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A solution is suggested for the problem of electromagnetic wave scattering by 
an arbitrary number of small resonant-size spheres in a rectangular waveguide. 
Expressions have been derived for the scattered fields. 

 
 
 The paper is aimed at solving the problem of electromagnetic wave scattering by an arbitrary 
number of small resonance-size magnetodielectric spheres allocated in an arbitrary order within a 
rectangular waveguide. The process of scattering by solitary irregularities was analyzed in papers [1,2]. 
 Let N  magnetodielectric spheres of radius pa  be located in a rectangular waveguide. The 

spheres are characterized by permittivities pε  and permeabilities ( )Npp ∈µ . The waveguide walls lie 

within the planes hyydxx ==== ,0;,0 . The Z  coordinate is oriented along the waveguide axis. Out 
of the spheres the inequality holds 1<<λa , while inside the resonance case is possible, 1~ga λ , 
where λ  and gλ  are wavelengths in free space and the material of a sphere, respectively. 

 The fields will be represented in the forms ( ) i tE r e ω  and ( ) i tH r e ω . 
 The scattering field can be determined from the knowledge of the internal field in the scattering 
through the electric, EП , and magnetic, ПM , Hertzian potentials as 
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 The Hertz potentials characterizing the dipole portion of the field scattered by a sphere can be 
represented like 
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where ,E M

p pf f  are tensorial Green’s functions of the Helmholtz equation for the rectangular 

waveguide [2,3], and ,E M
p pd d  are the dipole moments induced in the spheres by the incident wave, 

viz. 
 

                                                 
* Originally published in Radiophysics and Electronics, Vol. 7, special issue, 2002, pp. 183–189. 
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Here ( ) ( ),E r H r′ ′  are the internal fields of the scatterers; pV  is the volume of scatterers P ; and 0 0,ε µ  
are the permittivity and permeability, respectively, of the waveguide filling material. 
 The Hertz potentials given by Eq. (2) must satisfy the equations 
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First, let us find the internal field of a scatterer for the case where the inequalities 1<<ga λ  and 

1<<λa  hold in side and outside the sphere, respectively. Then the results will be extended to the 
resonance case where 1~ga λ  inside the spheres. 

In the space outside the sphere the free-space Green function integrated over the sphere volume 
gives 
 

( )
1 1

1 1 13
1

4( ) sin cos ,
i r r i r

V

e eW r dV a a a
rr r

κ κπ κ κ κ
κ

′− − −

= = −
′−∫  

 
where 001 µεκκ = ; λπκ /2= ; and r  is the distance from the sphere center to its exterior points. Then, 
making use of the integrodifferental equations of paper [3] and applying the method of image sources it is 
possible to construct quasistationary equations for determining the internal fields of the spheres. For a selected 
sphere 'p  the equations take the form 
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here ( ) ( )0 , 0, 0p s tE r′ ′ ′= = ′  and ( ) ( )0 , 0, 0p s tH r′ ′ ′= = ′  are the incident wave fields; ( ) ( )0

, ' 0, 0p s tE r′ ′= = ′  and 

( ) ( )0
, 0, 0p s tH r′ ′ ′= = ′  are internal fields of the scatterer; and the values ( ) ( ) ( ) ( ) ( )0 , 0, 0 , , , ,, ,E M
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0 0p pz z l z pl= + = +      ( )1,2,3,...,p N= .      

 
 The coordinates , 0 , 0, ,p s p s px y z′ ′ ′ ′ ′= =  belong to the scatterer p′ , while pspsp zyx ,, ,,  are 
coordinates of other spheres and their images in the waveguide walls. 
 The first terms in the right-hand parts of Eqs. (3) represent the contribution of sphere p′  
alone, whereas the second term involving triple summation take into account the effect of the rest 
of the spheres and waveguide walls upon scatterer p′ . The effect of waveguide walls is accounted 
for here in terms of the impacts upon sphere p′  of images in the waveguide walls of N  spheres. It 
is assumed that the internal field of a sphere and the field from its image are equal. 
 With this approach toward accounting for the waveguide wall effect, the problem of 
estimating the internal field of sphere p′  reduces to evaluating the internal field of the sphere p′  
incorporated in a spatial lattice of N  spheres and images of these in the walls of the rectangular 
waveguide. Each node of the spatial lattice is unambiguously determined by an ordered triad of 
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numbers ( ), ,c p s t= , while its coordinates are given by Eq. (5). In the case of a real sphere the 

node is at ( ), 0, 0p s t= = . 
 The equations (3) for a solitary sphere, as well as for N  spheres, represent a set of 2N  
coupled vectorial equations, or 6N  scalar equations with 6N  unknowns in terms of the - ZY-, X-,  
components. Its solution for sphere p′  takes the form 
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where EM∆  is the determinant of the set of 2N  vectorial equations, Eq. (3); and kji ,,  are unit vectors 
of the coordinate system. 
 The Equations (3) for the internal field can be written in a different form. To that end, let us 
represent the wave incident upon the scattering sphere as an infinite sum of spatial harmonics, 
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 Some of these are propagational waves, while others are exponentially damping away from the 
sphere. The internal field of the sphere can be written the form of the expansion 
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 Next, let us expand the exponential functions figuring in Eq. (4) in a set of fundamental 
transverse wave functions of the unloaded waveguide [3], viz. 
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 The representations Eq. (8) cannot be regarded as the Fourier expansions. 
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where mn∆  is the determinant of the set of 2N  vectorial equations Eq. (11). 
 The number nm  ,  associated with the propagational waves are determined from the conditions 
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Then, the internal field of a given spherical scatterer can be represented in the case of scattering 

by N  scatterers, as a sum of terms corresponding to the propagational and damping components, viz. 
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 The solutions obtained in the form of Eqs. (6) and (14) are valid when the inequalities 1a λ <<  
and 1ga λ <<  hold outside and inside the sphere, respectively. Meanwhile, they can be extended to thee 

case where /a λ  is small, 1a λ << , outside the sphere, while inside и p p paκ ε µ=  may assume 

arbitrary values, including resonance ones. This can be done by means of introduction of effective 
permeabilities [4] instead of the true values pε  and pµ  of the sphere. The effective magnitudes, are 
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 Fig.1 shows the rums of Re ( )F θ  (solid curve) and Im ( )F θ  (dotted curve) as functions of Reθ  
for several values of the loss tangent, tan εδ  and µ =1. 

 
 

 
 

Fig.1. The function ( )F θ  for several values of the loss tangent: tan 0εδ =  

(curve 1), tan 0.05εδ =  (curve 2) and tan 0.1εδ =  (curve 3). 
 
 
 The dipole moments induced in the spherical scatterer in the case of Eq. (6) can be represented in 
the form of Eq. (15), 
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while in the case of Eq. (14) they take the form –  
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( , 0, 0) ( , 0, 0)

0

0 0
( , 0, 0) ( , 0, 0)

0

1 1 ( ) ( ) ,
4

1 1 ( ) ( ) .
4

peffE E E
p p s t p s t p p p

peffM M M
p p s t p s t p p p

d E r E r V d d

d H r H r V d d

ε
π ε

µ
π µ

′ ′′ ′ ′′
= = = =

′ ′′ ′ ′′
= = = =

⎛ ⎞
′ ′= − + = +⎜ ⎟

⎝ ⎠
⎛ ⎞

′ ′= − + = +⎜ ⎟
⎝ ⎠

  (17) 

 
 With account of Eqs. (16) and (17), the Hertz potentials figuring in Eq. (1) can be written in the 
form of Eq. (2), viz. 
 

1 1

1 1

П П ;

П П ,

N N
E E E E

p p p
p p

N N
M M M M

p p p
p p

d f

d f

= =

= =

= =

= =

∑ ∑

∑ ∑
       (18) 

 
where ,E M

p pf f  take the form 
 

0 0 0 0

0 0 ; 0 0 .

0 0 0 0

E M
pxx pxx

E E M M
p pyy p pyy

E M
pzz pzz

f f

f f f f

f f

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟

= =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 
 The components ,E M

p pf f  of the tensorial Green functions can be represented in the form of Eq. 
(10) (reflected wave), viz. 
 

4 4
, 0

2 mn pi z zE mn
pхх p

m n mn

if e
dh

βχ α α
β

∞
−

=

= − ∑ ;  

 

3 3
, 0

2 mn pi z zE mn
pyy p

m n mn

if e
dh

βχ α α
β

∞
−

=

= − ∑ ;  

 

1 1
, 0

2 mn pi z zE mn
pzz p

m n mn

if e
dh

βχ α α
β

∞
−

=

= − ∑ ;  

 

3 3
, 0

2 mn pi z zM mn
pхх p

m n mn

if e
dh

βχ
α α

β

∞
−

=

= − ∑ ;  



 19

 

4 4
, 0

2 mn pi z zM mn
pyy p

m n mn

if e
dh

βχ
α α

β

∞
−

=

= − ∑ ;  

 

2 2
, 0

2 ,mn pi z zM mn
pzz p

m n mn

if e
dh

βχ
α α

β

∞
−

=

= − ∑   

where  

1

2

3

4

, 0 , 0

, 0 , 0

, 0 , 0

, 0 , 0

sin sin ,

cos cos ,

sin cos ,

cos sin ,

p p s p t

p p s p t

p p s p t

p p s p t

m nx y
d h

m nx y
d h
m nx y

d h
m nx y

d h

π πα

π πα

π πα

π πα

= =

= =

= =

= =

=

=

=

=

  

1

2

3

4

sin sin ,

cos cos ,

sin cos ,

cos sin ,

m nx y
d h
m nx y

d h
m nx y

d h
m nx y

d h

π πα

π πα

π πα

π πα

=

=

=

=

 

 
 Making use of Eqs. (10), (13), (15), and (18), we can obtain from Eq. (1) the expression as 
follows 
 

( ) ( ) ( ) ( ) ( )0 0
0, 0, 0 , 0, 0

1 0 0 0 0

2 1, 1 ( ) 1
4

mn p
N i t z zpeff peffmn mnmn

sc p pp s t p s t
mnp m n

iЕ r t L E r ik P H r e
dh

ω βε µχ µ
β π ε µ

∞ ∞ + −
= = = =

⎡⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎤′ ′= − − − −∑∑∑ ⎢⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎦⎢⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣
. 

 
(This is the field scattered by the set of N  spheres in the waveguide). 
Here Lmn

c  and Pmn
c  are certain functional matrices. In the case where the incident wave is the 

fundamental mode 10 ( 1, 0)H m n= =  they become 
 

2
0 0

0 0 0

0 0
0 0 0

mn
p pL κ ε µ α

⎡ ⎤
⎢ ⎥′= ⎢ ⎥
⎢ ⎥
⎣ ⎦

 and 10

0 0 0

0

0 0 0

mn
p pP i

d
πβ α α

⎡ ⎤
⎢ ⎥
⎢ ⎥′ ′′=
⎢ ⎥
⎢ ⎥
⎣ ⎦

 

 

with , 0sin sinp p sx x
d d
π πα =′ =  and , 0cos sinp p sx x

d d
π πα =′′ = . 

 Hence, the reflection factor of the fundamental mode 10H  can be written in the form of Eq. (6) 
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( ) 2
0 0

1 10 0
0 0

( ) ( )
, 0 0 10 , 0 0 , 0

0 0

( , ) 1 1 1
( , )

sin 1 sin 1 cos

N
y sc peff E M

усEM
poy inc

peff pE M E M
p s xc p s zc p s

E r t i k
dE r t dhik H

x k x ik x
d d d d

e

ε
η ε µ

β π εµ
π

µ µπ π π πµ β µ
µ µ

=

= = =

−

⎡ ⎧⎛ ⎞ ⎛ ⎞⎪= = − − ∆ ×⎢ ⎨⎜ ⎟ ⎜ ⎟⎛ ⎞ ∆ ⎪⎢ ⎝ ⎠ ⎝ ⎠⎩⎣−⎜ ⎟
⎝ ⎠

⎫⎛ ⎞ ⎛ ⎞ ⎪× + − ∆ − − ∆ ×⎬⎜ ⎟ ⎜ ⎟
⎪⎝ ⎠ ⎝ ⎠ ⎭

×

∑

10 0 10(2 ) 2 ,pi z l i zeβ β+ ⎤
⎦

  (19) 

 

where ( )10 0
0 0( , ) sin i t z z

oy inc
dE r t ik H xe

d
ω βπµ

π
− −= −  and 

2
2 2

10 0 0 .k
d
πβ ε µ ⎛ ⎞= − ⎜ ⎟
⎝ ⎠

 

 Shown in Fig.2 are the absolute values, η , and phases, ϕ , of the reflection factor, η , from a 

sphere, calculated after Eq. (19) in dependence on the radius a  of the sphere for 1N = ; , 0 0.5p sx d= = ; 

, 0 0.5p ty h= = ; 2.3d = cm; 1h = cm; 3λ = cm; 0 01; 1;ε µ= = 1µ = ; 400ε ′ = ; and two values of the loss 

tangent, tan εδ , namely 0.003 (solid curve) and 0.3 (dotted curve). 
 

 
 

Fig.2. The absolute value, η , and phase, ϕ , of the reflection factor of the 

10H  mode in dependence on the sphere radius. 
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 The resonances denoted as 1M , 2M  and 3m , and 1 ,2E E  and 3E  in Fig.2 are, respectively, the 
magnetic and electric reflection resonances of the first, second and third order. The respective magnetic 
and electric transmission resonances correspond in Fig.2 to minima of η . The phase jumps of 

magnitude π  in the vicinity of the resonances correspond to the points of minima or maxima of η  

where tan 0εδ = . 
 As can be seen from Fig.2, the resonance-size sphere is characterized by resonance ranges of 
different orders, namely, 1 1 ,2 2 ,3 3 ,...,M E M E M E− − −  which are zones of order 1, 2, or 3, …, 
respectively. Each domain involves two resonances of the same order, however of different kind, i.e. 
magnetic and electric resonances. The domain are bounded from both sides by magnetic and electric 
transmission resonances and their associated phase jumps. 
 The resonance structure of the internal field of the sphere in a resonance range is modified as 
parameters of the sphere or/and external conditions are changed. As a result, resonance effects of either 
magnetic or electric kind may appear. 
 As follows from Fig.2, the Q-factor of the magnetic resonances is greater than such of the 
electric resonances. This can be explained by the difference in the effect of tan εδ  upon resonances of 
different kind. 
 If the sphere in the waveguide are identical and their permittivity, pε , and permeability, pµ , 
both are real values, then the resonance reflection conditions for the spheres can be found from the 
equation 
 

det Re 0ijα = ,        (20) 

 
where ijα  is the principal matrix of the equation set Eq. (3). By resolving Eq. (20) with respect to the 

function (и)R  given by Eq. (17), it is possible to obtain the sought for magnetic and electric resonance 

conditions for a selected sphere p′ . In the case of a free sphere they take the form [1,2] 02(и) ,F µ
µ

= −  

and 02(и)F ε
ε

= − , respectively. 

 A numerical analysis of Eq. (19) in the case of low magnitudes of tan εδ  shows that the 
reflection factor curves, η , split into several narrow lines within the range of magnetic and electric 
resonances. The dynamics of the resonance splitting depends on the location of the spheres in the 
waveguide [2]. This fine resonance structure of the reflection factor, η , can be used for studying the 
sphere – waveguide interaction effects. 
 The pattern of solution suggested in this paper may prove useful for analyzing waveguides 
loaded by resonance-size spheres. 
 
 

References 
 

1. Козарь А.И., Хижняк Н.А. Отражение электромагнитных волн от резонансной 
диэлектрической сферы в волноводе (Electromagnetic wave reflection from a resonance-size 
dielectric sphere in a waveguide) // Укр. физ. журн. - 1970. – T.15. - С.847-849.  



 22

2. Козарь А.И., Хижняк Н.А. К вопросу о точном измерении больших значений диэлектрической 
проницаемости сегнетоэлектриков (On precision measurements of high values of permittivity in 
ferroelectric materials) // Радиотехника. - 1970. - Вып. 14. - С. 118-128.  

3. Хижняк Н.А. Интегральные уравнения макроскопической электродинамики (Integral equations 
of macroscopic electrodynamics). - Киев: Наук. думка, 1986. - 279 с.  

4. Левин Л. Современная теория волноводов (Theory of waveguides. Techniques for the solution of 
waveguide problems. London, Newnes-Butterworths). - М.: Изд-во иностран. лит., 1954. - 216 с.  


