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Abstract

The features of the uncertainty evaluation of measuring the coordinates of an object in plane by the goniometric method
(theta position fixing) are discussed. Measurement model are presented that relate objects coordinates in the local rectangular
coordinate system with the angles found using goniometers. The model includes corrections for determining the location of base
stations, and correction associated with inaccuracies in the location of stations to the north. Uncertainty budgets for
measurements of rectangular coordinates are given, which can be the basis for creating software for automating the calculation of
measurement uncertainties. The estimates of the expanded uncertainties are found by the kurtosis method.
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1. Introduction

The problem of an object coordinates in plane
determining is widely wused in geodesy, radio
navigation, radio-, optical and acoustic locations [1-4].
Depending on the number of base stations (BS) used in
this case (radar, optoelectronic or acoustic) and their
capabilities, this problem is solved by various methods.

The theta fixing (goniometric method) [5],
considered in this article, is limited to the use of only
one RS containing a rangefinder and a goniometer
(direction finder). It belongs to the active methods of
location, since it requires radiation from the BS to
determine the distance to the object.

The goniometry method (theta location
determination) considered in this article requires the
presence of at least two BSs containing only
goniometers (direction finders). It refers to passive
location methods, since the BS radiation is not required
to determine the distance to the object.

The report considers the features of measurement
uncertainty evaluation the coordinates of an object in a
plane using the goniometric method.

2. Justification of Measurement Models

Fig. 1 shows a diagram of the implementation of
coordinates measuring of an object on a plane using the
goniometric method.

The axis OV is directed to the north, the axis OX is
drawn so as to form a right-hand rectangular coordinate
system. The diagram shows basic stations O; and O,,
located at points with coordinates (X,Y;) and (X,,V,),
respectively. The object P has the desired coordinates
(xY).

From the points of locations of the first and
second stations O; and O,, the direction to the target is

established by direction finders, i.e. its azimuths o, and
o, which are counted in the direction of movement of
the clockwise from the direction to the north.

These parameters are used to determine the local
Cartesian coordinates of the object (X,Yy) in accordance
with the equations [6]:

X=X+ L,cosa,, (1
y=Vy,+Lsina,, 2)
Y4

yp
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V2
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Fig. 1. Scheme of implementation of measurement of

coordinates of an object on a plane by the goniometric
method

where L, is the distance from the location of the first
station point O, to point P, and:

Li=J(X=x)"+(y=y)* . (3)
Similar expressions can be written for the second
station:

X=X, +L,cosa,, 4

y=Y,+L,sina, %)
in which L, is the distance from the location of the
second station point O, to the point P, and:

L =J(X=%)2 +(y=¥,)* . (6)

© Olesia Botsiura, Iryna Zadorozhna, Igor Zakharov, 2024

15



Metrology and Instruments
Measurements

1/2024

MeTponoria Ta npunagm
BumiptoBaHH4A

From Fig. 1 it can be seen that:

X=X + (Y= Yi)etgo, } ™

X=X +(y - Y2)etgo,

Solving system (7) for y, we have:
y= (X% —X) + (Yictgen — yxctgas) ®)

ctgo, —ctgal,

Substituting this solution into the first equation of
system (7), we obtain an expression for the X coordinate
of the object:

X:Xl+ctga1.|:(x2_X1)+(y1_y2)Ctga2i|‘ (9)

ctga, — ctgal,

Thus, the obtained equations (8) and (9) allow us
to obtain the coordinates of the object (X,y) through
the coordinates of the locations of the station points ( X
,yi)and (X, Y,), as well as the target azimuths o, and
o, measured by both stations.

3. Evaluation of Numerical Values and
Measurement Uncertainties of Object

The numerical values of the measurands X,V
can be determined from expressions (8)-(9) by
substituting the values of the input quantities X,
% %, V., 0y, Q,into them:

)2:Xl+Ctgd1|:(xz_xl)+(yl_yZ)Ctga2:|' (10)

ctgd, —ctgdl, ’
(R = %) + (Yretgd, — Yactgds,)
ctga, —ctgd,

y= (11)

According to the obtained measurement models
(10), (11) of the object coordinates, in accordance with
the rule of summation of variances [7], it is possible to
write expressions for the standard uncertainties of their
measurement.

For coordinate X:

U2 (%) = {[c, QUK +[C, (AT +[Cy, (RU(F)T +
H ey, (RU(T)P +[C,, (RGP +Ca, (RU(G)PF™, (12)
where the corresponding sensitivity coefficients ¢, (X),

Cy,(X), €y, (X), €, (X)), Cyu(X) 1 Cy,(X) are determined
by the expressions:

. OX —ctgd
Cxl(X)Z—AZ%, (13)
oX, ctga, —ctga,
.. OX tgd
Co(R) == —— BN (14)

X, - ctgdy, —ctgdl,
.. OX ctad,ctad
Cyl(x)=T=M; (15)
oy, ctga, —ctga,
.. 0K  —ctgd,ctgd
0 (%) == —EE

=— — (16)
0y, ctgd, —ctgd,

Co (%) = 5_)2 _ ctgd, [()A(z = %) +ctgd, (Y, - 92)]
“ oa, [(ctgd, —ctgdz)sindl]2

I ()A():a_f(:()72—)71)Ctg&1+(>?2—>?1). (18)
o 04, [(ctgd, —ctgd,)sind, ]

; (A7)

Similarly, we can write an expression for the
standard measurement uncertainty of the coordinate Y:

U(§) = {[c (PUR)T +[C, (DUR)P +[Cy, (PUG)F +
+[ey, (DU +1ew, (UG HEu, (Hu(@)P ), (19)

in which the corresponding sensitivity coefficients
C (V)5 Cu(¥)s €, (9) 5 €, ()5 €, (¥) and ¢, (Y) are
found as:

. Y -1
Cxl(y)=ﬂA=A—A; (20)
OX, ctga, —ctga,
N y 1
cp--—1__, @
oX, ctga, —ctga,
N ctgdy
GW="r=""7""; (22)
oy, ctgoy —ctga,
. y —ctgdl
) L — 3)

oy, octgd, —ctgd,

Ca, (y) == = (XZ - XA1)+ (ylA_ yZ)cfg%Z , (24)
0a;  [(ctgdy —ctgd,)sind, |

Caz(y)_ ay _(XI_XZ)J'_(yZ_yl)Ctgal . (25)

86, [(ctgd, —ctgdz)sindz]z

In expressions (12) and (19) u(d,), u(é,) are the
standard measurement uncertainties &,, d, , defined as:

U6 ) = Ui (&) +Ugi (&) 5 (26)
U(GLy) = /Ui (6,) +UR (&) 27

where U, (&,), U,(a,) are the standards instrumental
measurement uncertainties of the angular coordinates
@&, and &, with the help of a goniometer; uy (&) ,
Uy (a,) are the component of uncertainty associated

with the inaccuracy of binding the BS to the direction
to the north.
Standard uncertainties u(X,) , u(y,) and u(%k,) ,

u(y,) determinations of the locations standing points

O; and O,, respectively, are found from the
corresponding boundaries of the maximum permissible
error +0(X) +6(y) under the assumption of an uniform

distributions of the errors in the estimates X, ¥, X,
¥, within these boundaries:

U(%) =U(%) =0(R)/+3 ; (28)
u(g,) =u(g,) =0(9)/3 . (29)

Instrumental uncertainties in measuring angular
coordinates o, and o, using goniometers Uu,(&,) ,

U, (&), which can be found through the boundaries of

16
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the maximum permissible instrumental error in

measuring azimuth 20, , assuming an uniform

distribution of instrumental errors within these
boundaries as:

U (6) =y (62) = 0,./43 ; (30)
If the limits of the maximum permissible error of
reference to the direction to the north are taken to be

equal to iéN , then, assuming an uniform distribution
of the reference error within these limits, we can write:

Un (G) = Uy (62) = Oy /3 . G1)

Since the standard uncertainties of all input
quantities were determined according to type B and
were assigned an uniform distribution, the expanded
uncertainties of coordinate measurement (X,Y) are best

found using the kurtosis method [8]:

U () =km,)ux);
U(y) =kmny)u(y),

where the coverage factors for the confidence level of
0.95 and 0,9545 are found using the formula:

(32)
(33)

Koos =0,1085n° +0,In+1,96
0,95 n n } , (34)

k0,9545 = 0,121’]3 + 0, 1n + 2,0
and the kurtosis of the distribution for (x,y) will be

equal to:

() =%{[cx. (U +[C (U +[c, (U +
+[Cy, (U +[Ca, (RO (@) +[C, (RUy (6] +
HC, (R)U; (82)]* +[Cq, (U (62)]* 5 (35);
-1,2
u“(9)
+[Cy, (PU(T)T +[Co, (U1 (6] +[Co, (F)U (6)]* +
H o (U1 (62)]* +[Car (9 (E2)T* (36)

() =— [ (DU +[C, (FUCRT +e, (DU +

Formulas (35), (36) take into account that the
kurtosis of all input values that have an equally
probable distribution are equal to (-1.2).

The uncertainty budgets of the object coordinate
(X, y) measurements will have the form given in Tables

1 and 2.

Table 1 — Uncertainty budget for the measurement of the X-coordinate

Input Values Standard Kurtosis Sensitivit Uncertain
pu of input uncertainties of | of input iy o vy
quantities .l . .. oe coefficients | contributions
quantities input quantities | quantities
X X (28) -1,2 (13) (28)-(13)
X, % (28) 1,2 (14) (28)-(14)
Y, ¥, (29) 1,2 (15) (29)-(15)
Y ¥ (29 -1,2 (16) (29)-(16)
. (30) -1,2 (30)-(17)
*H o G1) 12 a7) G1)-(17)
N (30) -1,2 (30)-(18)
* * 31 12 (18) (31)-(18)
Measurand Combined Measurand | Coverage Expanded
Measurand standard . .
value . kurtosis factor uncertainty
uncertainty
X (10) (12) (35) (34) (32)
Table 2 — Uncertainty budget for the measurement of the y-coordinate
Input Vz}lues Stanflal"d Ku.r tosis Sensitivity | Uncertainty
ops of input uncertainties of of input R o
quantities .. . " ce coefficients | contributions
quantities input quantities quantities
Xi e (28) -1,2 (20) (28)-(20)
X, % (28) -1,2 @1 (28)-(21)
Yi yi (29) -1,2 22 (29)-(22)
Y, ¥, 29) -1,2 (23) (29)-(23)
N (30) -1,2 (30)-(24)
o *H 31) 12 (24) (31)-(25)
N (30) -1,2 (30)-(26)
“ * (1) 12 2% (1)-27)
Measurand Combined Measurand | Coverage Expanded
Measurand standard . .
value . kurtosis factor uncertainty
uncertainty
y an 19 (36 (34 (33
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4. Conclusions

1. The advantage of the goniometric method for
determining the coordinates of an object on a plane is
the absence of radiation from basic stations (passive
location). Its implementation requires the presence of at
least two basic stations equipped with goniometers.

2. The proposed scheme for implementing the
measurement of the coordinates of an object on a plane

for standard uncertainties of measuring the
coordinates of an object using the goniometric
method were written, and calculations of sensitivity
coefficients were made.

4. Tt is shown that for evaluation the expanded
uncertainty of measuring the coordinates of an object
using the goniometric method, it is advisable to use the
excess method.

5. The uncertainty budgets of measuring the
rectangular coordinates of an object are given, which
can serve as a basis for automating the calculation of
the uncertainty of measuring the coordinates of an
object on a plane.

using the goniometric method made it possible to
obtain mathematical models for measuring the
Cartesian coordinates of an object.

3. For the obtained mathematical models, based
on the law of uncertainty propagation, expressions
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OuiHBaHHSA HEBU3HAYEHOCTi BUMIPIOBaAHb KOOPAMHAT 00’ €KTY HA IUIOIMHI TOHIOMETPUYHHM METO10M
Bouropa Onecs, 3agoposxHa Ipuna, 3axapos Irop

AHoTanis

OOroBopeHo OCOOJIMBOCTI OLIHKM HEBU3HAYEHOCTI BUMIPIOBAHHS KOOPAMHAT 00'€KTa Ha IUIOIIMHI I'OHIOMETPHYHUM
MeToJoM (Tera-dikcaris nonoxeHHs). [IpencraBieHi BUMipIOBIBHI MOZENI, SIKi 3B'SI3yIOTh KOOPIMHATH O0'€KTIB Yy JIOKAJBHIH
OPSIMOKYTHIM CHCTEMi KOOpIAMHAT 3 KyTaMH, 3HAHICHHMH 3a JOMOMOIOK TOHIOMETpiB. Mojenb BKJIIOYAE MOMPABKH IS
BU3HAUYCHHS PO3TAllyBaHHS 0a30BUX CTaHLIiH, a TAKOXK MOMPABKH, [OB'sI3aHi 3 HCTOYHOCTSIMH B PO3TAIllyBaHHI CTaHLiil Ha MiBHIY.
HaBeneno GropkeTH HeBH3HAYEHOCTEH BHMIPIOBaHb HPSIMOKYTHHX KOODAMHAT, SIKI MOXKYTh OYTH OCHOBOIO JUISI CTBOPCHHS
nporpaMHOro 3a0e3ledeHHsT JIsI aBTOMATH3alil po3paxyHKy HEBH3HAdeHOCTeH BUMipioBaHb. OLIHKM PpO3MIUPEHUX
HEBU3HAYCHOCTEH 3HAIICHO METOI0M eKCcLecy.

KirouoBi cioBa: KOOpAWHATHA METPOJIOTis;
HEBHU3HAYECHOCTI, METOJ{ €KCIIECIB.

TOHIOMETPUYHHMIA METOJ; HEBU3HAUCHICTh BUMIPIOBaHb, OFOJIKET
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