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Abstract— The article analyses the classification of time series 

according to their fractal properties by machine learning. The 

classification was carried out using neural networks and the 

random forest method. Objects were the model fractal time series 

with given the Hurst exponent. Each class was a set of time series 

with the Hurst exponent values in a predetermined range. Input 

features were the values of time series. It was demonstrated that 

in this case the classification accuracy is high enough. The most 

accurate classification results were obtained using recurrent 

neural network. The proposed method can be readily used in 

practice for recognition, classification and clustering of time 

series with fractal properties. 
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I. INTRODUCTION 

Optoelectronic and laser devices are used in many areas of 
human life, for example, in medicine, remote sensing, 
reflectometry, in optical communication networks, etc. Many 
data in optoelectronic devices can be represented as time series, 
for example, the intensity of continuous laser radiation, laser 
behavior, speckle fields and structures, and many others. All 
these data are high-speed signals depending on time and their 
processing can turn into an extremely difficult task, especially 
when signals nonlinearly distorted. A Machine Learning 
methods are used for fast processing of information, for 
example, when solving a problem of classifying data of highly 
distorted optical communication signals after an extended 
transmission over fiber [1, 2]. 

As studies have shown in recent decades, many complex 
technical systems and processes have fractal properties. These 
are infocommunication networks and information transmission 
devices, antenna and radar complexes, wave scattering 
processes, the turbulent motion of fluid and plasma, and much 
more [3, 4]. Among them, can be specified typical processes 
for optoelectronic and laser engineering. For example, a 
generation of fractal light inside a laser cavity [5] was recently 
demonstrated and in paper [6] fractal graphene layers are 
obtained by a complex method of liquid phase exfoliation and 
self-organization.  

A number of applications of fractal geometry and fractal 
analysis in the field of laser optics are given in [2, 7-9]. The 
dynamics of such systems are represented by signals with 

fractal properties. In many cases, there are tasks of 
classification [1, 10, 11], including classification of fractal time 
series. Most often this happens by evaluating and analyzing 
fractal characteristics [12-18]. However, in recent years, 
methods of machine learning have been used to analyze and 
classify fractal series [19, 20]. This approach is fully applicable 
to the analysis of signals from optoelectronic devices [9].  

In the above-mentioned works, it is shown that a qualitative 
change in the state of a complex dynamic system leads to a 
change in the fractal properties of its signals. Thus, the task of 
classifying time series on the basis of their fractal properties by 
machine learning methods is relevant in the field of 
optoelectronics and laser engineering. 

The results of studies of fractal time series indicate that 
changes in quantitative fractal characteristics correspond to 
changes in the correlation and spectral structure of the series. In 
turn, a change in correlation leads to a change in the values of 
the time series. Thus, it can be assumed that the fractal 
properties of a time series can be classified on the basis of the 
values of the series itself. In the works [19-21] the possibility 
of classifying time series on the basis of fractal properties with 
the help of ensembles of decision trees was demonstrated. 

The aim of this work is a comparative analysis of the 
classification of fractal time series by the methods of decision 
trees and neural networks using the values of time series as 
features. 

II. INPUT DATA: FRACTAL TIME SERIES 

The self-similarity of random processes is preservation of 
the distribution laws when changing the time scale, i.e.: 

 ( )Law{ } Law{ ( )}HX t a X at−= 0, 0a t     () 

It should be noted that if the process is represented by a 

time series 
1 2( , ,...)X X X= , then to define self-similarity, the 

concept of an aggregate series is used. Let's denote by 
( ) ( ) ( )

1 2{ , ,...)m m mX X X=  the averaged over blocks of length m  

process X , whose components are determined by the equality 
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The time series has self-similarity with the parameter H , if 
it satisfies equation 

    1 ( )Law Law ,H mm X X− =  () 

that is, the process preserves the distribution laws after 
averaging over blocks. 

The parameter of self-similarity , 0 1H H   is called 

the Hurst exponent. Besides, parameter H  characterizes the 
measure of long-term dependence of the process. In the case 
0.5 1H   the process has a long memory: if for some time 

in the past a positive process increments were observed, i.e. 
there was an increase, then it will continue to increase the 
average. In the case 0 0.5H   high process values follow 

low, and vice versa. With 0.5H =  the deviations of the 

process from the average are really random and do not depend 
on the previous values.  

Multifractal random processes are statistically heterogeneous 
fractal processes and have more flexible scaling. 

 ( )Law{ ( )} Law{ ( ) }X at M a X t=    () 

where ( )M a  is an independent of ( )X t  random function with 

specific properties. In the case of a self-similar process 

( ) HM a a= . 

The degree of self-similarity and the long-term dependence 
of multifractal processes is also determined by the Hurst 
exponent H .  

One of the most well-known and simple models of 
stochastic dynamics that have fractal properties is the fractal 
Brownian motion (fBm), which is widely used in physics, 
chemistry, biology, economics, and the theory of network 
traffic. 

A random process ( )X t  is called a fractal Brownian 

motion with a parameter , 0 1H H  , if its increments 

( ) ( ) ( )X X t X t  = +  −  have a normal distribution with zero 

expectation and variance 2 2

0Var[ ( ) ( )] HX t X t+  − =   , where 

0  is the diffusion coefficient. 

The fBm increments are called fractal Gaussian noise 
(fGn). There are several methods for constructing fBmM for 
the case of discrete time [3]. A simple model of a multifractal 
process using fGn is presented in [22]. In this case, a 
multifractal time series is obtained on the basis of an 
exponential transform 

 ( ) Exp[ * ( )]Y t k X t=   () 

where ( )X t  is the time series of fGn with a given Hurst 

exponent H , k  is some coefficient affecting the degree of 

multifractality time series ( )Y t . Using transform (5), 

multifractal realizations are obtained with given fractal 
properties, in particular, with a given Hurst exponent 

III. CLASSIFICATION METHODS 

1) The random forest methods 
A decision tree is a decision support tool used in data 

analysis for models that predict the value of the target variable 
based on several input variables. The method of decision trees 
is considered one of the simplest and most effective for solving 
classification problems, arising in many different areas. It 
consists in splitting the initial data into groups according to 
some splitting rules until their homogeneous subsets are 
obtained. One of the disadvantages of the method is that the 
decision tree changes quite a lot with a relatively small change 
in the data sample. 

Random forest is an ensemble of decision trees and can be 
considered as a complex, composite model [23]. When 
combining several trees into a composition scatter of target 
variable values may become substantially less. The important 
point is the element of randomness in the creation of each tree 
and the random selection of features. The work [20] showed 
that the best results of time series classification were shown by 
the random forest algorithm based on regression trees. When 
using regression trees, the result of the model is the probability 
of matching the time series to a given class. 

Thus, in this paper, the random forest algorithm using 
regression trees was chosen as one of the methods for 
classifying fractal time series. 

2) Neural networks 
To solve the problem of time series classification using 

neural networks, two different neural network architectures 
were selected and investigated during the experiment. 

The first neural network was made up of seven fully 
connected layers of large dimension with the activation 
function of the ReLU type. The use of this activation function 
requires much fewer resource costs and significantly increases 
the rate of convergence of stochastic gradient descent 
compared with the popular sigmoid and hyperbolic tangent 
activation functions. After each full layer, the regularization 
layer was included in the network. The method of 
regularization was chosen batch normalization [24], which is 
used to stabilize the neural network, to prevent the effect of 
overtraining and increase productivity. 

The second network had one recurrent layer for taking into 
account the relationship between elements and six fully 
connected layers. In this case, a regularization layer was also 
included after each fully connected layer. The stochastic 
optimization method Adam (Adaptive Moment Estimation) 
[25], which is an extension method of stochastic gradient 
descent, was chosen as a method of learning both neural 
networks. 
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IV. EXPERIMENT DESCRIPTION AND RESULTS 

In this paper, each class was a set of time series generated 
using expression (5) with the Hurst exponent belonging to a 
given range of values for this class. For each time series, the 
Hurst exponent was chosen randomly within the appropriate 
range. The values of the Hurst exponent are changing in the 
range from 0.5 to 1 with a step of 0.1. The minimum and 
maximum values of the Hurst exponent were selected 0.51 and 
0.99, respectively. Thus, the training of models was carried out 

in 5 classes, where H{[0.51, 0.6), [0.6, 0.7), [0.7, 0.8), [0.8, 
0.9] , [0.8, 0.99]}. 

Figure 1 shows typical time series from different classes: at 
the top is a series with the Hurst exponent H=0.75, at the 
bottom a series for which H=0.85. 

 

 

 

Fig. 1. Classified time series from different classes 

For the experiment, three models were used: regression 
decision trees with random forest, neural network, recurrent 
neural network. At the input of the models were submitted data 
of time series without additional transformations, i.e. features 
of the models were the values of the time series itself. The 
result of each model was the probability of matching the time 
series to each class. 

To build classifiers and conducting research, a high-level 
programming language Python was chosen, which contains 
libraries that implement a variety of machine learning methods, 
including neural networks. The training of models for each 

class was carried out on 300 examples of time series and tested 
for 50 test cases.  

The classification was carried out for time series of 
different lengths, however, to compare the results the focus was 
on series with a length of 500 values. On the one hand, such a 
length of time series is typical for a range of values of many 
real time series, on the other hand, for such a time series length, 
methods for estimating quantitative fractal characteristics have 
a large error. 

In fig. 2 shows the histograms of the probability 
distribution of the class number prediction for each range of 
values of the Hurst exponent, obtained using a neural network. 
Above each histogram is shown the value of H, equal to the 
middle of the range. Such distributions are typical for all 
variants of classification. 

 

Fig. 2. The probability distribution for determining the class number 

depending on the range of the Hurst exponent for a neural network 

Table 1 presents the average probability of determining the 
class for the three classifiers: neural network with ReLU (NN), 
a neural network with a recurrent layer (RNN) and Random 
Forest (RF), depending on the range of values of the Hurst 
exponent. The last column contains the probabilities averaged 
over all classes. 

TABLE I.  THE AVERAGE PROBABILITY OF CLASS PREDICTION FOR DIFFERENT 

CLASSIFIERS 

 

Classifiers 
Ranges of the Hurst exponent  

[0.51,0.6) [0.6,0.7) [0.7,0.8) [0.8,0.9) [0.9,0.99] 

RF 0.75 0.78 0.82 0.81 0.76 0.78 

NN 0.86 0.71 0.75 0.81 0.73 0.77 

RNN 0.85 0.72 0.73 0.88 0.9 0.82 

 

Thus, the results indicate the possibility of classifying 
fractal time series by machine learning methods with high 
accuracy. The classification results presented in the table 
demonstrate some advantage of the recurrent neural network 
over the neural network with ReLU and the ensemble of 
regression decision trees. 
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V. CONCLUSION 

A comparative analysis of the machine learning 
classification of stochastic time series based on their fractal 
properties has been carried out. The results have shown that for 
detecting the degree of time series self-similarity, determined 
by the Hurst exponent, can be successfully used the time series 
values as features. 

Neural networks with various architecture and Random 
Forest algorithm have been used as classifiers. The neural 
network with a recurrent layer showed slightly better results in 
classification accuracy. The method of using decision trees is 
not inferior in the accuracy of the neural network. 

In our future research, we intend to concentrate on 
improvement of the recurrent neural network architecture for 
the classification of real fractal series. 
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