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Singular Integral Equations in Mathematical
Modeling of Exciting a Superwideband Antenna
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Abstract— The results of the study of a model problem of the
interaction of the field of a point harmonic source with a periodic
multi-slot conical structure are presented. Slots of different
angular widths on the period are cut from the apex along the
generatrices of the cone. The method for solving the boundary
electrodynamics problem is based on the use of Debye potentials,
Kontorovich-Lebedev integral transformations and singular
integral equations with a logarithmic Kkernel. Graphical
dependences of the Fourier coefficients of the components of the
electromagnetic field and the diagram of the scattered field on the
geometric parameters of an open conical surface are given.

Keywords— cone; multi-slot; period; distribution; dipole

I. INTRODUCTION

Computer and mathematical modeling of the physical
processes of the interaction of an electromagnetic field with
objects of various nature make it possible to study the main
features of such processes, and use the results of the study for
specific practical applications. Conical structures are used in
antenna technology as broadband and ultrawideband antennas
and reflectors [1-2]. Creating an adequate model of a physical
problem and solving the corresponding mathematical problem
for cones is associated with certain difficulties due to the
complexity of the conic structure itself. The presence of surface
inhomogeneities complicates the study of the mathematical
problem, but the analysis of the results obtained significantly
expands the area of practical application of such structures. The
papers [3-4] present the results of solving the boundary value
problems of electrodynamics for semi-infinite and finite solid
cones, and the paper [5] is devoted to the study of boundary
value electrodynamics problems for cones with narrow grooves.
In this paper the results of a study of a model boundary problem
of excitation by an electric radial dipole of a semi-infinite ideally
conducting periodic cone on the period of which there are slots
of various angular widths are presented.

II. PROBLEM STATEMENT
Let a semi-infinite perfectly conducting periodic multi-slot
conical surface T be in the field E,, H, of a radial magnetic
harmonic dipole with the moment 7, that is situated at the cone

axis (Fig.1). The slots are cut from the top of the cone along its
generatracis. The value of the slot width (angular size) is equal
to the value of the dihedral angle formed by the planes drawn
through the axis of the cone and the edges of the cone strips. Let
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Department of Higher Mathematics
Kharkiv National University of Radio Electronics
Kharkiv, Ukraine
nadiia.stohnii@nure.ua

2y bethe opening angle of the cone £, L =27/ N bea period
of the cone, d, be an angular slot width with number p (

p=1+M ) at the period, l;‘) be a conical strip with number
p at the (s+1)-th period (s=0+N—1). In the introduced
spherical coordinate system (7,8, ) with the origin at the cone
tip, the cone X is defined as 2. :0 =y, and

) — g,
1)) ={p:pe(a,+sL,b,+sL)}, a,,b, €R,

M
1) = Ul;f) is the total surface of all strips at the period with

p=1
N-1 N-1 M
the number s, [= U 19 = U U(ap +sL,b, +sL) is the
s=0 s=0 p=1

total surface of the strips of the cone

0=y s

v

B(r,0,p)
Fig. 1. Geometry of problem.
The total electromagnetic field E,H in the presence of a
cone and source is represented as
FoEy+ B, =i+,
where, E,, H, is the field that is caused by the cone. Let us use

the Debye potential U,(#) for finding El,ﬁ 1 - The unknown
potential U, satisfies the Helmholtz equation of everywhere out
of conical strips and the source, the Neumann boundary
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condition at the cone strips, the condition at the infinity, the
condition of local energy finiteness.

It can be found in the form

+o0
- K.
U, = % [ wshzep,0, 0, o Kelan) ;.
= N

where K (z) isthe Mackdonald function, ¢ = —ik , k is a wave

number, D, are known coefficients,

. P, (£cos@
U, = Z X, 1/2;N( )
n=—o d/d}/ P—l/2+ir (£cosy)

"N, (1)

where R”l]/vz +ir (cos 8) is the associated Legendre function of the

first kind, x, are unknown coefficients, the upper signs in (1)
correspond to the domain 0<é@ <y and the lower ones
y < 8 <z . By using the boundary condition at the cone strips

and the condition of field continuity at the slots, one can obtain
functional equations for finding x, and the singular integral

equation at slots CI/ ©)

5 I In 2Sin‘//_06‘-C[>(06)a’05+
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with respect to ®(y) = z v, wel-n,rx],

n=—x

v=N¢, y,=Xx, —5,? , 5,? is the Kronecker symbol,

K, (v —a) is aregular kernel that is given.
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Fig. 2. Dependence of | x, | on the slot width d for n=0.

III. NUMERICAL RESULTS

In the case of one longitudinal slot and one strip (M =1,
N =1) the numerical solution of the singular equation (2) and
the numerical values of the Fourier coefficients x,, are obtained
using the discretization method. Figure 2 shows the dependences
of the coefficient x; on the angular parameters of the conical

structure. All the others coefficients x,, decreaseif n increases.

Patterns of normal field distribution in the azimuth plane are
given in Fig.3.

1.0,
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Fig. 3. Patterns of normal field distribution (M =1,N =1,y =22.5°,6 =60°).

IV. CONCLUSIONS

It is shown that the problem of magnetic radial dipole
excitation of a conical open structure, on the period of which
there are conical strips and slots of different angular widths, is
reduced to solving a singular integral equation with a
logarithmic kernel. The Fourier coefficient dependence on cone
parameters is illustrated. In the case of one slot per period a field
distribution dependence on the angular slot width is given.
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