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Plasmon Resonances and Their Quality Factors in a
Finite Linear Chain of Coupled Metal Wires

Nadiia P. Stognii, Student Member, IEEE, and Nataliya K. Sakhnenko, Senior Member, IEEE

Abstract—This paper presents a straightforward analysis of the
plasmonic properties of metal wires arranged in a linear chain of
a finite length. For this we solve eigenvalue problem in form of
matrix equations that allow thorough investigation of plasmonic
modes with different field distributions. Our modeling provides
results in terms of eigen oscillating frequencies and quality factors
with controllable accuracy. It has revealed the possibility of qual-
ity factor dramatic enhancement for certain plasmonic modes by
adjusting the separation distances and increasing the number of
wires in a chain.

Index Terms—Eigenvalues, nanowires, plasmons.

I. INTRODUCTION

M ETALLIC nanostructures are the subject of immense in-
terest in recent years due to the possibility of a strong

light localization beyond the diffraction limit via the excita-
tion of surface plasmons (SPs) [1], [2]. Various elements such
as plasmonic waveguides [3], [4], subwavelength resonators [5],
[6] and optical nanoantennas [7]–[9] have been studied recently.
SPs have been explored for their potential in a single molecule
detection [10], [11], biomolecular interaction studies [12], early
stage cancer detection [13], [14], transmissions through the sub-
wavelength apertures [15], [16], subwavelength imaging [17],
etc.

Plasmonic structures of different shapes (nanowires,
nanorods, nanospheres, and nanoshells) can be produced by
various fabrication techniques. The silver nanowire structure is
a candidate for key components in future ultracompact photonic
devices [18]. It can be considered as a plasmon biosensor to
monitor tiny biomolecular interactions [19] and as a novel mod-
ulator to control the intensity of the transmitted surface plas-
mon polaritons through a nanowire array [20]. Possible future
nanophotonic technologies demand devices that can generate
stimulated emission through the excitation of the SPs (spaser-
based nanolaser). However, it is challenging problem due to the
extremely strong absorption losses in metal at optical frequen-
cies. The suggestion to compensate the losses by an optical gain
using dye molecules in presence of metal nanoparticles [21]
or using nanoparticles with gold core and dye-doped silica
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Fig. 1. Schematic diagram of the structure.

shell [22] has been tested in experiments recently. For these
applications an accurate modeling that provides a valuable in-
sight into fundamental phenomena is of great importance.

The plasmon resonances of nanoparticles with dimensions
down to 2 nm can be investigated using classical Maxwell’s the-
ory [23], and their optical properties are characterized by their
frequency dispersive complex permittivity. The resonance plas-
mon frequencies strongly depend on the particle size and shape.
The plasmonic modes of coupled nanoobjects can be considered
as symmetric and antisymmetric combinations of SPs of isolated
objects with different frequencies and field portraits [24]–[28].

The plasmonic properties of nanowires and nanoparticles
have recently been investigated using a variety of methods [4],
[23]–[26], [32]. However, there is a lack of investigations in
terms of quality Q factors of SPs, though these characteristics
are of crucial importance in problems associated with spectral
resolution of sensors, stimulated emission enhancement, etc.
Many authors find SPs investigating resonance peaks in scat-
tering cross section (SCS). This study cannot be considered as
a complete one, because in this way only “bright” plasmons
can be seen, “dark” plasmons that do not couple efficiently to
incident wave cannot be discovered in such a description.

In this paper, we develop nonquasistatical expressions for the
eigenvalues of SPs using the extension of the Drude formula to
complex values that includes finding of eigenfrequencies and
Q. Using this approach, all possible SPs can be found and in-
vestigated, including “dark” and multipole ones.

II. MATHEMATICAL BACKGROUND

It is known that SPs can exist on a metal wire that can be
considered as a plasma infinite-long cylinder (column) in the
optical region. In this paper, we study the SP resonances in an
isolated infinite-long wire and in a finite linear chain of coupled
wires, surrounded by vacuum. The radius of each wire is a,
the separation distance between them is d (air gap between
the wires or interwires spacing), the time dependence eiωt is
implied. Fig. 1 represents a schematic diagram of the structure.
Cylinders with ordinary nonmagnetic metal are characterized by
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a negative permittivity ε < 0 and support only TE polarized SPs.
The frequency dependent metal’s permittivity εp is described by
the Drude model

εp = 1 − ω2
p /(ω(ω − iγ)) (1)

where ωp represents the plasma frequency and γ is the material
absorption. We will assume that ω can be complex valued.

In this paper, the Maxwell equations are the underlying equa-
tions of the analysis

rot �E = −iωμ0 �H (2)

rot �H = iωε0ε �E (3)

where
→
E and

→
H represent the vectors of electric and magnetic

fields, ε0 and μ0 are the electric and magnetic constants, ε should
be replaced by εp for inner points of wires, otherwise ε = 1.

To characterize the fields we introduce N cylindrical system
of coordinates associated with each wire (see Fig. 1) and the
global Cartesian (x, y, z) system centered at the midpoint of
the structure. It is assumed that the columns are oriented along
the axis Oz. TE-polarized fields are considered with Hz ,Eϕ,Eρ

nonzero components.
Maxwell’s equations (2), (3) lead to the Helmholtz equation

for the z-component of the magnetic field, which is denoted
below as H

ΔH + k2H = 0 (4)

where Δ = ∂2
ρρ + 1/ρ∂ρ + 1/ρ2∂2

ϕϕ is the Laplace operator,
k = ω/c represents the wave number of vacuum, c is the light
velocity in vacuum, for inner points of each wire k = kp , and
kp = npω/c is the wave number of plasma np =

√
εp(ω).

A. Isolated Infinite-long Metal Wire

We first investigate the SPs on isolated wire excited by a plane
wave H = e−ik(x cos α+y sin α) , here α is the angle between the
direction of propagation of a plane wave and the positive direc-
tion of the x-axis (it is a z-component of the incident field, the
normalizing factor is omitted). The transmitted and the scattered
magnetic fields, respectively, are expanded as

H(ρ, ϕ) =
+∞∑

s=−∞
AsJs(kpρ)eisϕ , ρ < a (5)

H(ρ, ϕ) =
+∞∑

s=−∞
ĀsH

(2)
s (kρ)eisϕ , ρ > a (6)

where As and Ās are unknown expansion coefficients. It should
be noted that outside the wire the total field is the sum of incident
plane wave and scattered field. The incident plane wave can be
represented in the form of a series of the Bessel functions

e−ik(x cos α+y sin α) = e−iρ cos(ϕ−α)

=
∞∑

s=−∞
(−i)sJs(kρ)eis(ϕ−α) . (7)

The boundary conditions, that require the tangential compo-
nents of the total electric and magnetic fields to be continuous

at the surface, for this polarization can be written as follows:

H(ρ = a + 0) = H(ρ = a − 0) (8)

∂H/∂ρ(ρ = a + 0) = εp · ∂H/∂ρ(ρ = a − 0). (9)

Unknown coefficients are found by virtue of the substitution
of (5), (6) and (7) into (8) and (9)

As = −(−i)se−isαnp2i/(πa) · 1/Fs (10)

Ās = (−i)se−isα · Vs/Fs (11)

where

Fs = H(2)′
s (ka)Js(kpa) − 1/npH

(2)
s (ka)J ′

s(kpa) (12)

Vs = J ′
s(ka)Js(kpa) − 1/npJs(ka)J ′

s(kpa) (13)

where the prime denotes the derivative with respect to the func-
tion’s entire argument.

The plasmonic modes of the metal wire (the field in the ab-
sence of the incident field) can be written as

H =

{
AJs(kpρ)eisϕ , ρ < a

ĀH
(2)
s (kρ)eisϕ , ρ > a.

(14)

Similarly from the boundary conditions (8)–(9), one can obtain

A = ĀH(2)
s (ka)/Js(kpa) (15)

and dispersion relation for eigenfrequencies of the wire

Fs = 0 (16)

where Fs is given by (12). Equation (16) determines the eigen-
frequencies of the isolated wire. We are interested in plasmonic
modes, so we have to examine only the region ω < ωp . In this
interval (16) has no solution for the case s = 0, but for each inte-
ger positive s it has a unique plasmonic solution. SP with s = 1
can be considered as dipole SP, with s = 2, 3, ... as multipole
SPs.

B. Finite Linear Chain of Coupled Infinite-long Wires

The approach aforementioned can be extended to the case of
N coupled metal wires arranged in a linear chain (see Fig. 1).
For this, field representations which are similar to (5)–(6), have
to be written for each wire

H (ρm , ϕm ) =
+∞∑

s=−∞
Am

s Js (kpρm ) eisϕm , m = (1, ..., N)

(17)

H(ρ, ϕ) =
N∑

m=1

+∞∑

s=−∞
Ām

s H(2)
s (kρm )eisϕm . (18)

Here, (17) presents internal field for each particular wire,
while (18) characterizes external field, global polar coordinates
(ρ, ϕ) are associated with the (x, y) Cartesian system. Unknown
coefficients are found from the boundary conditions (8), (9) ap-
plied on each surface. Using the addition theorem for the Bessel
functions we arrive at an infinite system of algebraic equations
that can be truncated in order to provide a controlled numerical
precision. The solution of the plane wave scattering problem on
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Fig. 2. Four classes of symmetry of the field: EE (x- even, y- even), OO (x-
odd, y- odd), OE (x- odd, y- even), EO (x- even, y- odd).

a linear chain of silver nanowires is derived in [29]. In this paper,
we concentrate on deriving the formulas for eigenfrequencies.
For this we solve eigenvalue problem with zero incident field.
Generally, the plasmonic eigenfrequencies of the linear chain
are zeros of the N-block matrix determinant equation. With
growing of N the solution of the equation becomes more time-
consuming. However, the problem can be simplified using the
following observations. The structure under consideration has
two axes of symmetry, which causes four families of excited
plasmons. They can be classified as EE SPs with field distribu-
tions symmetrical with respect to x- and y-axes, EO SPs with
field distributions symmetrical (even) with respect to x-axis and
antisymmetrical (odd) with respect to y-axis), similarly, OE
(x-odd; y -even), OO (x-odd; y-odd). Here, we follow clas-
sification proposed in [30], [31] for eigenmodes in thin disks
photonic molecules.

Fig. 2 shows the classification scheme of possible SP sym-
metry classes in a finite linear chain. For each symmetry class,
the eigenfrequency equation can be simplified and written in the
following form:

EE (x-even, y-even)

x(p)
m + Jm (ka)

N/2∑

j=1

∞∑

s=0

μsx
(j )
s UsW

(p,j )
ms +

+ 2Jm (ka)
∞∑

s=0

μsx
(N +1)/2
2s U2sW

(p,(N +1)/2)
m,2s = 0 (19)

OE (x-odd; y-even)

x(p)
m − Jm (ka)

N/2∑

j=1

∞∑

s=1

x(j )
s UsW

(p,j )
ms +

+ 2Jm (ka)
∞∑

s=1

x
(N +1)/2
2s U2sW

(p,(N +1)/2)
m,2s = 0 (20)

EO (x-even; y-odd)

x(p)
m − Jm (ka)

N/2∑

j=1

∞∑

s=0

μsx
(j )
s UsW

(p,j )
ms +

+ 2Jm (ka)
∞∑

s=0

μsx
(N +1)/2
2s U2sW

(p,(N +1)/2)
m,2s = 0 (21)

OO (x-odd; y-odd)

x(p)
m + Jm (ka)

N/2∑

j=1

∞∑

s=1

x(j )
s UsW

(p,j )
ms

+ 2Jm (ka)
∞∑

s=1

x
(N +1)/2
2s U2sW

(p,(N +1)/2)
m,2s = 0 (22)

where m = (1, ...N), p = (1, ...N/2) if N is even and p =
(1, ...(N + 1)/2) if N is odd

x(p )
m = A(p )

m Fm Jm (ka)

U (p ,j )
m s =

Vs

FsJs (ka)

W (p ,j )
m s =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

±H
(2)
m + s ((N − j)kh) ± (−1)s

H
(2)
m −s ((N − j)kh), p = j

H
(2)
m −s ((j − p)kh) ± (−1)sH

(2)
m + s ((j − p)kh)

+(−1)sH
(2)
m −s ((N − j)kh)

±H
(2)
m + s ((N − j)kh), p �= j

W (p ,(N +1)/2)
m s = H

(2)
m −2s (((N + 1)/2 − p)kh)

± H
(2)
m +2s (((N + 1)/2 − p)kh)

h = 2a + d.

In W
(p,j )
ms we take the sign + for x-even SPs and − for x-odd

SPs. We have to stress that last terms in (19)–(22) appear only
for odd number of columns in a chain.

Finding the eigenvalues reduces to the computation of zeros
of the derived matrix equations determinants (19)–(22). These
systems are the Fredholm second kind matrix equations. They
can be truncated so that approximate solution will converge to
exact solutions with increasing of the truncation number. The
truncation number is determined by the wire radii the distance
between them, and the desired accuracy. For accurate descrip-
tion of the fields, higher order multipole SPs should be taken into
account for closely spaced wires. In this study, the truncation
number 20 has been used to provide the 10−4 accuracy.

For distant wires due to decaying character of the Hankel
functions the influence of the series terms become negligibly
small. The derived equations can be viewed as characteristic
equations for SP of isolated wire (16).

We have to mention that all eigenfrequencies are complex
ω = ω′ + iω′′, where ω′′ > 0 represents damping and ω′ is as-
sociated with the eigen oscillation frequencies. Q of plasmons
can be evaluated through the formula Q = ω′/2ω′′.

III. RESULTS AND DISCUSSION

A. Plasmon Resonances of an Individual Metal Wire

For further calculations we will use the normalized parameter
wp = ωpac−1 that we will call the size parameter. Fig. 3 shows
the spatial near-field portraits of the SPs for s = 1, 2, 3 (wp =
0.5).

Fig. 4 plots the SCS obtained from (5), (6) in far-field
limit versus normalized frequency (ka) for different values of



4 IEEE JOURNAL OF SELECTED TOPICS IN QUANTUM ELECTRONICS

Fig. 3. Near-field distributions (z− coordinate of the magnetic field) of SP
for different number of angular field variations (wp = 0.5).

Fig. 4. SCS of isolated metal wire versus normalized frequency (ka) for dif-
ferent values of the size parameter wp .

wp . For the value of wp = 0.5 (optically thin wire), we can
see only one peak for γ = 10−2wp associated with excited
dipole plasmon. Additional sharp peak is observable in the
spectrum for smaller value of losses γ = 10−3wp , it is asso-
ciated with quadrupole plasmon. We see an additional promi-
nent sharp peak for wp = 0.7 if γ = 10−3wp that corresponds
to the quadrupole plasmon. For optically thick wire (wp = 1),
maximum amplitude is associated with quadrupole SP. The nor-
malized value of wp = 0.5 approximately corresponds to the
silver nanowire of 28.3 nm radius, wp = 0.7 and wp = 1 cor-
respond to the 39.1 nm and 56.9 nm, respectively. Fig. 5(a)
illustrates the value of the real part of SP normalized eigenfre-
quency (Re(ka) = ω′a/c, ω′ is the real part of eigenfrequency
that is the solution of the equation (16)) versus the number of
angular field variations (s) for the same values of the size pa-
rameters wp as in Fig. 4. Fig. 5(b) plots Q of corresponding SPs.
The dispersion (16) has formal solution for arbitrary number of
angular field variations; different solutions for these values of
wp are observable only for a few SPs (dipole and quadrupole
ones).

The SPs eigenvalues crowding is seen with growing of s
(e.g. for wp = 1 and γ = 10−3wp dipole plasmon normalized
eigenfrequency is ka = 0.63 + 0.1i, for quadrupole SP ka =
0.6755 + 0.0068i, with growing of s eigenfrequencies tend to
the approximate value of ka = 0.7 + 0.0005i); however, in the
spectrum (Fig. 4) only a dipole and quadrupole SPs are seen.

Fig. 5. (a) Dependence of the eigenfrequency on the number of angular field
variations for different values of the wp and (b) dependence of the Q-factor on
the number of angular field variations for isolated plasma cylinder (γ = wp ·
5.10−3 ).

Fig. 6. Near-field distributions (z- coordinate of the magnetic field) of differ-
ent SPs of two coupled metal wires (wp = 0.5).

B. SPs of Two Coupled Wires

The SPs in dimmers have been extensively studied [23]–
[25]. Here, we provide some additional comments in terms of
eigenfrequencies and Q. Fig. 6 shows the near-field distributions
(17), (18) of EE, EO, OE, OO dipole SPs (19)–(22) of two metal
wires that are symmetric and asymmetric combinations of SPs
of individual wire. The orientation of their dipole moments is
shown in the figures. Dipole EE SP can be viewed as transverse
opposite-phase plasmon. Dipole EO SP is transversal in-phase
one, OE and OO are longitudinal SPs in-phase and opposite-
phase, respectively.

Figs. 7 and 8 demonstrate the real values of the eigenfre-
quencies and Q for the dipole (s = 1) and quadrupole (s = 2)
SPs for two coupled metal wires. Black dashed line plots data
for an individual wire. It is clearly seen (see Fig. 7) that for
distant wires eigenfrequencies are nearly identical for all four
symmetry classes. As separation distance d becomes smaller,
the frequency shift of the coupled SPs becomes much stronger.

Fig. 8 represents Q of coupled SP modes for dipole plasmon of
optically thin wire (wp = 0.5) and quadrupole plasmon of thick
wire (wp = 1). Dramatical enhancement of Q is observable
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Fig. 7. Dependence of the normalized frequency on the normalized separation
distance between two coupled wires for different SPs (wp = 1, γ = wp · 10−3 ):
(a) s = 1; (b) s = 2.

Fig. 8. Q-factor for two coupled metal wires (γ = wp · 10−3 ) for EE, OE,
EO, OO plasmons and for isolated wire for: (a) wp = 0.5, s = 1; (b) wp = 1, s
= 2.

when d = 0.97λ for EE SP, d = 1.86λ for EO SP, d = 1.91λ

for OE SP and d = 1.025λ for OO SP (here λ is the wavelength)
for thin wire dipole plasmons. Qs of coupled dipole SPs for these
values of separation distances are evidently much greater than
the Q of individual metal wire SP. For thick wires quadrupole
SPs enhancement of Q is observable for following separation
distances: d = 1.43λ (EE), d = 0.84λ (EO), d = 0.82λ (OE)
and d = 1.41λ for OO SP.

In Fig. 9, we report SCS as a function of Re(ka) for two wires
illuminated normally to their main axis. For this illumination
direction only OE SPs are excited. It can be easily verified by
comparing position of the peak in Fig. 9 and the value of ka in
Fig. 7. For “thin” closely spaced wires (wp = 0.5, d/a = 0.6,
and γ = wp · 10−3) only dipole and quadrupole modes are seen
in the spectrum. Further, reduction of the separation distance
leads to appearance of additional resonant peak (s = 3). With
increasing of separation distance the spectrum becomes less
complex with main peak at dipole plasmon and finally converges
to that of a single wire (see Fig. 4). For thicker wires (lower
panel, wp = 1), we observe similar phenomena with main peak
at quadrupole plasmon. For the illumination direction parallel to
the main axis only EE SPs will be clearly seen in the spectrum,
for this reason EE and OE plasmons are referred as “bright,”
while EO and OO as “dark” ones.

Fig. 9. SCS of a pair of metal wires versus normalized frequency (ka) for
different values of the wp and different values of the normalized separation
distance (γ = wp · 10−3 ). Illumination is along the normal to the main axis.

Fig. 10. Near-field distributions (z− coordinate of the magnetic field) of
different plasmons of three coupled metal wires.

C. SPs of Three Coupled Nanowires

If we add one more metal wire, it would not alter the number
of symmetry axes. However, additional solutions can appear in
(19)–(22) that characterize bonding and antibonding combina-
tions of the SPs. Thus, if the number of angular field variations is
odd, bonding and antibonding SPs appear in EO and OE classes,
while systems for EE and OO SPs possess unique solution for
given s. However, for even s, we observe reverse situation that
means appearance of bonding and antibonding modes in EE
and OO classes. Fig. 10 demonstrates the near-field distribu-
tions of different dipole plasmons of three coupled wires. The
orientation of their dipole moments is schematically shown in
the figures. Here, OEb is longitudinal in-phase SP, OEa and OO
are longitudinal opposite-phase SPs; EOa is transversal in-phase
plasmon; EE and EOb are transversal opposite-phase ones.

Fig. 11 characterize the eigenfrequencies values (their real
parts) of the all possible dipole and quadrupole plasmons in a
chain of three coupled metal wires. It can be seen that the up-
ward shift in frequency is much faster than downward shift for
both dipole and quadrupole modes if wires are brought together.
We compare the Q of dipole and quadrupole plasmons in a chain
of three metal nanowires in Fig. 12. The growth of Q for certain
separation distances is observable. Thus, the positions of Q max-
ima (wp = 0.5) are: d ≈ 0.64λ (for EOb and OEb); d ≈ 0.84λ
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Fig. 11. Normalized frequency versus the normalized separation distance be-
tween the three coupled plasma cylinders and for isolated cylinder for different
plasmons for s = 1 and s = 2 (wp = 1, γ = wp · 10−3 ).

Fig. 12. Q-factor for three coupled plasma cylinders for (γ = wp · 10−3 )
different SPPs for: (a) wp = 0.5, s = 1; (b) wp =1, s =2.

Fig. 13. SCS of three metal wires versus normalized frequency (ka) for dif-
ferent values of the wp (γ = wp · 10−3 ). Illumination is along the normal to
the main axis.

(for EOa and OEa); and d ≈ 1.4λ (for OO and EE) [see
Fig 12(a)]. For greater values of size parameter (wp = 1) the
results are presented for quadrupole plasmons [see Fig. 12(b)].
The increasing of Q is observable for d ≈ 0.8λ (for EO and
OE); d ≈ 1.39λ (for EEa and OOa); and d ≈ 1.73λ (for EEb
and OOb).

Fig. 13 represents the SCS of three metal wires chain with
inter wires spacing d � λ. Similarly, to the two wires structure,
multiple plasmons are seen in the spectrum. The distant peaks
for strongly coupled wires would move closer with decreasing
of the separation distance. Illuminating the chain from the top
one excites longitudinal in-phase SP (OEb), s = 2 peak is asso-

Fig. 14. Normalized frequency versus the normalized separation distance be-
tween the coupled metal wires in a chain on N columns for OE plasmon (s =
1, wp =0.5, γ = wp · 10−3 ) and for isolated wire (s = 1).

Fig. 15. Q-factor for chain of N coupled plasma cylinders (s = 1, wp = 0.5,
yγ = wp · 10−3 ) for OE plasmons and for isolated cylinder.

ciated with OE SP. For the illumination parallel to the main axis
transversal opposite-phase EOb dipole plasmon can be excited.
For three coupled wires these two dipole plasmons (OEb and
EOb) are “bright” ones.

D. P Resonances in a Linear Chain of Coupled Metal Wires

This approach can be extended to an arbitrary finite number
of wires in a chain. Thus, in the case of four wires there exist
eight SPs for each number of angular field variations, i.e., that
each matrix (19)–(22) has two distinct solutions (bonding and
antibonding SPs) for given value of s. In general, in the chain
of N wires the total number of possible SPs for particular value
of s equals to 2N . In [29] there has been shown that additional
resonances (grating-type ones) appear with growing of N (say
N < 50).

Fig. 14 shows eigenfrequencies of bright dipole SPs for dif-
ferent number of wires in a chain. These SPs can be excited due
to the Illumination normal to the major axis. The orientation of
the dipole moments is shown in the inset in the figure. These SPs
belong to the OE symmetry class. The horizontal line represents
eigenfrequency of dipole plasmon of individual metal wire. Ex-
tra red shifting of coupled dipole plasmons at small separations
is observable.

Enhancement of Q is seen for the same SP modes as afore-
mentioned with appearance of each additional wire. The posi-
tion of the peak depends on the number of wires; however, the
maximum value of Q monotonically grows (see Fig. 15).
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IV. CONCLUSION

We have systematically analyzed the plasmonic properties of
a linear chain of metal wires within the Drude model. For this,
we have derived matrix equations that allow thorough investi-
gation of SPs. Our modeling provides results in terms of eigen
oscillating frequencies and Q. It is shown that SP of coupled
wires results from symmetric and antisymmetric combinations
of the plasmons of individual wire and strongly depend on in-
terwire separation. It has revealed the possibility of Q dramatic
enhancement by virtue of placing the wires at certain distances
and increasing the number of wires in a chain.
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Plasmon Resonances and Their Quality Factors in a
Finite Linear Chain of Coupled Metal Wires

Nadiia P. Stognii, Student Member, IEEE, and Nataliya K. Sakhnenko, Senior Member, IEEE

Abstract—This paper presents a straightforward analysis of the
plasmonic properties of metal wires arranged in a linear chain of
a finite length. For this we solve eigenvalue problem in form of
matrix equations that allow thorough investigation of plasmonic
modes with different field distributions. Our modeling provides
results in terms of eigen oscillating frequencies and quality factors
with controllable accuracy. It has revealed the possibility of qual-
ity factor dramatic enhancement for certain plasmonic modes by
adjusting the separation distances and increasing the number of
wires in a chain.

Index Terms—Eigenvalues, nanowires, plasmons.

I. INTRODUCTION

M ETALLIC nanostructures are the subject of immense in-
terest in recent years due to the possibility of a strong

light localization beyond the diffraction limit via the excita-
tion of surface plasmons (SPs) [1], [2]. Various elements such
as plasmonic waveguides [3], [4], subwavelength resonators [5],
[6] and optical nanoantennas [7]–[9] have been studied recently.
SPs have been explored for their potential in a single molecule
detection [10], [11], biomolecular interaction studies [12], early
stage cancer detection [13], [14], transmissions through the sub-
wavelength apertures [15], [16], subwavelength imaging [17],
etc.

Plasmonic structures of different shapes (nanowires,
nanorods, nanospheres, and nanoshells) can be produced by
various fabrication techniques. The silver nanowire structure is
a candidate for key components in future ultracompact photonic
devices [18]. It can be considered as a plasmon biosensor to
monitor tiny biomolecular interactions [19] and as a novel mod-
ulator to control the intensity of the transmitted surface plas-
mon polaritons through a nanowire array [20]. Possible future
nanophotonic technologies demand devices that can generate
stimulated emission through the excitation of the SPs (spaser-
based nanolaser). However, it is challenging problem due to the
extremely strong absorption losses in metal at optical frequen-
cies. The suggestion to compensate the losses by an optical gain
using dye molecules in presence of metal nanoparticles [21]
or using nanoparticles with gold core and dye-doped silica
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Fig. 1. Schematic diagram of the structure.

shell [22] has been tested in experiments recently. For these
applications an accurate modeling that provides a valuable in-
sight into fundamental phenomena is of great importance.

The plasmon resonances of nanoparticles with dimensions
down to 2 nm can be investigated using classical Maxwell’s the-
ory [23], and their optical properties are characterized by their
frequency dispersive complex permittivity. The resonance plas-
mon frequencies strongly depend on the particle size and shape.
The plasmonic modes of coupled nanoobjects can be considered
as symmetric and antisymmetric combinations of SPs of isolated
objects with different frequencies and field portraits [24]–[28].

The plasmonic properties of nanowires and nanoparticles
have recently been investigated using a variety of methods [4],
[23]–[26], [32]. However, there is a lack of investigations in
terms of quality Q factors of SPs, though these characteristics
are of crucial importance in problems associated with spectral
resolution of sensors, stimulated emission enhancement, etc.
Many authors find SPs investigating resonance peaks in scat-
tering cross section (SCS). This study cannot be considered as
a complete one, because in this way only “bright” plasmons
can be seen, “dark” plasmons that do not couple efficiently to
incident wave cannot be discovered in such a description.

In this paper, we develop nonquasistatical expressions for the
eigenvalues of SPs using the extension of the Drude formula to
complex values that includes finding of eigenfrequencies and
Q. Using this approach, all possible SPs can be found and in-
vestigated, including “dark” and multipole ones.

II. MATHEMATICAL BACKGROUND

It is known that SPs can exist on a metal wire that can be
considered as a plasma infinite-long cylinder (column) in the
optical region. In this paper, we study the SP resonances in an
isolated infinite-long wire and in a finite linear chain of coupled
wires, surrounded by vacuum. The radius of each wire is a,
the separation distance between them is d (air gap between
the wires or interwires spacing), the time dependence eiωt is
implied. Fig. 1 represents a schematic diagram of the structure.
Cylinders with ordinary nonmagnetic metal are characterized by

1077-260X/$31.00 © 2013 IEEE
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a negative permittivity ε < 0 and support only TE polarized SPs.
The frequency dependent metal’s permittivity εp is described by
the Drude model

εp = 1 − ω2
p /(ω(ω − iγ)) (1)

where ωp represents the plasma frequency and γ is the material
absorption. We will assume that ω can be complex valued.

In this paper, the Maxwell equations are the underlying equa-
tions of the analysis

rot �E = −iωμ0 �H (2)

rot �H = iωε0ε �E (3)

where
→
E and

→
H represent the vectors of electric and magnetic

fields, ε0 and μ0 are the electric and magnetic constants, ε should
be replaced by εp for inner points of wires, otherwise ε = 1.

To characterize the fields we introduce N cylindrical system
of coordinates associated with each wire (see Fig. 1) and the
global Cartesian (x, y, z) system centered at the midpoint of
the structure. It is assumed that the columns are oriented along
the axis Oz. TE-polarized fields are considered with Hz ,Eϕ,Eρ

nonzero components.
Maxwell’s equations (2), (3) lead to the Helmholtz equation

for the z-component of the magnetic field, which is denoted
below as H

ΔH + k2H = 0 (4)

where Δ = ∂2
ρρ + 1/ρ∂ρ + 1/ρ2∂2

ϕϕ is the Laplace operator,
k = ω/c represents the wave number of vacuum, c is the light
velocity in vacuum, for inner points of each wire k = kp , and
kp = npω/c is the wave number of plasma np =

√
εp(ω).

A. Isolated Infinite-long Metal Wire

We first investigate the SPs on isolated wire excited by a plane
wave H = e−ik(x cos α+y sin α) , here α is the angle between the
direction of propagation of a plane wave and the positive direc-
tion of the x-axis (it is a z-component of the incident field, the
normalizing factor is omitted). The transmitted and the scattered
magnetic fields, respectively, are expanded as

H(ρ, ϕ) =
+∞∑

s=−∞
AsJs(kpρ)eisϕ , ρ < a (5)

H(ρ, ϕ) =
+∞∑

s=−∞
ĀsH

(2)
s (kρ)eisϕ , ρ > a (6)

where As and Ās are unknown expansion coefficients. It should
be noted that outside the wire the total field is the sum of incident
plane wave and scattered field. The incident plane wave can be
represented in the form of a series of the Bessel functions

e−ik(x cos α+y sin α) = e−iρ cos(ϕ−α)

=
∞∑

s=−∞
(−i)sJs(kρ)eis(ϕ−α) . (7)

The boundary conditions, that require the tangential compo-
nents of the total electric and magnetic fields to be continuous

at the surface, for this polarization can be written as follows:

H(ρ = a + 0) = H(ρ = a − 0) (8)

∂H/∂ρ(ρ = a + 0) = εp · ∂H/∂ρ(ρ = a − 0). (9)

Unknown coefficients are found by virtue of the substitution
of (5), (6) and (7) into (8) and (9)

As = −(−i)se−isαnp2i/(πa) · 1/Fs (10)

Ās = (−i)se−isα · Vs/Fs (11)

where

Fs = H(2)′
s (ka)Js(kpa) − 1/npH

(2)
s (ka)J ′

s(kpa) (12)

Vs = J ′
s(ka)Js(kpa) − 1/npJs(ka)J ′

s(kpa) (13)

where the prime denotes the derivative with respect to the func-
tion’s entire argument.

The plasmonic modes of the metal wire (the field in the ab-
sence of the incident field) can be written as

H =

{
AJs(kpρ)eisϕ , ρ < a

ĀH
(2)
s (kρ)eisϕ , ρ > a.

(14)

Similarly from the boundary conditions (8)–(9), one can obtain

A = ĀH(2)
s (ka)/Js(kpa) (15)

and dispersion relation for eigenfrequencies of the wire

Fs = 0 (16)

where Fs is given by (12). Equation (16) determines the eigen-
frequencies of the isolated wire. We are interested in plasmonic
modes, so we have to examine only the region ω < ωp . In this
interval (16) has no solution for the case s = 0, but for each inte-
ger positive s it has a unique plasmonic solution. SP with s = 1
can be considered as dipole SP, with s = 2, 3, ... as multipole
SPs.

B. Finite Linear Chain of Coupled Infinite-long Wires

The approach aforementioned can be extended to the case of
N coupled metal wires arranged in a linear chain (see Fig. 1).
For this, field representations which are similar to (5)–(6), have
to be written for each wire

H (ρm , ϕm ) =
+∞∑

s=−∞
Am

s Js (kpρm ) eisϕm , m = (1, ..., N)

(17)

H(ρ, ϕ) =
N∑

m=1

+∞∑

s=−∞
Ām

s H(2)
s (kρm )eisϕm . (18)

Here, (17) presents internal field for each particular wire,
while (18) characterizes external field, global polar coordinates
(ρ, ϕ) are associated with the (x, y) Cartesian system. Unknown
coefficients are found from the boundary conditions (8), (9) ap-
plied on each surface. Using the addition theorem for the Bessel
functions we arrive at an infinite system of algebraic equations
that can be truncated in order to provide a controlled numerical
precision. The solution of the plane wave scattering problem on
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Fig. 2. Four classes of symmetry of the field: EE (x- even, y- even), OO (x-
odd, y- odd), OE (x- odd, y- even), EO (x- even, y- odd).

a linear chain of silver nanowires is derived in [29]. In this paper,
we concentrate on deriving the formulas for eigenfrequencies.
For this we solve eigenvalue problem with zero incident field.
Generally, the plasmonic eigenfrequencies of the linear chain
are zeros of the N-block matrix determinant equation. With
growing of N the solution of the equation becomes more time-
consuming. However, the problem can be simplified using the
following observations. The structure under consideration has
two axes of symmetry, which causes four families of excited
plasmons. They can be classified as EE SPs with field distribu-
tions symmetrical with respect to x- and y-axes, EO SPs with
field distributions symmetrical (even) with respect to x-axis and
antisymmetrical (odd) with respect to y-axis), similarly, OE
(x-odd; y -even), OO (x-odd; y-odd). Here, we follow clas-
sification proposed in [30], [31] for eigenmodes in thin disks
photonic molecules.

Fig. 2 shows the classification scheme of possible SP sym-
metry classes in a finite linear chain. For each symmetry class,
the eigenfrequency equation can be simplified and written in the
following form:

EE (x-even, y-even)

x(p)
m + Jm (ka)

N/2∑

j=1

∞∑

s=0

μsx
(j )
s UsW

(p,j )
ms +

+ 2Jm (ka)
∞∑

s=0

μsx
(N +1)/2
2s U2sW

(p,(N +1)/2)
m,2s = 0 (19)

OE (x-odd; y-even)

x(p)
m − Jm (ka)

N/2∑

j=1

∞∑

s=1

x(j )
s UsW

(p,j )
ms +

+ 2Jm (ka)
∞∑

s=1

x
(N +1)/2
2s U2sW

(p,(N +1)/2)
m,2s = 0 (20)

EO (x-even; y-odd)

x(p)
m − Jm (ka)

N/2∑

j=1

∞∑

s=0

μsx
(j )
s UsW

(p,j )
ms +

+ 2Jm (ka)
∞∑

s=0

μsx
(N +1)/2
2s U2sW

(p,(N +1)/2)
m,2s = 0 (21)

OO (x-odd; y-odd)

x(p)
m + Jm (ka)

N/2∑

j=1

∞∑

s=1

x(j )
s UsW

(p,j )
ms

+ 2Jm (ka)
∞∑

s=1

x
(N +1)/2
2s U2sW

(p,(N +1)/2)
m,2s = 0 (22)

where m = (1, ...N), p = (1, ...N/2) if N is even and p =
(1, ...(N + 1)/2) if N is odd

x(p )
m = A(p )

m Fm Jm (ka)

U (p ,j )
m s =

Vs

FsJs (ka)

W (p ,j )
m s =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

±H
(2)
m + s ((N − j)kh) ± (−1)s

H
(2)
m −s ((N − j)kh), p = j

H
(2)
m −s ((j − p)kh) ± (−1)sH

(2)
m + s ((j − p)kh)

+(−1)sH
(2)
m −s ((N − j)kh)

±H
(2)
m + s ((N − j)kh), p �= j

W (p ,(N +1)/2)
m s = H

(2)
m −2s (((N + 1)/2 − p)kh)

± H
(2)
m +2s (((N + 1)/2 − p)kh)

h = 2a + d.

In W
(p,j )
ms we take the sign + for x-even SPs and − for x-odd

SPs. We have to stress that last terms in (19)–(22) appear only
for odd number of columns in a chain.

Finding the eigenvalues reduces to the computation of zeros
of the derived matrix equations determinants (19)–(22). These
systems are the Fredholm second kind matrix equations. They
can be truncated so that approximate solution will converge to
exact solutions with increasing of the truncation number. The
truncation number is determined by the wire radii the distance
between them, and the desired accuracy. For accurate descrip-
tion of the fields, higher order multipole SPs should be taken into
account for closely spaced wires. In this study, the truncation
number 20 has been used to provide the 10−4 accuracy.

For distant wires due to decaying character of the Hankel
functions the influence of the series terms become negligibly
small. The derived equations can be viewed as characteristic
equations for SP of isolated wire (16).

We have to mention that all eigenfrequencies are complex
ω = ω′ + iω′′, where ω′′ > 0 represents damping and ω′ is as-
sociated with the eigen oscillation frequencies. Q of plasmons
can be evaluated through the formula Q = ω′/2ω′′.

III. RESULTS AND DISCUSSION

A. Plasmon Resonances of an Individual Metal Wire

For further calculations we will use the normalized parameter
wp = ωpac−1 that we will call the size parameter. Fig. 3 shows
the spatial near-field portraits of the SPs for s = 1, 2, 3 (wp =
0.5).

Fig. 4 plots the SCS obtained from (5), (6) in far-field
limit versus normalized frequency (ka) for different values of
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Fig. 3. Near-field distributions (z− coordinate of the magnetic field) of SP
for different number of angular field variations (wp = 0.5).

Fig. 4. SCS of isolated metal wire versus normalized frequency (ka) for dif-
ferent values of the size parameter wp .

wp . For the value of wp = 0.5 (optically thin wire), we can
see only one peak for γ = 10−2wp associated with excited
dipole plasmon. Additional sharp peak is observable in the
spectrum for smaller value of losses γ = 10−3wp , it is asso-
ciated with quadrupole plasmon. We see an additional promi-
nent sharp peak for wp = 0.7 if γ = 10−3wp that corresponds
to the quadrupole plasmon. For optically thick wire (wp = 1),
maximum amplitude is associated with quadrupole SP. The nor-
malized value of wp = 0.5 approximately corresponds to the
silver nanowire of 28.3 nm radius, wp = 0.7 and wp = 1 cor-
respond to the 39.1 nm and 56.9 nm, respectively. Fig. 5(a)
illustrates the value of the real part of SP normalized eigenfre-
quency (Re(ka) = ω′a/c, ω′ is the real part of eigenfrequency
that is the solution of the equation (16)) versus the number of
angular field variations (s) for the same values of the size pa-
rameters wp as in Fig. 4. Fig. 5(b) plots Q of corresponding SPs.
The dispersion (16) has formal solution for arbitrary number of
angular field variations; different solutions for these values of
wp are observable only for a few SPs (dipole and quadrupole
ones).

The SPs eigenvalues crowding is seen with growing of s
(e.g. for wp = 1 and γ = 10−3wp dipole plasmon normalized
eigenfrequency is ka = 0.63 + 0.1i, for quadrupole SP ka =
0.6755 + 0.0068i, with growing of s eigenfrequencies tend to
the approximate value of ka = 0.7 + 0.0005i); however, in the
spectrum (Fig. 4) only a dipole and quadrupole SPs are seen.

Fig. 5. (a) Dependence of the eigenfrequency on the number of angular field
variations for different values of the wp and (b) dependence of the Q-factor on
the number of angular field variations for isolated plasma cylinder (γ = wp ·
5.10−3 ).

Fig. 6. Near-field distributions (z- coordinate of the magnetic field) of differ-
ent SPs of two coupled metal wires (wp = 0.5).

B. SPs of Two Coupled Wires

The SPs in dimmers have been extensively studied [23]–
[25]. Here, we provide some additional comments in terms of
eigenfrequencies and Q. Fig. 6 shows the near-field distributions
(17), (18) of EE, EO, OE, OO dipole SPs (19)–(22) of two metal
wires that are symmetric and asymmetric combinations of SPs
of individual wire. The orientation of their dipole moments is
shown in the figures. Dipole EE SP can be viewed as transverse
opposite-phase plasmon. Dipole EO SP is transversal in-phase
one, OE and OO are longitudinal SPs in-phase and opposite-
phase, respectively.

Figs. 7 and 8 demonstrate the real values of the eigenfre-
quencies and Q for the dipole (s = 1) and quadrupole (s = 2)
SPs for two coupled metal wires. Black dashed line plots data
for an individual wire. It is clearly seen (see Fig. 7) that for
distant wires eigenfrequencies are nearly identical for all four
symmetry classes. As separation distance d becomes smaller,
the frequency shift of the coupled SPs becomes much stronger.

Fig. 8 represents Q of coupled SP modes for dipole plasmon of
optically thin wire (wp = 0.5) and quadrupole plasmon of thick
wire (wp = 1). Dramatical enhancement of Q is observable
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Fig. 7. Dependence of the normalized frequency on the normalized separation
distance between two coupled wires for different SPs (wp = 1, γ = wp · 10−3 ):
(a) s = 1; (b) s = 2.

Fig. 8. Q-factor for two coupled metal wires (γ = wp · 10−3 ) for EE, OE,
EO, OO plasmons and for isolated wire for: (a) wp = 0.5, s = 1; (b) wp = 1, s
= 2.

when d = 0.97λ for EE SP, d = 1.86λ for EO SP, d = 1.91λ

for OE SP and d = 1.025λ for OO SP (here λ is the wavelength)
for thin wire dipole plasmons. Qs of coupled dipole SPs for these
values of separation distances are evidently much greater than
the Q of individual metal wire SP. For thick wires quadrupole
SPs enhancement of Q is observable for following separation
distances: d = 1.43λ (EE), d = 0.84λ (EO), d = 0.82λ (OE)
and d = 1.41λ for OO SP.

In Fig. 9, we report SCS as a function of Re(ka) for two wires
illuminated normally to their main axis. For this illumination
direction only OE SPs are excited. It can be easily verified by
comparing position of the peak in Fig. 9 and the value of ka in
Fig. 7. For “thin” closely spaced wires (wp = 0.5, d/a = 0.6,
and γ = wp · 10−3) only dipole and quadrupole modes are seen
in the spectrum. Further, reduction of the separation distance
leads to appearance of additional resonant peak (s = 3). With
increasing of separation distance the spectrum becomes less
complex with main peak at dipole plasmon and finally converges
to that of a single wire (see Fig. 4). For thicker wires (lower
panel, wp = 1), we observe similar phenomena with main peak
at quadrupole plasmon. For the illumination direction parallel to
the main axis only EE SPs will be clearly seen in the spectrum,
for this reason EE and OE plasmons are referred as “bright,”
while EO and OO as “dark” ones.

Fig. 9. SCS of a pair of metal wires versus normalized frequency (ka) for
different values of the wp and different values of the normalized separation
distance (γ = wp · 10−3 ). Illumination is along the normal to the main axis.

Fig. 10. Near-field distributions (z− coordinate of the magnetic field) of
different plasmons of three coupled metal wires.

C. SPs of Three Coupled Nanowires

If we add one more metal wire, it would not alter the number
of symmetry axes. However, additional solutions can appear in
(19)–(22) that characterize bonding and antibonding combina-
tions of the SPs. Thus, if the number of angular field variations is
odd, bonding and antibonding SPs appear in EO and OE classes,
while systems for EE and OO SPs possess unique solution for
given s. However, for even s, we observe reverse situation that
means appearance of bonding and antibonding modes in EE
and OO classes. Fig. 10 demonstrates the near-field distribu-
tions of different dipole plasmons of three coupled wires. The
orientation of their dipole moments is schematically shown in
the figures. Here, OEb is longitudinal in-phase SP, OEa and OO
are longitudinal opposite-phase SPs; EOa is transversal in-phase
plasmon; EE and EOb are transversal opposite-phase ones.

Fig. 11 characterize the eigenfrequencies values (their real
parts) of the all possible dipole and quadrupole plasmons in a
chain of three coupled metal wires. It can be seen that the up-
ward shift in frequency is much faster than downward shift for
both dipole and quadrupole modes if wires are brought together.
We compare the Q of dipole and quadrupole plasmons in a chain
of three metal nanowires in Fig. 12. The growth of Q for certain
separation distances is observable. Thus, the positions of Q max-
ima (wp = 0.5) are: d ≈ 0.64λ (for EOb and OEb); d ≈ 0.84λ
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Fig. 11. Normalized frequency versus the normalized separation distance be-
tween the three coupled plasma cylinders and for isolated cylinder for different
plasmons for s = 1 and s = 2 (wp = 1, γ = wp · 10−3 ).

Fig. 12. Q-factor for three coupled plasma cylinders for (γ = wp · 10−3 )
different SPPs for: (a) wp = 0.5, s = 1; (b) wp =1, s =2.

Fig. 13. SCS of three metal wires versus normalized frequency (ka) for dif-
ferent values of the wp (γ = wp · 10−3 ). Illumination is along the normal to
the main axis.

(for EOa and OEa); and d ≈ 1.4λ (for OO and EE) [see
Fig 12(a)]. For greater values of size parameter (wp = 1) the
results are presented for quadrupole plasmons [see Fig. 12(b)].
The increasing of Q is observable for d ≈ 0.8λ (for EO and
OE); d ≈ 1.39λ (for EEa and OOa); and d ≈ 1.73λ (for EEb
and OOb).

Fig. 13 represents the SCS of three metal wires chain with
inter wires spacing d � λ. Similarly, to the two wires structure,
multiple plasmons are seen in the spectrum. The distant peaks
for strongly coupled wires would move closer with decreasing
of the separation distance. Illuminating the chain from the top
one excites longitudinal in-phase SP (OEb), s = 2 peak is asso-

Fig. 14. Normalized frequency versus the normalized separation distance be-
tween the coupled metal wires in a chain on N columns for OE plasmon (s =
1, wp =0.5, γ = wp · 10−3 ) and for isolated wire (s = 1).

Fig. 15. Q-factor for chain of N coupled plasma cylinders (s = 1, wp = 0.5,
yγ = wp · 10−3 ) for OE plasmons and for isolated cylinder.

ciated with OE SP. For the illumination parallel to the main axis
transversal opposite-phase EOb dipole plasmon can be excited.
For three coupled wires these two dipole plasmons (OEb and
EOb) are “bright” ones.

D. P Resonances in a Linear Chain of Coupled Metal Wires

This approach can be extended to an arbitrary finite number
of wires in a chain. Thus, in the case of four wires there exist
eight SPs for each number of angular field variations, i.e., that
each matrix (19)–(22) has two distinct solutions (bonding and
antibonding SPs) for given value of s. In general, in the chain
of N wires the total number of possible SPs for particular value
of s equals to 2N . In [29] there has been shown that additional
resonances (grating-type ones) appear with growing of N (say
N < 50).

Fig. 14 shows eigenfrequencies of bright dipole SPs for dif-
ferent number of wires in a chain. These SPs can be excited due
to the Illumination normal to the major axis. The orientation of
the dipole moments is shown in the inset in the figure. These SPs
belong to the OE symmetry class. The horizontal line represents
eigenfrequency of dipole plasmon of individual metal wire. Ex-
tra red shifting of coupled dipole plasmons at small separations
is observable.

Enhancement of Q is seen for the same SP modes as afore-
mentioned with appearance of each additional wire. The posi-
tion of the peak depends on the number of wires; however, the
maximum value of Q monotonically grows (see Fig. 15).
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IV. CONCLUSION

We have systematically analyzed the plasmonic properties of
a linear chain of metal wires within the Drude model. For this,
we have derived matrix equations that allow thorough investi-
gation of SPs. Our modeling provides results in terms of eigen
oscillating frequencies and Q. It is shown that SP of coupled
wires results from symmetric and antisymmetric combinations
of the plasmons of individual wire and strongly depend on in-
terwire separation. It has revealed the possibility of Q dramatic
enhancement by virtue of placing the wires at certain distances
and increasing the number of wires in a chain.
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