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Abstract

Qubit  (quantum)  structures of data and
computational processes for significantly improving
performance when solving problems of discrete
optimization and fault-tolerant design are proposed.
We describe superpositional method for synthesizing
cube of functionality for its implementation in the
structural components of programmable logic chips.
The estimates of synthesis time, as well as hardware
costs for creating qubit models of logic circuits are
represented.

1. Introduction

Quantum computing becomes interesting for
cyberspace analysis, creating new Internet technologies
and services, which is explained by their alternative to
the existing models of computing processes. Market
appeal of quantum (qubit) models is based on the high
parallelism when solving almost all discrete
optimization problems, factoring, minimization of
Boolean functions, effective compression of data, their
compact representation and teleportation, fault-tolerant
design [1-9] through significant increase in hardware
cost. But now it is acceptable, because there are
problems of use silicon chip, which contains up to 1
billion gates on a substrate thickness 5 microns. At that
modern technologies allow creating a package
(sandwich) containing up to 7 chips, which is
comparable with the quantity of the human brain
neurons. Practically, through-silicon via (TSV)
connection is based on the technological capability of
drilling about 10 thousand through vias in 1 square
centimeter of wafer or die. Layout the indicated
volume of useful functionality on chip is currently
problematic. So, it is necessary to develop hardware-
focused models and methods for creating high-speed

tools of parallel solving real world problems.
Considering the discreteness and multiple-valuedness
of the alphabets for description of information
processes, the parallelism, inherent in the quantum
computing, is particularly actual when developing
effective and intelligent engines for cyberspace or
Internet [5], tools for synthesis of fault-tolerant digital
primitives and systems [6], testing and simulation of
digital systems-on-chips [7-9], technologies for
information and computer security [3-4], brain-like
models for computing, analysis and synthesis of
linguistic constructions [7-8].

2. Qubit, quantum models of data and
computing processes

A quantum computer is designed for fault-tolerant
design and solving optimization problems by way of
the brute-force method through the use of set theory. A
set of elements in the traditional computer is orderly,
because each byte has its own address. Therefore, the
set-theoretical ~operations are reduced to the
enumeration of all the addresses of primitive elements.
Address order of data structures useful for applications
where model components can be strictly ranked, which
makes it possible to carry out their analysis in a single
pass (a single iteration). If there is not order in the
structure, for example, the set of all subsets, the
classical model of memory and computational
processes disimprove the analysis time of primitive
association equal by the rank, or processing of
associative groups is ineffective. What can be offered
for unordered data instead of the strict order?
Processor, where the unit cell is the image or pattern of

the universe of n primitives, which generates Q=2"
all possible states of a cell as a power set or the set of
all subsets. Direct solution about creating such cell is
based on unitary positional coding states of primitives
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that form the set of all subsets and in the limit the
universe of primitives by superposition of last ones.
For instance, four primitives create boolean, containing
sixteen states (combinations), with four bits:

B2(Y) = {Q=(1000), E=(0100), H=(0010), J=(0001),
0={Q,H}=(1010), I={E,J}=(0101), A={Q,E}=(1100),
B={H,J}=(0011), S={Q.,J}=(1001, P={E,H}=(0110),
C={E,H,J}=(1110), F={Q,H,J}=(1011),
L={Q,E.J}=(1101), V={Q,E,H}=(1110),
Y={Q,E,H,J}=(1111), U=(0000)}.

Operations on the symbols of set-theoretic alphabet
can be reduced to logical commands and, or, not, xor,
which form the functionally complete basis, according
to Post's theorem.

Another interpretation of the power set of four
primitives (binary codes: 00, 01, 10, 11) creates 16
different functions of two variables. At the same time
last table can be represented as symbol codes of multi-
valued alphabet, which are easy to operate for solving
problems of Boolean functions synthesis and analysis:

Q0o00OODODOODTITITITTITITTI1TTI1TT1T1
E/OOOO11110000T11T11
HOO0O1100110011O00171
JJO1 01 010101010101
IJHBEIPCQSOFALVY

This table can easily be constructed for any number
of primitives (n=2, 3,4, 5, 6, 7, 8 ...), where the set-
theoretic operations on symbols can be reduced to
logical operations on vectors. The multiple-valuedness
of alphabet symbols has a positive effect on the
minimization of Boolean functions. For example, a
compact representation of input variables states for
individual Boolean functions of two variables in their
coding by symbols of 16-digit alphabet has at most two
cubes of multivalued coverage.

o0[o] [Q]o
01{0|_[E|0]|_ _ ,
wlol=lalo =[YJo]=[1111]0];
1jo| [J]o
00fo] [Q]o0
or|o|_[E|o|_[V]o]_[1t10 JO].
100 [H[O| [ J 1] [o001 [1]
11 |1 Il
00fo] [Q]o
01 |0|_|E|Oo|_[FTJo]|_[1101 .
101 |H|1| |[H[1] [0010 [1]
11 [0 J 1o
00[0] [Q]o0
or|{o|_[E|o|_[AJo]_[1100]0].
101 |H[1| [B[1] [001Ll]|1]
111 J 1

001 Q1
01|1| _|E|1]_ _ )
wol11=l4 1 =[Y[1]=[1111]1];
1|1 T |1
00][0 Qlo
or|o| |E|o| _[F]o|_[1101 ]
0|1 |H|1| |[H|1| |o010|1]
1110 J|o
000 Qlo
o1|1|_|E|1|_[Q 1000 [0
01| [H|1| |C|1||o111|1]
111 T |1
000 Qlo
o1|1|_|E|1|_[Ss]o]_[1001]0
101 [H|1| |P|1]| |o110]|1]
1110 J|o

Thus, the transition from binary vectors of the input
signals to the symbols of the closed multivalued
alphabet provides a fundamentally new opportunity to
minimize the cubic coverages (truth tables), which will
always be no more than two  cubes

f(X)={C},Cy}, C;uCy=U, C;=Cp, forming the
unit and zero output functions by two complementary
symbols, together forming the symbol universe. The
power of the primitive universe cardU=n forms the

total number of states Q =2" or symbols derived from

them, which are encoded by 2" bits. Subsequent
binary encoding of input symbol for each of two cubes
allows implementing a functional primitive as close as
possible to memory element of programmable logic
devices (PLD), where the input word of logical
element is the address of the memory cell (bit), in
which the output state is recorded. However, the truth
table in the form of memory is DNF, which is
irreversible for the solving the problem of inverse
implication. In this case, way out could be in explicitly
definition of functionality in the form of a cubic
coverage, and precisely two cubes of coverage
specifying all the possible solutions by the inputs.
Moreover, all logic elements are one input, where the
input is register variable or n-bit vector that generates

an address of memory storing Q=2" bits as the
values of function Y =f(A)=1(X1,X2,....X{,...Xp) .

A qubit is a binary vector containing n bits, to
define the power set (the set of all subsets) of the states

Q=2" based on the use of n primitive symbols
(elements). Qubit is a set of n equivalent bits forming n

primitives by unit value to describe Q=2" states,
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which constitute the power set — the set of all subsets
of n primitives.

There are no numbers! All bits of qubit are equal
when creating primitives. Any set-theoretic operation
is executed in one cycle, which is impossible if the
association of primitives is defined in countable
(ordered) space of computer memory. Metric (vector
and scalar) for analyzing distances proposed in [11,13]
is absolutely suitable for determining the interaction of
multi-valued (binary) qubit objects, processes and
phenomena, by using xor-operation.

Ideally, the wuse of qubit structure allows
representing any functionality in the form of two cubes
that are bound to zero and one. These cubes form CNF
and DNF respectively. The problem can be simplified
further by excluding zero and one from consideration,
having them implicitly in mind. At that, two cubes
forming the input conditions will always be mutually
inverse because they complement each other to the
universe of primitives. Therefore, it is necessary to
leave only one symbol, and hence one binary code,
which is the truth table of (two-input) functional
primitive:

oolo] [Qlo
ot|1] [E[1| [s]o] [1001]0

= = = —P=[0110
101 [H|1| |P|1] |o110]1
1tlo| |71

YZPZEVH=A1VA2 :i1X2VX1i2.

The resulting vector is interpreted here not only as a
set of addressable bits, but as a cube, forming unit
value of the primitive output on which parallel vector
logical operations can be performed. Otherwise, a set
of input vectors can be transformed to a single vector,
where each position (address) corresponds to the input
combination and the value of position — to the state of
function output. This makes it possible to reduce the

exponential (2n) computational complexity of cubic
coverage synthesis for functionality, based on the
specified truth tables of the structural components of a
digital device, to a linear function by increasing the
number of bits when setting the variables from n up to

2" bits,

Thus, on the grounds of the introduced qubit data
structures and Hasse-model of the computing we can
make some conclusions:

1) Quantum Computer was created the experts in
the field of quantum mechanics, who introduced the
idea of creating a non-numeric computer, based on
analog representation of information.

2) The introduced notion of a qubit corresponds to
the Boolean primitives, which is the ideal nonnumeric
form of object component description for analysis,
synthesis and optimization of discrete objects.

3) The forms of qubit representation are the
following: 1. The symbols of the universe of
primitives, which generate the set of all subsets (power
set). 2. Binary vectors, where the power set is a
combination of unit values. 3. Hasse diagram, which
forms the power set of all possible solutions on the
graph. 4. Full transition graph, which determines the
set of all subsets of transitions in the form of arcs. 5.
The geometric representation in a plane for a qubit in
the form of points and segments corresponding to the
Boolean.

4) In practice, more than 90% of all IT-industry
problems associated with information retrieval in
cyberspace, pattern recognition and decision-making
relates to the field of discrete mathematics, where it is
difficult to find a place of numerical arithmetic.

5) It is necessary to create brain-like parallel
associative logic (quantum) processors, which
effectively use Boolean (qubit) primitives or elements
(sets) to solve problems of discrete mathematics.

6) Set-theoretic operations have to be replaced the
isomorphic logical instructions (and, or, not, xor) for
the subsequent creating a new system of parallel qubit
programming to solve logic and optimization
problems.

7) Another solution for organization computing is
associated with topological representation of the qubit,
where the elements are the geometric shapes.

8) Nonnumeric problems, focused to the proposed
processor are the following: minimization of forms of
Boolean functions, when describing complex systems;
searching paths in the graph; testing and diagnosis of
digital systems; combinatorial studies of processes and
phenomena; intelligent data searching, pattern
recognition and decision making; discretization of
fuzzy models and methods, when creating the
intelligence.

3. Synthesis of the functionality cube by the
method of superposition

Formally, there are two ways for synthesis of the
functionality of the digital circuit with n inputs. The
first one creates a vector of the length n, by filling in
zero and unit values of the function on the basis of the

direct simulation of all q=mx2" input signals on m

primitives. The second one is the superposition method
for cubes of primitive elements. It also provides
determining of all coordinates of the output state vector
by superposition of m cubic coverages comprising the
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circuit structure. In this case, the computational
complexity of obtaining the functional coverage is
equal to q=2Xm provided that the structural

components of the circuit had previously been ranked
in the order of signal propagation and coverage of each
primitive has 2 cubes.

An instance of getting coverage by the second way
for the functionality f(X)=(X1X5)V (X3Xy) that
involves three two-input primitives (and, or, or) is
presented below. For this purpose, two coverages:
C(and) = 0001, C(or) = 0111 are used. Their
interaction as the Cartesian product concerning the
binary operation «or» generates the following output:

£(X) = (X1X2) v (X3X4) = (0001) v (0111) =

11
00 1 11
=00 1 1 1=(0111 0111 O111 1111).
00 1 11
1|1 111

Forming the coverage for function, where there are
redundant or irrelevant variables, is of interest:

XiAXo | Xo
X X5 X9 0 0
fX)=X1Xp)vXo=| 0 Ax 0 |vx 0 = 0 vil=
1 1 1 0 0
1 1
X1 AX)Xy f(X1.X3)
0 B f(X1.Xp)=X>,
= 1 = 1 =X1Xo vXiXgp = 0 .
0 0 1
1 1

Here, the procedure for obtaining the cube of output
values is added to the minimization step, which can
greatly simplify the logical structure by eliminating the
irrelevant variables.

The process model for obtaining the coverage of the
logical functionality through its consistent expansion
of n variables consists of the following items: 1)
Performing the Cartesian product { vy,Ax,@x} for

logic function of two (n) variables to form vector of
output values of the length p=2". Here every bit of
the vector of one variable X; interacts by logic
operation with every bit of the vector of other variable

XJ

X1AXo
X1 X5 0
0Ag O 1= O
1 1 0
1

The dimension of the resulting vector is p =p; Xpj,
where pj,p; are width of binary vectors for the

corresponding variables. 2) Consistent implementation
of Cartesian (vector) logic operations on all primitives

n

(logic variables): P = []P; for obtaining the cube of
i=1

logical functionality of the maximum dimension

p=2". 3) Minimizing the length of functionality cube

by excluding irrelevant variables; elimination of m

variables reduces in 2™ times the original dimension
of the cube (vector) of circuit operation. 4) Exclusion
of conflicting input patterns, if the terms of the logical
function have the same variables.

To reduce the computational operations it is
advisable to have a library of output functions for all
logic operations, which occur in the functionality. In
fact, these types for each circuit are no more than 10.
For example, for two-output circuit shown in Fig. 1,
there is only one type — and-not.

Fig. 1. Circuit structure from ISCAS library

Implementation of a process model for synthesizing
the general functionality will be presented the
following items: 1. Create a library of primitives in the
form of cubes of their functionalities:
C; =(0001),i =1,6 . For this circuit there is one type of

two-input primitive:

XX, Y| C
00 1 1
Cand-not =| 01 1 |=1=(110).
10 1 1
11 o} O

2. The procedure for the synthesis of the functionality
cube for the circuit structure by superposition of the
cubes of primitive elements is as follows:
C3 B
Cs(YD) = C1(X2C) = (X1 X3)[X2(X3X4)];
C3 Cy
Ce(Y2) =XpCr(CrX5) =X X3X , X3X, X5
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X1X3 X3X4 X1X3 X1X3
1 X2 1 1 00
Cs= 1 ~Ax| 0~ 1 =l 1 01 |Ax
1 1 1 1 10
0 0 0 11
X X3X, X2X3Xy
1 000
1 001
1 010
Ax 1 011 =(0001 0010 0101 1111);
0 100
0 101
0 110
1 111
X3X, | [X3X,
X2 1 1 Xs
Co=| 0 Ax 1 |Ax] 1 ~Ax 0=
1 1 1 1
0 0
X5 X3X4 XrX3Xy X3X4X5 X3X4 X5
1 000 1 000
1 001 0 001
1 010 1 010
= 1 011  |Ax 0 011 |=
0 100 1 100
0 101 0 101
0 110 1 110
1 111 ] 111

=(0101 0100 0111 1110).

3. Minimization of the resulting functionality cube in
order to obtain a more compact solution by
superposition of the tables or exclude irrelevant
variables.

In the above example, the synthesis of the
functionality cube is performed in accordance with the
order of increasing addresses of the input variables,
provided the consistency of the values of the same
variables in each row of received truth table. For
obtaining compact truth table of functionality provided
by the circuit structure, it is necessary to perform
superposition of two tables, corresponding to the
outputs:

Y| =C5 =(0001 0010 0101 1111);
Y, =Cg =(0101 0100 0111 1110)

‘We can obtain a solution in the form of a truth table,
which in this case is not completely ordered at the
addresses of variables for the second function, but it is
a compact table of 16 rows, presented below:

X; Xo X3 X4 X5 Y] Y
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
O 1 0 0 0 1 0
1 0 0 0 1 0 1
0 0 1 1 1 0 0
o 1 0o 1 0 1 1
1 0o o 1 1 0 1
o 1 1 1 0 0 1
1 0 1 1 0 1 0
o 1 1 0 0 0 1
1 0o 1 0 1 1 1
1 1 0 0 1 1 1
1 1 0 1 1 1 1
1 1 1 0 1 1 1
1 1 1 1 1 1 0

What does the practice of obtaining the coverage in
the form of a cube, which is a vector of output states of
the functionality? 1. First of all it is easy to specify of
arbitrarily complex circuit of n variables by a binary

vector of the dimension 2". 2. Processability of
implementation of this form of functionality in the
chips of programmable logic, where logic functions are
represented by truth tables, realized as address
memory. 3. Processability of functionality synthesis
through the use of LUT (Look Up Table) by dividing
the vector-cube on segments multiple the power of
two. It should be noted that the logic function of any
structure is quite difficult to realize in regular memory
elements without introducing redundancy. Therefore,
the proposed approach for obtaining a single cube of
the logic circuit and subsequent decomposition of the
vector on segments, corresponding to the existing in
PLD tabular LUTs (4 inputs) is an effective
technological solution. 4. Compactness of writing
functionality in the form of a vector for solving the
problems of analysis, fault simulation and fault free
behavior, test synthesis and fault detection. 5.
Processability and effectiveness of addressed
implementation of Boolean structures of n variables in
the software models, where the address space does not
need to divide on segments in compliance with the
limitations of the hardware primitives. 6.
Transformation of the cubic structure in the
functionality cube and subsequent decomposition of it
on regular segments corresponding to the tabular LUT-
primitives greatly simplifies solving the tasks of
prototype testing, implemented in the chip PLD. 7. The
vector (cube) of outputs

C= (Cl,CZ,...,Ci,...,Cp ),p= 20 s implicit and

compact (not analytical or tabular) representation of
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Boolean function, focused on addressed executing of
logic operations:

Y =f(X1,X2,0s Xjserr X ) = AKX, X2 o0y Xjeews Xy ) =
=C(X[,X2,.00s Xj e s X ) =C(A], A2, A, Ap).

For instance, the function of three variables
Y =X(Xo vX3=A(X(,X,,X3) after synthesis of

the output vector C=(Cy,C....Cj....Cp).p=2" will

be represented in the form of cube C = (01010111),
where each bit defines the state of the functionality
depending on the address (the address of the cell)
formed by the input word of three bits, corresponding
to the variable Y =A(X(,X5,X3). For example,
Y=C(A=011)=1. If the length of the cube C is

known and is equal to p, then the number of variables
forming the address for the extraction of required bit
from C-vector is given by: n=1og, p.

4. Implementation of the functionality in
the technological PLD structure

Solving the problem reduces to the partition of the
functionality cube on segments, which can be
associated with library primitives of the chip. There are
some four-input primitives (memory cells for storing
the truth table LUT) on chip PLD (FPGA). Primitives
can be packed in logical sectors (Slice), consisting of
two primitives, combined by multiplexer that allows
increasing the digit capacity of input variables up to
five. Subsequent union of two sectors through the
multiplexer increases the digit capacity of input
variables up to six. At that chip technology provides
that every two pairs of sectors are multiplexed in
blocks CLB (Configurable Logic Block), which makes
it possible to increase the number of inputs of the
synthesized logic function within CLB up to seven
variables. The structure of the above modules (LUT,
Slice, CLB) is shown in Fig. 2.

S_F7 _¢
SLICE 2 SLICE 3
G4 G4
G-LuT] -] L H G-Lut )7 ]
63 MUxFr TP @ a3_|| Muxes P @
| >l |

e K
G1_|

MUXES

MUXFS|

F4 L e
F-LUT F-LUT
F3 | P @ s _l

Fig. 2. The structure of PLD models

Here, the function value of seven variables is
formed at the output of the multiplexer MUXF7. The
subsequent increase of the digit capacity of input
variables is associated with forced structural
organization of CLB components in the hierarchical
structures of higher level: one CLB is capable of
forming any function of seven variables, 2 CLBs — 8
variables, 4 CLBs — nine variables, eight CLBs — 10
variables. In general, the functional dependence of the
quantity of variables n upon the number of CLB blocks
N has the following form:

n=logoy N+7.

To estimate the hardware complexity of synthesis or
implementation of computational structure it is
necessary to have an inverse relationship of quantity of
logical blocks CLB upon the complexity of logic
function, reduced to the number of variables n or

power of functionality cube N =2". For example, for
the function of n = 10 variables, it is necessary to have
8 CLBs on-chip. In general, the number of logical CLB
blocks, depending on the quantity of variables of the
synthesized function, is equal to:

N=2"7 n=789, ...

As the number of LUT primitives, then the
estimation of the hardware complexity will be
represented by the following expression:

N#=8Lx 2"/ + 4Mx 227 = 8L + 4M)x 2"~/

Here 8L, 4M are hardware complexity of LUT
implementation and multiplexor, included in CLB. At
that the important characteristics of functionality
implementation — the structural depth as the number of
hierarchy levels, expressed in the number of LUTSs
and/or multiplexers on the longest logical path, and its
delay D — also depend on the number of variables
(delay of the multiplexer):

S=(n-3);
D=(n-3)xDypy.
An instance: a cube of digital structure contains
p=4096, (n=12) bits (variables).

After synthesis the characteristics of such
functionality will be the followings:

N# = BL+4M)x 2" 7 = (8L +4M)x 2> =32x (8L +4M);
S=(12-3)=9,
D=9XDM.
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If the temporal characteristics of primitives for a
particular chip of programmable logic, as well as
hardware cost estimates of implementation of the
structural components (LUT, Slice, CLB) are known,
the parameters of functionality, implemented in the
chip PLD (FPGA), can be calculated more accurately.

4. Conclusion

The scientific novelty lies in the proposed
superposition method for synthesizing the cube of
functionality, which is characterized by the use of the
structure of primitive elements. For specific class of
devices it can considerably reduce the time of
obtaining the model of digital device, focused to the
implementation in PLD chips.

The practical significance consists of significant
increase in the speed of synthesis and minimization of
cubic coverage of logic models through parallel
execution of vector logic operations and taking into
account the structural features of programmable logic
devices. The method for constructing the functionality
cube makes it possible to simplify solving the synthesis
problem for the digital structure on chip through the
use of components (LUT, Slice, CLB), which is of
particular interest for its industrial use.
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