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MATHEMATICAL MODELING OF A RESISTIVE CONE
WITH A LONGITUDINAL SLOT EXCITATION BY A MONOCHROMATIC SOURCE

Introduction

The electromagnetic waves scattering problems on perfectly conducting structures are consid-
ered to be thoroughly investigated ones in the diffraction theory [1], [2]. However the investigation
results of the electromagnetic waves scattering problems on imperfectly conducting and, in particu-
lar, resistive surfaces are of higher interest for application in modern radio technology, radiophys-
ics, optics, radioelectronics [3]. Co_nical..l.g;_grfaces can be considered as models of the modern wide-
band and superwideband antennas. The edges, slots and apexes presence on such surfaces compli-
cates the corresponding problem solutions significantly, though such surface peculiarities ‘are of
great demand for practical applications. The investigation results of the waves diffraction problem
on an isotropic impedance cone are ‘given in [4]. The surface properties were modeled by means of
one-sided Shchukin-Leontovich boundary conditions [5]. These conditions did not include the cone
surface curvature. The surface curvature consideration allows the scattering properties of the corre-
sponding structure studying in more details. Such boundary conditions had been obtained for the
cylindrical and spherical surfaces [6], [7]. The authors of [8], [9] offered the corresponding bound-
ary conditions of impedance type for the conical surface. Resistivity is considered as a specific case
of impedance. _ |

The purpose of this work is to build a mathematical model for a problem of a resistive cone
with one longitudinal slot excitation by a magnetic radial dipole provided that the two-sided imped-
ance boundary conditions including the cone curvature parameter are set.on the conical surface.

Problem Statement and Solution Algorithm

The problem of a single resistive cone with a longitudinal slot excitation is considered. (Fig.1).

W The conical structure is excited by a mag-
netic radial dipole. The field of the dipole is
iant

changed according to a time-harmonic law e,
a =+1. The axial-symmetric -case. of the excita-
tion is considered. The spherical coordinate sys-
tem r,0,¢ is considered. The beginning of the
coordinate system is settled in the cone apex. The
conical surface T is defined by the 6=y equa-

tion. d is the angular slot width, the middle of

x > v the slot goes through the ¢ =0 plain. The sought
Broe 'ﬁ'TB ) full electromagnetic field E, [ thatincludes the
L s ] source field Ey, Hy and the scattered by the
Fig.1. Single resistive cone with longitudinal  conical surface one. El . ﬂl that is represented
e as follows:
E=E0+El, f_j:f_j}o-i-};{l,
satisfies:

1. Maxwell’s equations;
2. Boundary condition on the conical surface
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ﬁx{ﬁx[.ﬁ;’* +E’—]} —-2wR—iix| A"~ ],

AxEY—ixE~ =0, Y:0=v;

R=cqr, q=iak, R=R +iaR,, R 20, EF =E|G=yi0§

3. Condition at the infinity;
4. Finite stored energy condition.
In order to make the problem solution more convenient, the Debye’s potentials are used
Thus, the original electromagnetic problem is reduced to an initial-boundary problem of ma
cal physics. The Debye’s potentials are considered according to the full field structure. The
ones are those corresponding to the scattered field. After the Kontorovich-Lebedev integral
forms are used to separate the variables, the following expressions for the sought Debye’s po

v are obtained:

Yy =

+00 ]
-gf | wsh(mt)0; K 1) dr,

=4 5

where

- d
U1 ==a0,tb0,:U0,(0,9), by =——P.1/24;:(cosY),
dy

+o0

P 5. (£c0s0)
U (0.0)= 3 7 —2216CE0050) g

Lol - /241 (£CO8Y)
¥

K+ (gr) is the McDonald’s function, ap; is a known coefficient, P, ;(xcos0) is
Legendre function of the first kind. The «+» sign in (1) is for the 0 <8 <y area characteri

-

and the «-» one is for the y <6 < area. x, are unknown coefficients that can be found from
following system of functional equations:

= 2 |n] in
2 |1+ 20+ (1~g,) |5, =1, d/2 oI,
H=—m n

& |n] ing

2 = (1-g,)x,e™ =0, |pl<d/2,

n=—owo N

where €, is a known matrix coefficient, ¢, = O(nz) provided that n>>1.
Let’s introduce the following coefficient for convenience:

Vn =[1+2g(~,2 +1;4)|i2|(1~g,,)Jx,, ~50,
n

1
X, = 5 lnl (y?l+52)’
1+28(x +1I4)—2(1—an)
n
where
80 - 0O,n=0,
" Ln=0

and the following function:
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D = ‘”’(1 £).

The system (2), (3) can be represented as Shown below:

+0 ;
Y ™=, di2delsn,

=—00

Z |?1|(] ﬁ) ; 1 ynefmp:__
— 14+ 26(x" 4-1,'4)1)},;')
D(O)
== 5 Ql<d/2.
26 +1/ 8D )
This system of linear algebraic equations is not stable. Thus, one should rcgularlze 11 After the

method of the Riemann-Hilbert problem [10] is apphed the following second kind system of linear
algebraic equations of the Fredholm type (SLAE-2) is derived:

0
1—u Dz‘(t)

B AL gl Py(u)+P, 1)),
2 _1+2C(r2+1f4)D},?) ;Eo 4 fp[ 19

uu—-cosﬂ 7 -[p|8 +28(t +1f4)pD(p}t(p ;
209 T g

fx(-fp) QDI{TP) ’ 1'('50) =y Ckn; 1 s,
1+26( +U4)'D}*ED) Ak ;P“IIQHT (cosy) dé P_y/24ir(—cosy)

A Ub:‘.n;q*"fl Wi +o0 s (S
= spped
Y= Z fanﬂl (u)yp +y0Pn(u)
p=-—0
where Vp o (u) is a known function [10]

Narrow slot Analytlcal Solutum

In case of a narrow slot, i.e. when d <<1, 1—u <<1, the sought Debye’s potential distant from
the slot has the following form:

1
w o g DO S
O s | wshar—532=—= 7) : P_1/24i7(£c0s0) d—
+00 1

(7)),
2 : \/_ OTbOT!:

d
1-270D Z fpil(pg_?'l) E;P—Uzm(iCOSG)

g Bl &
+o0 K. PO p’r o—-
B l1 u'%< ITShRT_ﬂJgiHQO,TbO,T' - dP_UZHT(*CObB) dt—
L S ’ o) 5 1 o) —P. - (tcosB
2 {1"23}(1 )Z fp}p& )dT 1/2+ix( )

+00 - . |
g — 2. cosnp [ 'csth ()

1
\/_ aO,‘cbO,‘c
TE n=1 0 r

)1 aniE 1 0,1
Di('c)z}gcn' ){1"27}5: )Z fpj‘cbs('r !

%
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o Sl ECOS0) el ol ey,
d
=P/ 24ix(Ec0s6)
dy

)1
e 1

my _ 1 2 (n1) _
Ty _meqr +1/4), &) = iy
iT

" ITH
-2y Z 7, In 5
p=1P

In cases when { — 0 and d — 0 the known analytical solutions are obtained [8].

Numerical Resuits

In this work the condition numbers, modules of the SLAE-2 coefficients and a surface current
density component dependencies depending on the problem parameters are obtained.

1000 ~ 08—
{ » ' or]®
] i (1): 1=0
;g 054 (2): =03
00 g 1 . , (3): (=05-05
(3} (=0

Condition Number
&
(=]
1

H
&
L

0

T T T T + T y T T T T v T T
-50 o] s0 1oa 150 200 250 300 350 ] 2 oo 150 200 250 09 =0

Fig.2. Condition number depencencies on the slot Fig. 3 | xo | dependencies on the slot width for difs

width for different values of the resistivity parameter _ o
ferent values of the resistivity parameter

" 005 «
iy . (1: t=0- {m
98 E: g 5 0o+ R
0,5 |
. 003 - (1 =0
] = ‘| (2} [=05
%02 g | A3) £=05-05i
i ooz \
0,2 < i I
o1 opt g; A &\
] Y, B
o,0 -
000+
o o = ™ 150 0 2 W0 W o 5 .1'_ i : ’ sl : at Y ';]
¢ b
Fig.4. | x; | dependencies on the slot width for  Fig 5. | Jip | on the distance to the cone apex for dif-
different values of the resistivity parameter ferent values of the resistivity parameter

The dependencies of the condition numbers on the angular slot width and the resistivity pa-
rameter values are shown in the fig.2. It can be seen that the system gets worse conditioned as the
absolute value of the resistivity parameter |{| increases, the system gets worse conditioned. Also

the condition numbers of the corresponding SLAE-2 systems do not differ significantly provided
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that d >300° . The graphs of the absolute values of some system coefficients are shown in the fig.
3, 4. Tt is noticed that the biggest values of the coefficients correspond to the case when the resistiv-
ity parameter equals to zero, 1.e. in case of the perfectly conducting surface. The values of the coef-
ficients decrease as the |¢| value increases. Also these values decrease as the angular slot width de-
creases. Such fact is caused by the square of the conical surface decreasing. The dependencies of
one of the surface current density components | Jo | on the | gr| parameter characterizing the dis-
tance to the observation point are shown in the fig. 5. We can sce that in cases when |20 the
value of the silrfa'ée_ current_derisity component |J | decreases compared with the similar graph
corresponding to the £=0 case. Also the values of |J,,| decrease as the signal goes further from
the cone apex and gets close to zero for [gr|>4. ' | |
Conclusion

In this work the problem of a single resistive cone with a longitudinal slot excitation by the
magnetic radial dipole provided that the surface impedance changes depending on the cone curva-
ture changing is investigated for the first time. Such cone surface peculiarities are modeled by
means of the specific boundary conditions. The problem is solved by means of the rigorous meth-
ods, its solution is unique and stable. The problem solution is based on the Kontorovich-Lebedev
integral transforms combined with the regularization procedure by means of the method of the Rie-
mann-Hilbert problem. The numerical solutions for any problem paratneters as well as the analyti-
cal ones for the specific cases of the structure are obtained. The analysis of the numerical research
resulted in the fact that the numerical solutions tend to known analytical ones for the extreme cases
of the slot width and resistivity parameter decreasing. This is the proof that the numerical results are
correct. - '
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