensional spaces. Unlike the studies [6, 7], we do not impose any constraints here on the inverse matrix

(14 +B)_l and perform the analysis in real spaces.

THEOREM 2. Assume that for the regular system (9), (10) the assumptions of Theorem 1 are true. Let the
matrices R and N in the definition of the cost functional (11) be nonnegative definite and moreover, N > aE, a >0.
Then there exists a unique optimal control u,, () €U on which the minimum (13) of the cost functional (11) is attained.

Proof. Let us present functional (11) as a quadratic form defined on the Hilbert space U = L, (0, T; Q; R™1; F,).

Random process ¢() in (16) is an element of space X =L, (0,T;Q; R"; F,). Let us introduce a bounded linear operator

t
(Y2) (1) =G ! j P9 AIKv(s)ds+[E — AINKz(1) ., W:U — X,
0

and operator adjoint to it

T
(P y)t)=T1 j (G 1PED YK y(5)ds+[G T (E — ADK]" (1), ¥*: X > U.
t

Formula (16) for system’s state becomes
x(t;u) = (Pu) (1) +(1).

Hence, the functional J(u) (11) admits the representation
J(w)=(R(Yu+¢p), Yu+p) y +{(Nu,u)y. 21)
By means of the self-adjoint bounded linear operator

O=N+¥Y"RY:U >U (22)
we can rearrange expression (21) as

J(w)= (Du,u)yy +2( ¥ Rp, u)y; +(Rp, p) .

Operator @ (22) has a bounded linear inverse operator o U >U , and for its norm the estimate ||CD_1|\£ a!

holds. We can immediately verify that for the control

u, =—d ¥Ry (23)
for all u eU the inequality holds

J()=J () = (Du=-u,),u-u)y > allu-u]?,.

From here it follows that control (23) is a unique optimal control of the problem (9)—(11), (13).

The theorem is proved.

In what follows, we assume that the conditions of Theorem 2, which ensure existence and uniqueness of
the solution of the stochastic optimal control problem (9)—(11), (13), are satisfied. Being guided by the scheme of the
analysis of distributed systems [20], we can find the conjugate state

T
p(t) = j (G 'ePED AT Rx(s)ds+[G ™ (E - AI)]™ Rx(1).
t
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The conjugate state is a unique solution of the adjoint system
%[(AIA)“ p(O]-B" p(t)=-Rx(t), 0< t < T, (AI4)" p(T)=0. (24)

Equation (24) is a differential-algebraic equation with random right-hand side —Rx(z,w). Its solutions are random
processes p(t) €L, (0,T;R") P a.s. such that (AIA)" p(t) eW21 (0,T;R"™) P as. and the equation is satisfied by P

a.s. for a.a. 1 €[0,T].
Let us express optimal control in terms of the conjugate state. It can be easily seen that the relation

Nu+W¥ " Rx(u) =0

holds if and only if u is the optimal control and x is the optimal state of the problem (9)—(11), (13). From here, we
obtain the representation for the optimal control

u, =— N 'K TIp(s). (25)
Therefore, for the optimal solution, Eq. (9) becomes
d[Ax(6)]+Bx(t)dt =[ f ()= KN ~'K "1 p(¢)Jdt + odw(t), 0< t < T. (26)

The following theorem is true.

THEOREM 3. Assume that the assumptions of Theorem 2 are true. Then the boundary-value problem (26), (10), (24)
has a unique solution x(¢) = x,, (1) € L, (0, T; Q; R"; F,), p(t) € L, (0, T; Q; R™). Control (25) is the optimal control, and
function x, (¢) is the corresponding optimal state of the problem (9)—(11), (13).

4. APPLICATION TO THE ANALYSIS OF OPTIMAL TRANSIENT
MODES OF A RADIO ENGINEERING FILTER

Let us apply the results obtained in Sec. 3 to the problem of stochastic optimal control of transient modes of
a radio engineering filter, formulated in Sec. 1. Recall that the system (5), (6), which describes transient modes, admits
representation (9), (10) in the notation (4), (8). The energy functional (7) can be presented in the form (11) with the
matrix R =diag {L,C{,C,} and number N =1. Let e(t) €L, (0, T;Q; R; F;), 1,62 € H,(Q; R; Fy). The class of
feasible controls (input voltages u(¢)) consists of random processes U =L, (0, 7;Q; R; F,).

System (5), (6) is regular due to regularity of the characteristic determinant

det(/IA +B) I(AL-FV)(},CIZ +g12)+1 #* 0, ClZ ZCI +C2,
812 =81 %82, nCpp =Crg1 -C125.

Matrices in (14) become

R Co o =G
Ci2 Lol L L

Al=] 0 1w | GT=m ) 01 Comu |,
00 0 210 0 -1 wu+q

—I"Clz -L I"CZ +ﬂL

Cip  —gnl wulg)p-C,
0 0 0
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Matrix H is zero one with the nilpotency index v =1. Let £ = (§; &, 0)". For the system (5), (6) with energy

functional (7), conditions of Theorems 1-3 are satisfied. By virtue of Theorem 1, for any feasible control u(¢) €U, state
x(t) (4) is defined uniquely in the explicit form

1; (1) , C,Cp) 0
Ue, (1) |[=(Pu)(O)+(), (Pu)(t) =G feD(H) uo fu(s)ds—Cl| Cy |u(n),
Ug, (1) 0 0 G
E) CiCp) ‘ 71 0
p()=G 1P| &, |+ [ Py e(s)ds+ [ PN re —te |dwis) |+C| €y |e(). 27
0 ) o0 0 0 0 G

According to Theorem 2, there exists a unique optimal control u, () €U (23) on which minimum (13) of the
energy functional (7) is attained. Then for the current /; and voltages Uc, and Uc,, their optimal states /;«(¢) and
Ucl* (1), UC2* (t) can be found from formulas (27) for u=u, (25):

U=u, =— o'y *diag {L,Cy,C5 }p, (Pz)(1) = z(t) + (¥ *diag {L,C;,C, }¥z)(1),

T
(0O =M [ (@GP UK y(s)ds|F, |=C L ICo 32 (0)+Cys ()],
t

Optimal control and optimal state can be constructed, as in Theorem 3, by passage to the conjugate state

n)Y r LI (s) 0
p(0)=| p2(1) |=[(G'PCD AN U, () ds+CC‘C2 0
pi()] CyUc, () 2 Uc, (0+Uc, (1)
and the adjoint system
LIy (1)
%[A“p(t)]—B“p(t)? ClUc, (1) |, 0<t<T, pi(T)=py(T)=0. (28)
CUc, (1)

Let us present Eq. (26) for the radio engineering system
Ldl (t)+Uc, ()dt+rl (t)dt = e(t)dt +T pdw(t),
C1dUc (1)=CrdUc ()= 1 ()dt+g\Uc, ()di —gUc, (t)dt = (tc, —Tc, )dw(1),
Ue, (0+Uc, (1) = e(t) + M [ p3 ()| F,1, 0< 1 <T. (29)

By virtue of Theorem 3, there exists a unique solution 7 (t) =1« (¢), Uc, (1) = Uc, (1), UC )= Uc, (1), p(t)
2

of the boundary-value problem (29), (6), (28). By formula (25), we find the optimal control voltage
u, (Lw)=M[p3(t,w)|F;].
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