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METRICAL EVALUATION OF SPATIAL CONTENT
FOR SEGMENTATION-BASED IMAGE RETRIEVAL

ALEXANDER KAGRAMANYAN, VLADIMIR MASHTALIR, VLADISLAV SHLYAKHOV

Interest in the image content analysis has been motivated by expansion of imaging in manifold scopes of
activity, the availability of large image libraries, growth of multimedia applications, etc. One of the ways for
partial elimination of a semantic gap between low-level visual features and high-level human concept is to
analyze spatial properties of image parts specifically induced by segmentation. To provide a region-based
image retrieval with a query ‘ad exemplum’ (to wide extent), a new metric to compare arbitrary nested parti-
tions is proposed. Studied metrical properties of partially ordered quotient sets provide e.g. the objects search

independent on the background.
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INTRODUCTION

Tremendous growth of automated image pro-
cessing applications including content-based image
retrieval (CBIR) with queries ‘ad exemplum’ often
aligns semantic matching with foreground scene of
the research issues [1, 2]. Transition of a percept into
the concept strongly depends on an approach to im-
age understanding. Spatial content of an image may
be extracted from a collective structure of homogene-
ous in appropriate feature space regions. Therefore,
there is a great need for automatic tools which should
to classify and retrieve image content on the base of
segmentation.

There exists a demand to bridge a semantic gap
between low-level features and human concepts [3].
Consideration of spatial image content in a metric
quantic of collective structure of region families is an
advance (though sufficiently small) over simple fea-
tures analysis. Though for last years researches have
actively explored this area, the fundamental problem
of similarity measuring of two complex objects de-
scribed by its partitions still remains unsolved. There
arises a need for search metrics which will not be
sensitive to varying acquisition, partial objects occlu-
sions, colors transformations.

Thus, there are many reasons for the study of met-
rical properties of set partitions since they are models
of arbitrary crisp clustering. Valid metric on quotient
sets (clusters, segmentations) is a crucial issue of CBIR
if segmentation should be used to organize image con-
tent according to categories that are meaningful to hu-
mans. It should be emphasized that metrics on partial
ordered quotient sets are underlying tools of image
content analysis as they comply with construction of
a hierarchy either the top-down or the bottom-up ap-
proaches and one can explain wholes by decompos-
ing them into smaller and smaller parts or alternatively
one can construct wholes from smaller parts.

One more requirement for new developed simi-
larity measures (to be a metric) is explained by pos-
sibilities to speedup a search. The information about
distances between objects in the database is utilized
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to discard entire sets of images at the search stage by
applying of triangular inequality [4].

Our contribution consists in theoretical ground
of nested partitions metrics to get novel features (spa-
tial content of images) for content-based image re-
trieval. The rest of the paper is organized as follows:
Section 2 gives the groundwork of the metrics on
partitions, Section 3 presents metrics on nested parti-
tions, Section 4 is devoted to metrical properties of
partial ordered quotient sets, Section 5 includes dis-
cussion of experiments and results.

1. GROUNDWORK

Among the most promising metrics which par-
ticularly have desirable properties we can indicate the
Earth Mover’s Distance (EMD) [5], variation of in-
formation [6], Mirkin [7], van Dongen [8] metrics,
and quite a few of related measures [9]. However, all
of them are valid only for finite-dimensional sets and
either have considerable computational complex-
ity or have low-sensitivity under meaning changes
of partitions. The partition metric introduced in [10]
and extended in [11] to arbitrary measurable set has
not these disadvantages. It includes similarity and
dissimilarities measures of equivalence classes simul-
taneously with simplest computability and is most
suitable to analyze partial ordered (relatively to inclu-
sion) partitions. Consider necessary preliminaries to
represent spatial content metrical evaluation.

Let Q be an arbitrary measurable set with a
measure u(Q)<e, i.e. for any AcQ exists some
number u(A) which is the measure (length, area, vol-
ume, mass distribution, probability distribution, car-
dinality, etc.). Let 7, be a power set in which all sub-
sets are measurable also. Introduce the set T, c 7,
of finite (regarding the number of cosets) partitions

ofset Q s.t. aelly,a={4}" ARy, Q=] 4,
Vi,je{l,2,&,n} :i#j=>A4NA =D.

With the key assumption of image retrieval
on basis of the spatial content produced by any
segmentation, the set Q is none other than a field
of view. Quotient sets viz the sets A4, are ipso facto
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generated either by different algorithms or by the same
algorithm with varied parameters. Figure 1 illustrates
the appearance of nested partitions corresponding to
spatial refinement levels which this way or another
go with human image understanding. Thus, there
arises a necessity to compare partitions and what is
more nested quotient sets. In other words, we need
mathematical tools to evaluate spatial content.
The metric on Cartesian square I, xI1, is[11]

p(B)=> S UAAB (4 A B,) 0

i=l j=I
where B={B;}7., and AAB;=(A4\ B;)u(B;\ 4) is
a symmetrical difference.

A tantamount form generalizing Mirkin metric
was found for functional (1) [11]

p(ou) =3 (AP + X7 (B -
~2% 7 3 w4, ~ B)P.

To use (1), (2) efficiently for nested partition we
have at first to find formulae realized one quotient set
inclusion in another and then to get relevant criterion
of nesting.

2. METRICS ON NESTED PARTITIONS

Consider two nested partitions when one is split-
ting other. For definiteness we assume o cP i.e.:
for any A, € o can be found some B;ef for which
A; c B; . In other words, partition  breaks up into

m ‘subpartitions’ i.e. o={c,...,o } and
. '
o ={ Ao A b

* .
0 ={A 15 Ay 13

o ={Ak1+k2+...+kj,1+1! Rt Ak1+k2+m+k/~ I8

o, ={4

ki +hy+. Ak 41000

Akl +hky+..+ky, }

where o; (je 1,m) contains k ; elements of partition
o (see Figure 2) and

ktky+..+k;
B/ _Ui:kl+k2+m+kj,l+1A" ’

where k +k, +...+k, =

Next propositions provide the computational
complexity curtailment with respect to (1) and (2)
formulae.

Proposition 1. For any two finite (relative to
number of cosets) partitions o,BeIl, of arbitrary
measurable set Q if oo then

ponB) =" I(B)P =37 (AP .

Proposition 2. For any two partitions from
Proposition 1 metric (1) can be expressed via ele-
ments of embedded partition by two means

B. Afythy+. 4k o+

Ao+ 4k 1+2

Fig. 2. Explanation of partitions indexing

m K k;
p(aL, B)=ZZP—(AJ'1')[ 2 l-l(A/ )]
Jj=li=1 i'=1(i"#i)

8% S w4
J=1i=1 i'=i+l

Hereinafter we shall use the symbol O to denote
conventional partitions origin consisting of the source
set Q ie. O={Q}. Also for simplicity of notation,
we write G(a) instead of p(a,,@) and S(o) instead

of ZL [1L(A;)]? . It should be noted that namely these

functionals G(ao) and S(o) allow us to describe all
properties of nested partitions.

If partitions are produced by different ways, there
arises a question: are they nested? Let f(x), xe R?
be an image and segmentation measure is defined as

Ay =], fGIax w(B)=[, fx)dx.

Since partitions o, are embedded into O,
we get triangle inequality p(o, ) <p(c, Q) +p(B, 0).
Taking into account that

plo, )= 2:;12;';1 inmBj f(x)deA,ABj
ple, 0)=(J, fG)dx) =37 ([, f(x)ax)’

we arrive at

2A[f)ax) =3 ([Feax) =3 [fxax) +
Q i=1 4 J=1 B;

S (x)dx,

Y [Feodx [f(xdx.

i=l j=1 4;~B; A4 NB;

Fig. 1. Examples of an image and nested partitions with different levels of roughening
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This inequality can be used as validation criterion
for disclosing of nested quotient sets.

Suppose now that that p is a query in CBIR. If
is answering the semantic purpose i.e. the region of
interest is detected and the desired segmented image
o is embedded into it, there can be organized metric
background independent search of objects. Indeed,
since o,Be O and p(a,pB)<p(o, Q)+p(0,B) from
Proposition 1 we obtain

2:’:1 [H(Al)]z _Z;y’:] [!-L(B/)]Z _

S X WAAB (A, N B;)20.

The equality holds only if oo < so search images
with minimal values of this criterion is the same that
background independent objects retrieval.

3. METRICAL PROPERTIES OF NESTED
PARTITIONS

Consider metrical properties of nested partitions.
We shall use besides o,BeIl, one more partition
v=1{C,,C,,...,C,} . Denote by of an intersection of
any quotient sets oo and B . At first consider proper-
ties of p(a,B) S(a) and G(o).

Property 1.

Vo,Bell, = p(a,B)=S(o)+S(B)-2S5(ap) .

If oo P then p(c,B)=SPB)-S(a).

Property 2.

Va, Be I, =p(0, B) =2G(af)-G(0)-G (B).

If o.cB then p(a,B)=G(a)-G(B) .

These properties follow from (2), Proposition 1
and functionals definitions. Next interrelationships
between S(a), G(o) and measure of set to be parti-
tioned are the corollary of the same definitions.

Property 3. S(0)=p*(Q), G(0)=0.

Property 4.

i) G(0)) = S(0)—S(0) =p*(Q) - S(00) ;
i) S(0)=S(0)-G(a) =p*(Q)-G(v) ;
iii) S(0)+G () =S(0)=p*(Q).

For brevity of notation we shall write out proper-
ties for S(a) . Properties of G(o) can be easily ob-
tained from equalities mentioned in Property 4.

Property 5. If oo then S(af)=S(w).

This property is the straightforward corollary of
Proposition 1.

Property 6. The set I1,, is open bounded set viz
p(OCyB) < Mz(Q) vaaBE HQ N

The statement means that the set is limited but
does not contain its bounds. For arbitrary o,Be I,
from triangle inequality p(o,B)<p(c,Q)+p(B,0) it
follows

S(@)+S(B)-2S(0B) < S(0) - S(0) + () - SB)
whenceitappearstheinequality p(o,B)+S(of)<S(0).
Since by definition S(a)>0 we have p(o,B)<u’(Q)
from property 3. At the same time we can reach the
bounds of I, i.e. get the equality p(o.,f) =u2(Q) in
result of infinite comminuting of partition o tending
to an unattainable in some sense partition, which
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consists of zero measure cosets, what is impossible.
Thus p(a,B) <p?(Q) what was required.

Property 7.

25(0B) < S(o) +S(PB) < S(oP) +u*(Q) .

Correctness of the inequalities results
from a metric non-negativity and inequality
p(a,B)+S(of) < S(0).

As the implication of two above properties we
can indicate for arbitrary partitions

Property 8. S(of) <p’(Q), S(o) <p’(Q) .

Property 9. If oocP then elements O,o,Be I,
lay on one ‘line’ in the sense that

p(a,0) =p(0,p)+p(a,p) ,
i.e. B islocated ‘between’ O and o.

Indeed, from inequality p(o,B)+p(B,0) = p(c,0)
considering o,Be O from Property 1 we find S(B)-
-S(@)+S(0)-SPB)=S(O0)-S(o) or 0>0 what
proves required equality.

Property 10.

If B then S(a)<SPB),G(a)2G(P).

The explanation of the property consists in fol-
lows: under partition splitting S(o) decreases and
G(B) increases. The property validation is established
by Property 1 and metric non-negativity.

Property 11. If partition splitting leads to the ful-
fillment lim max}u(Ai):O then

n—oo ie{l,...,n
limG(o) =p*(Q), limS(a)=0.
Property 13.
If o, <y then p(o,B)+S(af) < S(y).
Property 14.

If o, Bcythen S(aP)<S(Y), p(o,B)<S(y).

Property 15.

If acBcy,then p(a,B)+S(oB)<S(y).

Property 16.

If aocBcy, then p(a,B)-p(B,y)=p(oy), ie.
‘point’ B lays on the ‘line’, which pass through points
o and vy, and is situated ‘between’ them.

Summarize induced ‘geometry’ of set I, .

1. T, belongs to a ‘circle’ with centre in O and
radius p*(Q).

2. T, has ‘diameter’ u*(Q) as p(o, p) <u(Q).

3. I, is a sheaf of ‘lines’, which pass through O
but do not tend to infinity due to contingencies.

4. T, contains ‘lines’ which intersect infinite
times.

5. Infinite partition o (as limits of uncountably
infinite refinement) may be indicated which is nested
into anyone other. Hence all ‘lines’ from I1, may be-
gin from any point o and o belongs to all of them.

OUTLOOK

Three expressions to evaluate similarities of nested
partitions, relevant criterion of quotient sets nesting,
search criterion of spatial content retrieval have been
proposed. Multiple experiments with ground truth
and algorithmic segmentations allow to affirm that
obtained results provide the search of the images fami-
lies of the cosets corresponding to the searched ob-
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jects not depending on the background components,
and in addition they make the retrieval not depending
on segmentation technique. Both a query and image
in database can be segmented with different levels of
roughening or refinement (see Figure 3).

Fig. 2. Image, its partition and queries
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Karpamansan Anekcanap I'eoprueBuy,
KaHAUIAT TeXHUYECKUX HayK, J0-
LIEHT Kadeapbl eCTeCTBEHHBIX HayK
XapbKOBCKOTO HAIIMOHATBLHOTO YHU -
Bepcurera uMm. B.H. Kapasuna. Ha-
VUHBIE WHTEPeChl: MYJIbTHAITeOpa-
MYECKUE CHUCTEMBI, MYJbTUTPYIIITHI,
00paboTKa ¥ MHTEPIIPeTallNsI BUIEO-
nH(GOpMaLINU.

MpuknagHas pagnoanekTpoHunka, 2014, Tom 13, Ne 4

Mamranup Baagumup IletpoBuy,
JOKTOp TEXHUYECKUX HaykK, Ipo-
deccop, WCIONHSIIOMMI 00sI3aH-
HOCTM  peKTopa  XapbKOBCKOTO
HallMOHAJILHOTO YHMBEPCUTETA pa-
MMOBJIEKTPOHUKU. HayuyHble uHTE-
pechl: 006paboTKa M pacrno3HaBaHUe
n300paxXeHuit, MOJEJIU U METOJbI
rpaHyJIsIuy MH(pOpMalIvu.

Mlnsxos Baagucias Bukroposuy,
JOKTOP TEXHUYECKUMX HAyK, MOIIEHT,
npodeccop Kadeapsl BbICIIEH MaTe-
MaTUK XapbKOBCKOTO HAIIMOHATh-
HOTO YHUBEPCUTETA PAaUO3IEKTPO-
HuKU. HaydHble WHTEpeChl: MO
U METONbl TpaHyasuu WHMOpMa-
1Y, MyTBTUAITEOpANIeCKUE CUCTE-
MBEI.

YAK 519:616

MeTtpuyecKoe OLeHHBAHKE TPOCTPAHCTBEHHOTO COAEpP-
JKaHusA AJIs IOUCKA, OCHOBAHHOTO HA CerMeHTaluu U300pa-
xenuii / A.T'. KarpamansaH, B.I1. Mamranup, B.B. 1llns-
xoB // TlpukinamHasi pagvodJIeKTPOHMKA: Hayy.-TeXH.
KypHait. — 2014. — Towm 13. — Ne 4. — C. 436—4309.

Hntepec k aHanu3y comepxxaHusi U300paxeHUi Mo-
TUBUPYETCS paCIIMPEHUEM UCITOIb30BaHSI BU3YyaIu3aluu
B Pa3JIMYHbBIX TPEIMETHBIX 00J1aCTSIX, HATMYUEM OOJIbIINX
0MOIMOTEeK M300paXkKeHuld, POCTOM MYJbTUMEAUA MPUIo-
XeHuit 1 T.4. OOuH U3 MyTel YaCTUIHOIO YCTPaHEHUSI Ce-
MaHTUYECKOTO pa3pbiBa MEXIy BU3yalbHBIMU MPU3HAKA-
MM HU3KOT'O YPOBHSI U BICOKMM YPOBHEM U€JIOBEUECKOTO
BOCIIPUSITHUS SIBJISIETCST aHAJIU3 ITPOCTPAHCTBEHHBIX CBOCTB
MHAYUMPOBAHHBIX CErMEHTalMell yacTeil M300paxKeHui.
st obecrnieyeHMs IouMcka ¢ 3anpocoM ‘ad exemplum’ Ha
0a3e objacTeil (B IIMPOKOM CMBICIIE) MpPeIIoXKeHa HOBast
MEeTpHKa JIJIsi CPABHEHMSI TIPOM3BOJIBHBIX BIIOXKEHHBIX pa3-
ouenuii. M3yuyeHHbIE METpUUYECKHE CBOWMCTBA YaCTUYHO
YIOPSIAOYEHHBIX (HaKTOP-MHOXKECTB OOecreurnBaloT, Ha-
MpUMeD, MOUCK 00BEKTOB HE3aBUCUMO OT (hoHa.

Karouesvie caosa: cerMeHTalldsl M300paXKeHUM, Me-
TpUKa, BIOXKEHHBIC pa30MeHNsI.

Wn.: 03. bubauorp.: 11 Ha3B.
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MeTpuyHe OUIHIOBAHHSI MPOCTOPOBOTO 3MiCTy st
MOMIYKY, SKHii 0a3yeTbCs Ha CerMeHTamii 300paxkeHp /
O.I'. Karpamansx, B.I1. Mamranip, B.B. Hlnsaxos //
IIpuxianHa pamioeNeKTpOHiKa: HayK.-TeXH. XypHal. —
2014. — Tom 13. — Ne 4. — C. 436—439.

InTepec no ananizy 3MicTy 300paxkeHb MOTUBYETb-
csl pO3IIMPEHHSIM BUKOPUCTAHHS Bidyasi3allii B pi3HUX
MPeAMETHUX 00JIACTSIX, HASIBHICTIO BEJIMKHUX 0i0iOTeK 30-
OpakeHb, 3pOCTAHHSM MYJbTHME/ia 3aCTOCYBaHb Ta iH.
OnHUM 3i IIJISIXiB YaCTKOBOTO YCYHEHHSI CEMaHTUYHOTO
pO3pUBY MiX Bi3yaJlbHMMHM O3HAKaMU HU3BKOTO PiBHS i
BUCOKMM PiBHEM JIIOACHKOTO CIIPUIAHSTTS € aHali3 Mpo-
CTOPOBUX BJIACTUBOCTEN iHIYKOBAaHUX CErMEHTALII€I0 Yyac-
TUH 300paxkeHb. s 3abe3nedyeHHs TOIIYKY i3 3aIUTOM
‘ad exemplum’ Ha 6a3i obJacTei (y IIMPOKOMY CEHCi) 3a-
MPONOHOBaHA HOBA METPHUKA I TIOPiBHSIHHS TOBUTBHUX
BKJIAIEHUX pO30UTTIB. BuBYeHI MeTpu4Hi BIACTUBOCTI
YaCcTKOBO BIOPSIAKOBAHUX (haKTOP-MHOXMH 3a0e3reuy-
10Th, HATIPUKJIAJI, MOLIYK 00’ €KTiB He3aJIeXHO Bill (hOHY.

Knarouoei caoea: cermeHralis 300paxeHb, METPUKA,
BKJIa[IEHi pO30UTTSI.

1n.: 03. biomiorp.: 11 HaiiMm.
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