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Annotation: The work examines the main mathematical methods used to describe the environment
of collaborative mobile robots in digital twin and intelligent navigation systems. The analysis focuses
on grid-based, geometric, graph-based, probabilistic, and dynamic models, including Occupancy Grid
Map, Configuration Space SE(2) and SE(3), graph-based models, potential field models, probabilistic
representations, point cloud models, and dynamic obstacle models. Their mathematical foundations,
computational complexity, accuracy, scalability, and suitability for real-time applications are
compared. The advantages and limitations of each approach are evaluated, and practical
recommendations for their use in intelligent robotic systems are provided. The results are intended for
researchers and engineers developing autonomous collaborative robotic systems operating in
structured and dynamic environments.
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Anomauyin: Y poOOTI MOCTIDKEHO OCHOBHI MaTeMaTH4HI METOJM OIKCY HaBKOJIHUIIHHOTO
cepelioBUIla KOJaOOpaTUBHUX MOOIIBHMX pPOOOTIB y cucTeMax UIU(GpPOBUX JBIHHUKIB Ta
IHTeNeKTyalbHOI HaBirauii. OCHOBHY yBary NpUAUIEHO aHaJli3y CITKOBUX, TEOMETPUYHMX, I'padoBUX,
HMOBIpHICHMX Ta JIUMHaMIYHUX Mozenel, Bkimrodatoun Occupancy Grid Map, koH@irypamiiHi
npoctopu SE(2) 1 SE(3), rpadosi Mozeni, MOTeHIiaJIbHI MOJI, MMOBIPHICHI MOJeNi, MOJENl Ha
OCHOBI XMap TOYOK Ta MOJeNi AMHaMIYHUX nepemko. IIpoBeneHO MOPIBHAHHA X MaTeMaTHMYHHUX
BJIACTUBOCTEH, 00UNCIIOBAIBbHOI CKJIAJHOCT1, TOYHOCTI Ta MPUIATHOCTI A0 pOOOTH B pealbHOMY Yaci.
Hanano mpakTuyHi pekoMeHpalii IoJ0 iX BUKOPHCTaHHS B IHTENEKTYalbHHUX POOOTOTEXHIYHHX
cucTeMax.

Knrwouosi cnosa: xonabopatuBHi poOOTH, MonemtoBaHHs cepenosuina, Occupancy Grid,
KOH(IrypaiitHuii npocTtip, KMOBIpHICHA MOJEJb, XMapa TOYOK, JUHAMIYHI Mepenikoau, HudpoBuit
IBIHHUK.

An accurate mathematical representation of the environment is a fundamental requirement for the
safe and efficient operation of collaborative robots in Industry 5.0 scenarios. The robot must
continuously evaluate the spatial distribution of obstacles, free space, and dynamic objects to
implement trajectory planning, collision avoidance, and collaborative interaction with humans and
other robots. The Occupancy Grid Map model represents the environment as a discrete set of cells
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m = {c¢;}, P(¢; = occ|zy,) 1)

where each cell stores a probability of occupancy based on sensor measurements. This method
provides high robustness to sensor noise, but requires significant computational resources and
memory for high-resolution environments.

The configuration space model describes the robot's motion in state space

x =(x,y,0)€SE(2),x=(x,v,2¢,0,) € SE(3) (@)

which allows explicit consideration of the orientation and geometry of the robot. The SE(2)
space is computationally efficient and suitable for mobile robots moving in a plane, while SE(3)
provides a complete spatial description but significantly increases the computational complexity.
Graph models represent the environment as a set of vertices and edges

G=(V,E) (3)

where vertices correspond to robot states and edges correspond to permissible transitions
between them. These models provide optimal trajectory planning using the A*, D*, and D* Lite
algorithms, but require prior construction and updating when the environment changes.

The potential field model represents obstacles and targets using scalar potential functions

U(x) = Uarr (x) + Urep (x) (4)

which provides efficient real-time navigation due to its low computational complexity. However,
this method has the disadvantage of local minima and does not guarantee global optimality of the
trajectory.

Probabilistic models represent the environment using probability distribution functions

P(x;|21.) ()

which allows for uncertainty and integration of noisy sensor data. These models are the
mathematical basis of SLAM, Bayesian filtering, and digital twin synchronization, but require
complex estimation algorithms.

Point cloud models represent the environment as a set of spatial points

P ={p; = (x;yi,2)} (6)

obtained using LiDAR, stereo cameras or depth sensors. This approach provides high geometric
accuracy and preserves the detailed spatial structure of the environment, but requires significant
computational resources for processing and filtering.

Dynamic obstacle models describe moving objects using temporal state vectors

x(t) = [xryrvxrvy]T (7)

which allows predicting their movement and implementing collision avoidance. These models
provide adaptive navigation, but require continuous updating and the use of prediction algorithms
such as the Kalman filter.

86
«Computer-integrated technologies, automation and robotics»
CITAR-2026



Comparative analysis shows that Occupancy Grid models provide high reliability and noise
immunity, configuration spaces provide accurate geometric representation, graph models guarantee
optimal planning, potential fields provide fast reactive navigation, probabilistic models provide
operation under uncertainty, point cloud models provide high spatial accuracy, and dynamic obstacle
models ensure safe operation in a changing environment.

Table 1 below shows a comparison of mathematical methods for describing the environment of
collaborative robots.

Table 1 - Comparative analysis of environment representation methods for collaborative robots

Criterion Occupancy | Configuratio Graph- Potential Probabilistic Point Dynamic
Grid Map n Space based Field Model Cloud Obstacle
SE(2) / SE(3) Model Model Mode Model
Model type Discrete, Geometric, Discrete, | Analytical Probabilistic Geometric | Dynamic,
Probabilisti Kinematic topologica , , 3D time-
c I continuou dependent
S
Dimensionalit 2D /3D SE(2): 3D, Depends 2D /3D Any 3D 2D /3D +
Y SE(3): 6D on the time
number of
nodes
Computational Medium / Low (SE2), Medium Low High Very High High
complexity High High (SE3)
Memory High Low Medium Low Medium Very High Medium
requirements
Accuracy of Medium High Medium Low / High Very High High
description medium
Working with Yes No Limited No Yes (main Limited Yes
uncertainty advantage)
Working with Limited No Limited Yes Yes Yes (with Primary
dynamic (reactive) filtering) purpose
objects
Suitability for High Very High High Low Very high Maximum | Very high
digital twin
Main High High Needs Local Computationall | High CPU | Prediction
disadvantages Memory complexity in update minima y complex usage complexity
Needs SE(3)
Main areas of SLAM, Kinematics, A*, D*, Reactive EKF, UKF, LiDAR, HRC,
application Navigation Planning D* Lite navigation Bayesian Digital autonomou
SLAM Twin S
navigation

CONCLUSIONS. For static structured environments, Occupancy Grid and graph models provide
optimal accuracy and planning efficiency. SE(2) configuration space is recommended for mobile
robots moving in a plane, while SE(3) is required for manipulators, drones, and robots operating in
three-dimensional space. Potential field models are effective for real-time reactive navigation, but
should be used in conjunction with global planning methods. Probabilistic models are critical when
working under uncertainty and sensor noise. Point cloud models are recommended for digital twin
systems and high-precision spatial modeling tasks. Dynamic obstacle models are required for
collaborative robotic systems operating in environments with moving objects and people. The
integration of multiple complementary mathematical models ensures maximum reliability,
adaptability, and safety of collaborative robotic systems in complex dynamic environments
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