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ABSTRACT: A problem solution of electromagnetic wave scattering with special
compound lattices of resonance spheres has been considered, their spatial distribution has
been subjected to a geometric progression. Expressions for the scattered fields have been
obtained.

INTRODUCTION

Of special interest are the lattices, which electromagnetic interaction between two
scattering elements as well as the elements themselves possesses resonance features.
Such characteristics belong to lattices built of resonant magnetodielectric spheres.

Scattering features of lattices are determined with their topological structure and
character features of scattering elements. Once the topological structure is specified it is
possible to obtain lattices with necessary anisotropic characteristics. One of the ways to
specify the topological structure is to subject it to different number structures. Such
lattices differ from the periodic ones, so let us term them as the special lattices.

Let us consider a number structure determined with a geometric progression
presented as a number table (see the Table) as an example.

Table

s 0 1 2 3 4 5 6 7

i

0 1 1 1 1 1 1 1 1
1 1 2! 3! 4! 5! 6! 7! 8!
2 1 2? 3? 4? 5° 6 7° 8’
3 1 2° 3° 4° 53 6° 7 8’
4 1 2* 3* 4* 54 6 74 8*
5 1 2’ 3° 4° 5° 6 7 8
6 1 26 3¢ 4° 5% 6° 7% 8¢
7 1 2! 3’ 4’ 5/ 6’ 7’ 8’
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For the presented number structure, the common term of the geometric

n—1

. _ . . . q 1)4
progression a, =da,q, can be written as: Ay = S|+ for the case when

s|+1, n =] +1,where |s| =0,1,2,3,...; | = 0,1,2,3,....

a,=1,q,=

For every value S| there is its own column of the number table. For |S| =0 there

is a sequence of numbers consisting of ones.

The aim of the article is to describe solution of a problem of electromagnetic wave
scattering with the special compound spatial lattices of small homogeneous resonant
magnetodielectric spheres, which spatial distribution is subjected to the geometric
progression. In this problem, a length of a scattered wave is comparable with lattice
constants, which makes it possible to examine an impact of the lattice structure
resonances of electromagnetic spheres coupling on inner resonances of the lattice
spheres and on their fine structure. The proposed solution makes it possible to study
features of domains of an abnormal lattice dispersion.
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FIGURE 1. Spatial lattice of nodes

STATEMENT AND SOLUTION OF THE PROBLEM

Let us consider a special complicated spatial lattice consisting of C special sublattices
c(c eC ) These special sublattices ¢ are generated by a coordinate presentation,

which has the form in Cartesian coordinate system
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x,, =[s=05{(-1) =1} |d-(-D""x, .,

(s=0,£1,%2,..),

Yoo =[1=05{C-1 =1} [ =1y

(1=0,£1,%2,..), .
2., = p=05{-1 =1} |1 (D", .,

(p =0,£1,£2, ..., J_{(|s| i _1}),

Here, values d , h , [ are determined with the conditions x =0
x=d,y=0,y=h;z=0,z=1; and x__, Y, 0> Z, ,-o are the coordinates of

b

the node that generates a special sublattice ¢ and is located inside the domain (see
Fig. 1).

0<x,,<d,
0<y, ,<h, (2)

0<z <l

c,p=0 —

The term “special” will be further dropped in name of lattices and sublattices for
brevity sake. Coordinates x,, y,,, z, , determine location of nodes of sublattice ¢

outside the of domain (2) and are the functions of coordinates X, _,, ¥, ,—» Z. -
Time dependence can be introduced into the coordinate presentation (1) if coordinates

Xosoo> Yesmos Ze pmo are assumed to be certain time functions. For every node of the

spatial sublattice ¢ (1) there is a well-ordered number triple u = c(p, s,?) ; the
marked node of the lattice will be denoted as u’ = ¢'(p’,s’,t") and the node inside the
lattice (2) will be denoted as u = c(p =0,s = 0,7 =0) . Specifying the maximum
values for the numbers (p,?,s) in (1) it is possible to consider finite and infinite
lattices.

The required type of unit cell of the lattice (primitive, body-centered, face-centered
etc.) is formed of C nodes inside domain (2), which is repeated by coordinate
presentation (1) outside the domain (2) in the form of a spatial lattice of a certain form.

Figure 1 shows spatial distribution of lattice nodes when the generating lattice

node is located in the center of domain (2) for the cases:
p=0,£1,s=0,£1,¢=0,=%1 and p=0,2,3,4,5,6,7,8,
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s=0,£1,+2, 1t =0,£1,£2 . Distribution of nodes along axis z is subjected to the
number table (Fig.2). For every number triple (p =0, s,) of a plane x_, y,,,

z there is a certain number from the table; for example, for point (p =0, s =-3,

e,p=0
t =-3), there is number 43, for point (p =0, s =-3, ¢ =-3), there is number 64 and
for point (p =0,s =4, t =3), there is number 53. These numbers determine the
number of nodes along axis z for the considered point (p =0,s,¢) (Fig.2). The
relation between the number triple (p =0,s,¢) of plane x ., y.,, z.,, and

number of Table (Fig. 2) is characterized with function

(Is[+1)".

Hence the sequence of numbers p concerned with node coordinates along axis z

has the form
i
0, +1, *2, .., i((|s|+1)—1),
where |S s t| =0,1,2,3,....
*Y.:,z
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FIGURE 2. Number Table in plane X _,Y
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If coordinates of nodes in domain (2) are changed, the locations of nodes outside
this domain will also shift in a certain way, cells will be rebuilt, and spatial lattice
configuration will be formed.

The distance between nodes is determined as follows:

2 2 2
rc'(p',s',t'),c(p,s,t) = (xc',s' - ‘xc,s ) + (yc',t' - yc,t ) - (Zc',p' - Zc,p ) .
A3)

If one generating lattice node is located in the center of domain (2), using (1) we
obtain a plain lattice with the nodes distributed along axis z and subjected to a natural
number sequence for the case ( p, s,¢ = 1) (see Fig. 3).
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FIGURE 3. Plain lattice of nodes ( p, S, = 1)

When (p =0,5 =0,¢), a linear lattice with nodes distributed along axis y
arises. When (p,s =1,7), a plain lattice with nodes distributed along axis z and

subjected to a natural number sequence 1,2',2%,2%,2%,2° ... is formed (Fig. 4).

Having performed corresponding sections of nodes (1) it is possible to obtain
reconfigurable plain lattices of different forms.
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-------------------------------
---------------

-------------------------------

rp 12 8 4 0 -4 -5 -12

FIGURE 4. Plain lattice of nodes (p,s = 1,7).

If an elementary cell is formed in domain (2), so instead of the single nodes the
cells from domain (2) will be located in lattices (Figs. 3 and 4).

The centers of spheres with permittivity and permeability €., ), K., and
radiuses @, ., subsequently referred to as €,, 1., a, are placed in lattice nodes
(1). Lattice spheres are located in a free space. Let us consider that condition
a, /) <<1 is satisfied outside the sphere, but a resonant case a, /A ™ 1 is possible
inside the sphere; here, A is the wavelength outside the spheres, and A . 1s the

wavelength inside the sphere [1]. Let us solve the problem in two steps using integral
equations [2]. At the first step, let us determine an internal field of the scattering
spheres, and at the second stage, let us determine the field scattered with spatial lattice
of the spheres. The fields are presented in form

E(F,t)=E(F)e”, H(F.t)=H(F)e".
The scattered field is determined using the known internal field of scatterers in

terms of the electric /7" and magnetic 1" Hertz potentials:

E, =(VV + K6y, ) IT° ~ ikt [V, 11" ],

“4)
H,, =(VV 4 g0, ) T ~ike, | V, 11" |.

The Hertz potentials of the scattered field have the form:

=L (E—I]EO(F’)f(V—F')dV,

dr i\ &

()

=[] L@ (7) £ (-7
1= [ £t ) (-7,
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where E° (17') , H° (F’) are the internal fields of scatterers; V' is the volume of a
scatterer; €,, L, are the permittivity and magnetic conductivity of filling the space

outside the spheres; function f QF - 17'|) is the solution of equation

N (|F =7 )+ K eopy f(|F =7 ) = —4mo (|7 -7

),

that satisfies the condition of radiation at infinity and has the form
f(|’7_’7'|): = (6)

It is possible to prove that for the points outside the sphere (7 > '), the integral
of the Green function over the sphere volume has the form

e—ki«lgo,uﬂ [F=7 Ar e*iklr
————dV =—(sinka—kacoska)
r

1

(7)

for the free space (6). Here, k; = k\/g 1, k =27/ A, r is the distance from the

center of the sphere to the points outside it.
The internal field of a small homogeneous magnetodielectric sphere with the

center in ¢'(p',s',t'") is obtained from the system of inhomogeneous equations,

which can be built upon integral equations [2] and results of work [3]. The
inhomogeneous equations included in this system, have the following form
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EOC'(p',s',t') (

2 .
1) [(gc,qf +2¢, ) +0,, 0 +10,, (gc,eff + 250) - 7
)=

0,
3g.e

&

1 gc'e =\ =
SSES {verau) S ()8 -

c(p.s,t)zc(p's't)

. I 1 /uc'e' =\ 17 -
—ik 14, V’E(Tj - 1} W;{‘E{p,s,t) (r ) Hco'(p,s,t) (’” ’ t)”} -
& 1 Eeq =\ 1~ =1
—le Z,,: Z Z {(vv + ke u, )E[ gj - 1} Wolon (F)E g (F1)=
cic')
. | 1 Heer =\ 17 —
—ikp, V’E(,u_f_q VVc](lfv,S,t) (r)Hc(‘)(p,.v,t) (7 J)}H’

HOC’(p’,s’,t') (?”t) =

ey + 200 )+ O by 10, gy +2445) - ,
ey e )y

3ﬂoei9w
1 Hee =\ 17 —r
P ) R R LAY

T\ Ho

c(p.s,t)zc'(p's't)

. 1 Sl =\ 1~ =1
+lk80|: ’E( gjf —1JWC,E(p,M)(r)Ef,(P’M)(r,I)}H— (8)
S 1 /uce =\ 77 =1
> | XAV Ry ) —| =L 1wy (F)HS,, (For)+
c=1 ’) p s t 47[ /’lO
vike,| V| ey lE (F)ES ()
0 > T (90 C(p,s,t) c(p,s,t) >
for an arbitrary separeted sphere. Here EOC,(p,,S,J,)(?’,t), I:IOC,(p,,S,J,)(F',t) and

E° . (77', t) ,H (77', t) are the fields of an incident wave and internal
c(p,s,t) c(p,s,t)

fields of the sphere respectively; Ef(p,s, 9 (77', t) R H L(')(p,s, 9 (77', t) are the internal fields
of the other spheres; 8, = ka’.& i, .

Values W* (17') , WM

c(p,s,t) c(p,s,t) (F’) have the form
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=iy 5 ) e(pos )

- 4, . e
I/V(:I(Ep,s,t) (l" ) = k_l3(51n klac _klac COs klac )I"—’

(p s’ )e(pasit)

=iy ) el(posit)

n 4, . e
VVL’](‘i),S,[) (l" ) = k_l3(81n klac _klac CosS klac )I"—’

(p s’ )e(pasit)

and values &, f . canbe written as [1,3,4]

Eopp = ch(kac\/a),
©)

Hegy = ﬂcF(kac\/J)a

where

2(sinkac«/gmus —ka \J€.p. coska e u, )

‘ale u, —l)sinkac\/gc,uc +kac\/gc,uc coskac\/gc,uc .

F(kac EM, )=(

The first summands in the right parts of equations (8) are concerned with the
internal field of the sphere without regard for an impact of all other spheres; the rest of
summands take into account impact on the sphere-scatterer with its center in

c'( p',s',t') of all other spheres. The basic matrix of this system of equations (8)

contains information about specific features of electromagnetic interaction between
spheres of considered type of the lattices.

C
The system of equations (8) is an algebraic system consisting of 2N = 22 N,

c=1
vector inhomogeneous equations, where N is the general number of lattice spheres,
and N, is the number of spheres of the sublattice ¢ . For the separated sphere, the

solution of this system has the form
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Eu' Eu'
8 vxu gx}u 8z
AFu' u' Eu' Eu' |,
8, = gyxu gyyu gyzu ’
Eu' Eu' Eu'

g zxu g zyu g zzu

Eu' Eu' Eu'
ﬂxxz ﬂxyb; ﬁ XZI:I

Eu' Eu' Eu' Eu' |.
ﬂuu = ﬂyxl; ﬂyybb’: ﬁyzz >
B B B

M Mu' Mu'
8 xxu g Xyu 8
AMu' Mu' Mu' Mu' |,
g u =& yxu g yyu 8 yzu |°
Mu' Mu' Mu'

L 8 zxu 4 zZyu g zzu

Mu' Mu' Mu'
ﬂxx: ﬂxy:: ﬂlel:

D Mu' Mu' Mu' Mu'
ﬂu“ = ﬂyxtbt’ IByyZ ﬂyz;’
B B B

Here A™ is the determinant of the basic matrix of the equation system (8).
The component of internal electric field of the sphere (10) is presented as

B (F) =k z(z[gm Eou (Fot) + g5 Ey, (7)

+gxzuE02u (l" t)+ﬂE“HOxu(r t)+ﬂ\§:¢H0yu(r t)+ﬂEuH0zu( )])

XZu
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The rest of components of internal fields of the sphere are similarly obtained
from (10).

2.12 213 A.cm

30t ‘ﬂe‘

15+

2.12 213 A,cm

Re

\Im

FIGURE 5. The first internal resonance of an electric type sphere

If electromagnetic interaction between lattice spheres is neglected, expressions
(10) take the form

= ~ 3g,e
E _”, t = E . ¢ _'" t . >
e (r ) e (r ) (gcejf + 2‘90 ) T elzcgcqff + ielc (gceff + 250 )
| (10a)
o (F0)= oy (721 e
w w (/’lceff +2u0)+elcﬂceﬁ' +lelc (ll'l(,eff +2/'l0)
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for the internal field of the arbitrary sphere.

Figure 5 shows module ‘UE‘ and argument (pE of real and imaginary parts of the
expression for the internal electric field of sphere (10a) as a function of incident wave
length A in the domain of the first internal resonance of electric type sphere for the
case when a,=0.1145 ocm, ¢ =174 and loss tangent is
tand, =0, u=pu,=¢,=1.

Taking into account (10) the Hertz potentials (5) of the field scattered with the

lattice spheres can be presented as a superposition of the Hertz potentials of single
lattice spheres:

ﬁE(F,z)zi{ZZZ%(sinkﬂc—klaccosklac)x
p s ¢t K

’iklrc( s.1)

g . - - e DS
| G —IJE‘,) (7o) |,
Te(psa)

C
Voad (?,t) = Z{ZZZ%(sinkﬂc —ka, cosklac)x (11)
c=1 p s t 1
X L_l (s l_’:,t R
IUO C(p, ’t) n’(p,s,t)

ey =5 + (3, + (-2, )

where (x, y, z ) are coordinates of the observation point of the scattered field outside
the lattice spheres and (xc,s, VeusZe. p) are the center coordinates of the scattering

lattice sphere (1). Then taking into account (11) we obtain desired field scattered with
the lattice spheres from (4):
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c
E, = Z{ZZZ%(SIH ka, —ka,cos klac){(ﬁ_ljiﬂgf(p,w) ()~
i

c=1 p s go

—ik o [M - 1} (_1) ﬁcﬁc(')(p 5.t) (FI)} ei(wl_km‘(p'é'”) } )
Hy ”

(12)

C
H, = z{zzz%(sm ka, —ka, cos klaE)K Heey —1](—1)@]?60(%3,[) (7)+
= 1

p s t ;uo

& ot A ilot=kr,,
+ik80[ ceff _1J B i) (’—;l):|e( 1=k, ))}’
80 M

where l; and ﬁc are the functional matrixes of the form

\P xxc \P xyc \P xzc
Lc = \Pyxc \Pyyc \Pyzc 2
b4 Y 4
zxc zyc zze
0 Y, ‘ch
Ac = \P(z)c 0 \I}xc °
lP ye \P ?cc 0

Values included in functional matrixes (12) have the form

2, ) 2
1 2 3(x_xc,s) _’/;’(p,s,t) kl (x_xc,s)
Txxc = k gOILIO + 5 - 3 +
) Te(psa) Fe(psi)
3(x—x -
R i P
7
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N —y 3(x_xc,s)_(y_yc,t) kz (x_xc,.v)(y_yc,t)+

xyc yxce rcsp’s’t) 1 }"63(;7’”)
ik 3(x—xc,: (y—yc,)’
Te(posi)
\szc = \Ilzx(: 3(x_xc:5) _(Z _Zc’p) 12 (x_xc;3)(z_ Zc,p) +
c(p>s1) (psit)
vik 3(x—xcj)(z—ch)’
Te(posi)
Y. =Y., 3(y_yc;5) (z-z.,) e (v y;g)(Z_ZE’p) X
c(p.s.t) c(psit)
+ik, 3(y—yci,)(z—ch),
Te(pus)
xe ();_ xc’s)+ik] ();2_ xv,s),
e(p.sit) (psit)
ngc = _lch, \ch = _LPyc’ \PgL — _\ch.

Components y ., Y. and y ., Y. of matrixes L, and P can be obtained
from notation of components . and ., substituting correspondently x, x_ for
Y, Y., and z,z,  there.

Let us present the field at an arbitrary space point located outside the spheres as

where EO (17 , t) is an unperturbed field of an incident wave.

For the particular case (c =L, p=0,s,1= 0) of similar spheres (Fig. 2) when
the wave
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E, (z,t) — Eoei(lut—klz) , HOy (z,t) _ Hoei(wt—klz)

is scattered and electromagnetic interaction between the spheres can be neglected, the
component of the scattered field £__(7,¢) has the form

XscC

. 3. (=20 )"
E ,t)=—(sinka—k ka)| k}
e (7’ t) k13 (Sm “ o la)[ l (geff +250)+‘9128¢ff+i91(56ﬁ+2‘90)X
)1 (x_xs )2 —ik i1 (’uéff _Iuo)eiel
Mo 3| N I Gi VR | S x
OZ 7, r o (ﬂeff'+2/‘0)+‘912/‘eff'+i‘91 (”eferzfu")

s e—ikl”s
ior
xH, Z z—— e,
-5 T

for the far field zone (r

c(p,s,t) = rs’ xc,s = xs )’ and

3 (2 =20 )¢
E ,l‘ = — k _k k k2
o (7o1) = 7 (sinka—hacos ‘a)[ ey +26,)+ 00, +i0, (e, +25,)

I .1
(7;+lk1?j+

. (/Jejf —Hy )eie1 >z } ;
k H, Y — |
T (/ueﬁ” +2/u0)+‘912/ugﬁf +i91(/ueﬁf +2/U0) OZJ T ‘

X

(- ) 7

xEoi

for the near field zone (e_iker ~ 1) )

The resonant conditions are determined from the determinant of an equation
system (8). When permittivity and permeability €, and p, of similar lattice spheres

arereal and a, /A g~ 1, the resonant conditions can be obtained from the equation

det Re‘

asj :07 (13)
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solved with respect to function F (90) (9). Here, is the basic matrix of

a,;

3/
equations (8) [3]. If electromagnetic interaction of the spheres is neglected in equation
(13) and it is solved with respect to function F' (6’6) , the condition for internal

resonances of an electric type sphere with the center in node c(p,s,t) can be

presented as:
F(6,)-- 2¢,(cos,, +6,sinb, ) ’
g, [(1 +6; )cos 0, +06, sin 91(,]
where
96 = kac gclllc ’ 916‘ = kac \ gcll’lc :
SUMMARY

We pioneered consideration of the electromagnetic wave scattering with special spatial
lattices of magnetodielectric spheres, which topological structure is assigned with a
structure of numbers determined with a geometric progression. Expressions for internal
and scattered fields are obtained; they describe the structural resonances of
electromagnetic interaction between spheres of lattices and internal resonances of
spheres as well as impact of those resonances on one another. The solution obtained for
the studied type of lattices with an anisotropic topological structure specified with a
geometric progression may be useful when developing devices for control of radiation
field of electromagnetic sources and for creating composite materials with high
dispersion using the domains of abnormal lattice dispersion.
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