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Electromagnetic Wave Scattering in a Waveguide Containing Homogeneous
Magnetodielectric Spheres
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A solution is suggested for the problem of electromagnetic wave scattering by
an arbitrary number of small resonant-size spheres in a rectangular waveguide.
Expressions have been derived for the scattered fields.

The paper is aimed at solving the problem of electromagnetic wave scattering by an arbitrary
number of small resonance-size magnetodielectric spheres allocated in an arbitrary order within a
rectangular waveguide. The process of scattering by solitary irregularities was analyzed in papers [1,2].

Let N magnetodielectric spheres of radius @, be located in a rectangular waveguide. The

spheres are characterized by permittivities €, and permeabilities 1, ( peN ) The waveguide walls lie
within the planes x =0,x=d;y =0,y =h. The Z coordinate is oriented along the waveguide axis. Out
of the spheres the inequality holds a/A <<1, while inside the resonance case is possible, a/ig ~1,
where 4 and A, are wavelengths in free space and the material of a sphere, respectively.

The fields will be represented in the forms E(¥)e™ and H(¥)e™ .

The scattering field can be determined from the knowledge of the internal field in the scattering
through the electric, %, and magnetic, 1" , Hertzian potentials as

E,. = (VV + 1280y T — ik, | V, 11 |,

. . . (1)
Hy, = (VY 4+ %6, 1,) TV 4 i, [ VT .

The Hertz potentials characterizing the dipole portion of the field scattered by a sphere can be
represented like

= ESE.
I, =f,d,; )
i :J?MC_{'M

p p 4p >

where pr ,pr are tensorial Green’s functions of the Helmholtz equation for the rectangular

waveguide [2,3], and d f ,d 2” are the dipole moments induced in the spheres by the incident wave,

viz.

i Originally published in Radiophysics and Electronics, Vol. 7, special issue, 2002, pp. 183—-189.
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Here E(7'),H (') are the internal fields of the scatterers; V, is the volume of scatterers P ; and &, 4,

are the permittivity and permeability, respectively, of the waveguide filling material.
The Hertz potentials given by Eq. (2) must satisfy the equations

AT+ 6ot T, = ~478 (|7 = 7y )
AT + k2 60t T =475 (|7 - 73| )d ) .

First, let us find the internal field of a scatterer for the case where the inequalities a/ A, <<1 and
a/A <<1 hold in side and outside the sphere, respectively. Then the results will be extended to the
resonance case where a/ A, ~ 1 inside the spheres.

In the space outside the sphere the free-space Green function integrated over the sphere volume
gives

e_i’q"’_':,‘ —iKr
W(F)=I ———dV =—(sink,a - kacoska) ,
v |”"’| K r

where x| =x./gy4y ; Kk =2x/A;and r is the distance from the sphere center to its exterior points. Then,

making use of the integrodifferental equations of paper [3] and applying the method of image sources it is
possible to construct quasistationary equations for determining the internal fields of the spheres. For a selected
sphere p' the equations take the form

o =1 1 gp' ~0 —r
EO(p',s':O,t'ZO) (V ) = (1 -V E(S_O - 1) WO(p',s':O,t'ZO) )E(p’,s'zo,t'ZO) (l" -

I —o0 —o0 ‘90
p s t

N o© o© 1 & - .
_ZZZ{(VV K Sty )E(_p B lj Wiy (I EGy 010 () =

(pss,t) # (p',s' =0,1"=0)

. 1 (H S _.,
it |:V’E£,u_p_ jm/};{sﬁ)(’ﬂ)H(OP,FO,t:O)(V ):|}:

0

Iy —r 1 lup' r70 —r
HO(p’,x’:O,t’:O) (V ) = (1 - VVE[,U_O - 1] %(p’,s’:O,t’:O))H(p’,s':O,t’:O) (" ) -

)
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1 ,u =\ 17 =
{(VV + kzgoluo )E[,u_p - jW(A:,s,t) (’”)H(op,s=o,t=0) )+
0
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1 —o
p s

(p,s,t) # (p',s" = 0,1'=0)

. 1[¢ T ~
+1K80 |:v’4_(g_p_1JVV(5,S,1‘)(")E(Op,S0,[0)(r ):|}’

T\ &

— _ — . .. D0
here  Ey oo, (F) and Hy, oo, (F) are the incident wave fields; E°

ps p’,s'=0,t’=0) (?’) and

Ho(p,,s, oy 4))(7 ) are internal fields of the scatterer; and the values Wi p.s=0.0=0) W(is’[) (7). W(f o) (F) are

_ 2, 02 _ a2 12 2
WO(p',x':O,t’:O)_C_gﬂr =Xy Ttz

L Ar, . —iK e
VV(i,s,t)(r) = F(sm Ka, —Kd,Coska, r—’
1 cc'
4)
M = 4z . e Ml
Wi s (F) = —F(smklal, ~ K1, C08 K\, ) ——,
1 '
2 2 2
Vet = \/(xp,s - xp',s'zO) + (yp,; - yp"t':(]) + (Zp — Zp' ) ,
1 =
X, = [s -{(-1) - 1}5}1 (1) x, 0 (5=0,2L22,..)),
()

Vpa = {t -{(-1)' - l}ﬂh (-1 y, i (1=0,£1,42,.),

zp=20+lp=zo+pl (p=1,2,3,...,N).

The coordinates Xy -5y ¢=02Z, belong to the scatterer p', while X, VpsrZ, are
coordinates of other spheres and their images in the waveguide walls.

The first terms in the right-hand parts of Egs. (3) represent the contribution of sphere p’
alone, whereas the second term involving triple summation take into account the effect of the rest
of the spheres and waveguide walls upon scatterer p’. The effect of waveguide walls is accounted
for here in terms of the impacts upon sphere p' of images in the waveguide walls of N spheres. It
is assumed that the internal field of a sphere and the field from its image are equal.

With this approach toward accounting for the waveguide wall effect, the problem of
estimating the internal field of sphere p' reduces to evaluating the internal field of the sphere p’
incorporated in a spatial lattice of N spheres and images of these in the walls of the rectangular
waveguide. Each node of the spatial lattice is unambiguously determined by an ordered triad of
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numbers c=(p,s,t), while its coordinates are given by Eq. (5). In the case of a real sphere the
node is at (p,s =0,t= 0).

The equations (3) for a solitary sphere, as well as for N spheres, represent a set of 2N
coupled vectorial equations, or 6 N scalar equations with 6 N unknowns in terms of the X-,Y-,Z -
components. Its solution for sphere p' takes the form

N
_ SEy ~ 1 EWM T EWM = EWM 7
Ep s=0.r=0) () AFM {Zg EO(pv 0.=0) (") Zﬁfp 0(p.s=0.4=0) (¥ )}: M(A(xc) l+AFvc) J+A(zc) k) )
p=1

(6)
0 S B R T LN M - L (@M AB M, (B
H(p s'=0 t'=0)(r): AEM Zﬂp 0(p,s=0,t=0)(r)+zgp EO(p,s:O,t:O)(r) = AEM (Axc l +Ayc J +Azc k) s
1 p=1

where A is the determinant of the set of 2N vectorial equations, Eq. (3); and z?,],lg are unit vectors
of the coordinate system.

The Equations (3) for the internal field can be written in a different form. To that end, let us
represent the wave incident upon the scattering sphere as an infinite sum of spatial harmonics,

0 o0
EO(p,s:o,z:O) (#)= ZZ 0(p 5=0,t= 0)
0 0

(7
O(ps 0,¢= 0)( ) Zz I(ps 0,¢= 0)(

Some of these are propagational waves, while others are exponentially damping away from the
sphere. The internal field of the sphere can be written the form of the expansion

(ps 0,1= 0) )= ZZE(O:’: 0,t= 0)(
)
H(Op,SZO,tZO) (7= ZZH(O;,IZZO,Z:O)(F,)‘
0 0

m n

Next, let us expand the exponential functions figuring in Eq. (4) in a set of fundamental
transverse wave functions of the unloaded waveguide [3], viz.

-z, \] o

e_i’(lrrr' Zﬂzzmn _{(%j( Xps™Xp si))"’( ]()"pr Yy, /)+:an
=— ) "Me

Then the expressions Eq. (4) for WP S t)( ) W(f 51) (F ) can be brought to the form
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()= s g i Lo
F)=——(sinx,a, —k,a, cosk,a e
P8t 3 1*p 1*p 1*p 5
( ) dhKl 0 0 ﬂmn
m n
| mx nrw
87° 2y —K d](xp,s—x,,r,.e:o>+[7j(y,,,,—ypf,,/>+ﬂm zp—z,,l
wM (F)=—-——(sinxa, —ka, coska ZZ m o
P.Sst 3 1%p 1*p 1“p 5
( ) dhKl ( ) 0 0 ﬂmn
m n
where
2, with m=0 or n=0,
Xon = .
"1, with m,n >0
(10)

2 2
ﬁmn = \/Kzg();u() _(%j _(%] with (mqn = 0,172;-.-)

The representations Eq. (8) cannot be regarded as the Fourier expansions.

Then Eq. (8) for the E(();Z:O,tzo)(F,) and 1:[(0;2:0,1:0) (') components take the form, in the case of

an arbitrary sphere,

. B 1 (&, o .
E(?EZ;’,S':O,I':O) (7= (1 - VV4—[— - 1) W()(p',s:O,t:O) JE(;T,’;EO,I’:O) (¥ -
7\ &
N o © 272_ /1/ &
. 2 0 =1
-3 > ————(sinka, —Ka, cosKa, ) (VV+K 50#0)[—p_1]E(:f_o,t_0)(V)X

T = =d h K, mn &0
p s t

(p,s,t) #(p'ys'=0,t'=0)

A (2 s {2 Y30

Z,~Zpy

. H r 70mn —
} — IKL, [V5(_1)(ﬂ_p_ jH(Op,SO,tO) (I/' )X

0
(2 =0 {2 Y= =2

(11)

[ mn 2 1 ’uP' [y0mn —
H 0(p',5=0,¢=0) ()= [1 -VV E(/J_o - JVVO( p'.s'=0,¢'=0) ]H (p',5'=0,¢'=0) -
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—i] M)(x =X ) ["”J(y -y )+ﬂ
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The solution of the equation set Eq. (11) for N spheres is

() —
E(;ms '=0,'=0) (7') =

0(p,s=0,t=0
p=1

N
G {Z " Egt oo )+ZﬂE"""P 2 m},

(12)

r70 = Mi ~Mi -
H(;:"l,';'=0,z’=0) ()= A l:Zﬁ man 0( p,s=0,t=0) G )"‘Z e Emr} s=0,t=0)(r, :I,

where A™ is the determinant of the set of 2N vectorial equations Eq. (11)

The number m, n associated with the propagational waves are determined from the conditions

2 2
Kzgo,u0>(%j J{nhﬁj ,with (m<my,n<n);

(13)
and those corresponding to damping waves from

2 2
K2£0y0<(m7ﬂj +(%] , with (m>m,, n>n,).

Then, the internal field of a given spherical scatterer can be represented in the case of scattering
by N scatterers, as a sum of terms corresponding to the propagational and damping components, viz

p s'=0,t' 0)( ) ZZAM llz AEm"pE(ps =0,1= 0)(7‘ )J (Z ﬂEmanom(;s =0,1= 0)(#)ﬂ+
p=1
+ Z Z A HZ gEman&';s 0.=0) (7' ] [Z IBEmanl(ps 0.=0) (7 H:

=0 - 0" —n .
= E(p §'=0,1'=0) (7) + E(p',s':O,t':O)(r,)’

(14)
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my My

[:I(Op',s'=0,t'=0)( ) zz Amn |:(z IB H 0(p,s=0,t= 0)(}" )] [Z gME(;ré’;s =0,t= 0)(1" )J}

m

m>my n>n,

+ ZO i A |:(z ﬁ O(ps 0,t= 0)(}",)] (Z ME(’)TZ};& =0,t= O)( r ]:|:

o - 0" -
= H(p §'=0 t’:O)(r,) + H(p',s':o,z':()) (7).

The solutions obtained in the form of Egs. (6) and (14) are valid when the inequalities a/A <<1
and a/ A, <<1 hold outside and inside the sphere, respectively. Meanwhile, they can be extended to thee
case where a/A is small, a/ A <<1, outside the sphere, while inside n=xa s\ EpH, Mmay assume

arbitrary values, including resonance ones. This can be done by means of introduction of effective
permeabilities [4] instead of the true values ¢, and u, of the sphere. The effective magnitudes, are

& peff :gpF(H),

(15)
Hpeyp = 'upF(H)’

with
2(sin@—6Gcosh)

F(0)= .
(92 —1) sin@ + @cosl

Fig.1 shows the rums of Re F'(8) (solid curve) and Im F(€) (dotted curve) as functions of Red
for several values of the loss tangent, tand, and u=1.

Im F(8) A Re 7(8) ]
. H

4 Zr/3
5.4
0 2 :'; 37
% / “J4~.3 Re b
s ]

-4 Al

——

-8 h 2

-12 H

Fig.1. The function F' (49) for several values of the loss tangent: tand, =0
(curve 1), tand, = 0.05 (curve 2) and tano, =0.1 (curve 3).

The dipole moments induced in the spherical scatterer in the case of Eq. (6) can be represented in
the form of Eq. (15),
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1 | €pep I 7!
dt :E[”—ﬁ—le&g:o,mm(” W,

€
1|4 (19
] (e
0
while in the case of Eq. (14) they take the form —
gE _ L[ &pepr 11(EY 4 EY N1 _C?E' C?E
e ( (ps=0.0=0) () + (p,szo,r:O)(r)) p=4p Ty
(17)

. 1 ( Moy - I ﬂ, T
dﬁ/[ ZT(L_IJ(H(Op,S—O,t—O)(r)+H(Op,s—0,t—0)(r ))Vp =d1];w +d,]7w .
T\ Ho

With account of Egs. (16) and (17), the Hertz potentials figuring in Eq. (1) can be written in the
form of Eq. (2), viz.

p=1 p=1
M i M ul M M (18)
I ZZHp ZZ pJp o>

p=l1 p=1

where pr,f pM take the form

fow 0 0 fow 00
TE E .M _ M
fp =/ 0 fpyy 0 fp = 0 fp){v 0

0 0 /[ 0 0 [

The components f’ pE, f pM of the tensorial Green functions can be represented in the form of Eq.

(10) (reflected wave), viz.
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_ _2_ i Zmn Iﬂnm Z_Zp‘ .
P}} ?
dh m, n=0 ﬂmn
. o )
M _ 2l Zmn Iﬂnm Z_Zp‘
fpzz - % Z apzaze >
m, n=0 Fmn
where
s Tm .
o, =SI——X, s1n—yp,,=0,

p1 d P,

h

_mm Th
a,, = cos7xp’ 50 cosTyp’ 10>

. Tm wn
ap} = Sln7xp, $=0 COSTyp’ =0

__mm . TN
a,, —cos7xp, =0 s1n7yp, =05
. Tm . Th
a, =sin——xsin—1y,
d h
Tm n
a, =COS——XCOS—,
’ d h
. Tm n
a, =sin—xcos—,
’ d h

Tm .. Tn
a, =COS——xSIn——-—y
4 >
d h

Making use of Egs. (10), (13), (15), and (18), we can obtain from Eq. (1) the expression as
follows

= Seal 2w | L|[ Erer mn Hpe n )l Al )
7 ) G e Gl L) S
p mn

(This is the field scattered by the set of N spheres in the waveguide).
Here L"" and P’ are certain functional matrices. In the case where the incident wave is the

fundamental mode H,,(m =1, n=0) they become

0 0 0 0 0 0
I:';” =0 Kzgo,uoa;, 0| and 13;"” =|if,a 0 %a/’u’
0 0 0 0 0 0

T . " 7 .
with a, =sin—x, _,sin—x and @, =cos—x, _,sin—x.
d " d d = d

Hence, the reflection factor of the fundamental mode H|, can be written in the form of Eq. (6)
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E, (.1 N ~ "
n=—2== (’: ) = : |: }jM Z( l j{[spﬂ _IJA(yE)Mkzgoﬂo X
Eoy inc (V,t) (_lkdﬂoHo] A p=l dhﬂw” ‘90
VA

. Hpe /4 . | H T
XSif— X, 100 +kuy B (P_ﬁf—lefﬁM) S, o _’kﬂog(ﬂ_p_l]Afc(M) cos;xp,so}x (19)
o 0

Xe—iﬂlo(220+lp):| eizﬂ“’z,

where E

oy inc

2
F,0)= —iki,uOH0 sinzxe’( o=holz=]) and ﬂlzo = kzgoﬂo h (ﬁ] .
T d d

Shown in Fig.2 are the absolute values, |77/, and phases, @, of the reflection factor, 77, from a
/ d=0.5;

yp,,:o/h=0.5; d=23cm; h=lcm; A=3cm; g, =1; y, =1, u=1; &' =400; and two values of the loss

n

sphere, calculated after Eq. (19) in dependence on the radius @ of the sphere for N =1; x, _,

tangent, tan o, , namely 0.003 (solid curve) and 0.3 (dotted curve).

4

A=

0 ﬂ ﬂ i
- ,/’I‘L\N _JL___ JL a,cm
3 T T 7

7|

3M

0 0.1

Fig.2. The absolute value, 77|, and phase, @, of the reflection factor of the

H,, mode in dependence on the sphere radius.
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The resonances denoted as 17, 2 and 3", and IE,2E and 3% in Fig.2 are, respectively, the
magnetic and electric reflection resonances of the first, second and third order. The respective magnetic
and electric transmission resonances correspond in Fig.2 to minima of ‘77‘ The phase jumps of

magnitude 7z in the vicinity of the resonances correspond to the points of minima or maxima of ‘77‘

where tand, =0.
As can be seen from Fig.2, the resonance-size sphere is characterized by resonance ranges of
different orders, namely, 1" —1°,2% —2% 3" —3% . which are zones of order 1, 2, or 3, ...,

respectively. Each domain involves two resonances of the same order, however of different kind, i.e.
magnetic and electric resonances. The domain are bounded from both sides by magnetic and electric
transmission resonances and their associated phase jumps.

The resonance structure of the internal field of the sphere in a resonance range is modified as
parameters of the sphere or/and external conditions are changed. As a result, resonance effects of either
magnetic or electric kind may appear.

As follows from Fig.2, the Q-factor of the magnetic resonances is greater than such of the

electric resonances. This can be explained by the difference in the effect of tan o, upon resonances of
different kind.
If the sphere in the waveguide are identical and their permittivity, ¢,, and permeability, x,,

both are real values, then the resonance reflection conditions for the spheres can be found from the
equation

det Re"a[j” =0, (20)

where “al]“ is the principal matrix of the equation set Eq. (3). By resolving Eq. (20) with respect to the
function R(m) given by Eq. (17), it is possible to obtain the sought for magnetic and electric resonance

.. 2
conditions for a selected sphere p'. In the case of a free sphere they take the form [1,2] F(u) = —ﬂ,
M

2 .
and F(n)= —ﬁ, respectively.
£

A numerical analysis of Eq. (19) in the case of low magnitudes of tano, shows that the
reflection factor curves, 77, split into several narrow lines within the range of magnetic and electric

resonances. The dynamics of the resonance splitting depends on the location of the spheres in the
waveguide [2]. This fine resonance structure of the reflection factor, 77, can be used for studying the
sphere — waveguide interaction effects.

The pattern of solution suggested in this paper may prove useful for analyzing waveguides
loaded by resonance-size spheres.
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