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The mathematical model of actin tail formation at the surface of a spherical vesicle is proposed in this article. The simulation

of the protein diffusion process, which is complicated by the formation of a protein cluster at the vesicle surface leading to the

development of an actin tail, was performed using the Brownian motion approach. Two relevant mechanisms of tail growth

are considered and discussed.
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Introduction

Movement of some vesicles inside the cell occurs because
of the catalysed formation of an actin tail which forces the
vesicle to move in a certain direction. For example, the
investigations of the Xenopus eggs show that within several
minutes from their activation by PMA (Phorbol Myristate
Acetate) actin tails appeared at some vesicles (endosome or
lysosome) in these cells thus propelling the vesicles in the
cytoplasm of the cell [1,2]. This process is related solely to
the vesicles since it could be reproduced in vitro, i.e. out of
the cell environment. In previous works [1,2] it was assumed
that the origin of this process is the gathering (by diffusion)
and growth of the protein (N-WASP/Cdc42 complexes)
population in specific regions of the vesicle surface. As a
result of this sequence actin tails begin to grow from these
regions. However the relationship between the rate of tail
growth and rate of protein accumulation at the vesicle
surface is still unknown since experimentally one can
observe only the rate of actin tail growth.

The aim of this work is to delineate the relation between
the rate of tail growth and the rate of protein agglomeration
(or its amount) in order to quantify these processes.

1. Mathematical model

Let us consider a vesicle or any other appropriate object
enclosed in a membrane (e. g., endosome or lysosome). In
the following we will assume it to be spherical with radius
DOPMVIIA. This does not affect the generality of the
results presented below unless some shape features
significantly alter the probability of the protein displacement
or reaction ability. We also assume that N proteins are
present in the vesicle membrane, which initially are
uniformly and randomly distributed over the membrane
spherical surface.

The cytoskeleton structures create nanometric
compartments at the vesicle surface [3]. The proteins can
move freely and randomly within these compartments, but
the walls, imposed by the cytoskeleton, restrict protein
movement out of these compartments. However a protein
molecule can «jump» over these barriers by accumulating
some threshold energy AE” . Therefore the displacement
of a protein is equivalent to its «jump» diffusion between
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nanometric compartments, because the mean protein
displacement within the compartment is equal to zero. If
the temperature (7) is fixed, the frequency of these jumps
is controlled by the Gaussian probability exp(—AF o /kgT)
and represents the local diffusion coefficient (D).

Hence in the following we will consider the Brownian
motion of proteins over a spherical surface. The Brownian
motion of free proteins continues till they become activated
by specific cell pathways. The latter provoke a cascade of
reactions leading to the formation of a cluster of the
N-WASP/Cdc42 protein complexes on the vesicle surface
coupled with the activation of Arp2/3 complex and
beginning of actin nucleation [1,2]. The main features of
the utilised algorithm of Brownian motion are the following.
During the free stage of their movement the proteins are
considered as rigid cylinders with radius r,. on the vesicle
surface and they are not allowed to intersect. At the
aggregation phase (i.e. during the formation of a cluster)
each protein which approaches the cluster closer than to
within r,_ . (the distance between cylindrical surfaces) joins
the cluster, i.e. the aggregation rate constant kaggr is assumed
to be sufficiently high. When the aggregation phase begins
the first two proteins which appear at the required distance
and are able to react form the cluster.

It should be noted that such diffusion limited aggregation
process will lead to the formation of branched fractal clusters
[4]. However in this work we will assume that the cluster always
represents a spherical segment with the area equal to the area
of the aggregated proteins. The latter assumption has a
significant biological basis since it is known for this kind of
structures that they possess the ability of regrouping to avoid
the forms with long branches [5]. Moreover this statement is
also confirmed by electron microscopy images [1].

The elementary step of each protein on a sphere was
implemented in a computer program on the basis of the
algorithm described in [6] which consists in the following.
Let x be a vector which represents the position of the protein
on a sphere and contains its Cartesian coordinates. First, a
random 3D vector ( is generated. Each coordinate of this
vector is generated using the Gaussian normal distribution
with zero mean and a standard deviation ¢ = 1 (in fact the
outcome of this process does not depend on the precise value
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of &). Then the vector { undergoes the orthonormalisation
procedure with respect to vector x (i. ¢. made orthogonal to
vector x and is normalized to a unit length):

§;=C,--(Cox)x,~, (la)

g
Con =ﬂ. (1b)

where (¢) denotes the inner product of two vectors, Vector
£, defines the direction of the protein displacement. The
new position of the protein ( x”) is calculated according to
the following expression:

x"=x+6L ., 2)
where 8 is a normally distributed random quantity with zero
mean and a standard deviation o =2,/DAr .

When the new coordinates of the protein have been
evaluated they are tested for acceptability (i. e. the
cylinders representing the proteins should not intersect).
If the step was not accepted the protein remains at the
location where it arrived during the previous time step.
After that the protein is checked for its ability to aggregate
with the cluster. Since the cluster is represented by a
spherical segment and the number of clustered proteins
and their area are known, one can easily evaluate the angle
corresponding to the cluster edge (0,,) assuming that its
centre is located at the north pole of the sphere. Indeed,
the arca of the cluster (.5%) is given by

S =2k (1-cosh,,) , (3a)
0 Saggr
=arccos| | -
<l 21&&@ 2 (3b)

The use of dimensionless coordinates (i. €. when all the
coordinates and characteristic dimensions are scaled with
respect to the vesicle radius, which results into consideration
of a unit sphere) coupled with the latter relation allows one
to check only the z-coordinate of the particle when deciding
whether the particle can join the cluster or not. This fact
allows a significant acceleration of the simulation process.

Iterative repeating of the described procedure for all
proteins until the required duration of the experiment L
is achieved or all the proteins arc aggregated, yiclds the
number of aggregated proteins as a function of time, i. e.
the dependence N(7,), where 7, are the acquisition times.
However the available experimental data are given in the
form of actin tail length vs. time [2]. Hence it is necessary
to establish the correspondence between these two
transients. The correspondence law contains fundamental
information about how the rate of «comet tail» growth and
size of the cluster (or its variation) are linked. Therefore
formulating an appropriate correspondence law between the
mentioned above transients and its verification will allow
one to disclose the exact mechanism of tail formation.

The vesicle comet tail growth transients demonstrate a
wide range of behaviours depending on the cxact
conditions of the experiment. Up to now there are two
main hypothetic mechanisms which are considered by the
experts in the ficld [2]. These hypotheses are the following.

1) The growth rate is proportional to the number of
clustered proteins, i. e.

_‘_1£ = kl N )
di

where k, is the rate constant (in ¢cm/s) whose value

corresponds to the growth rate stimulated by one protein.

Hence the tail length can be computed on the basis of the

N(1) curve as follows:

(4a)

]
L(1) =k J.N(T)d‘t‘ (4b)
0

where T is a dummy variable.

2) The growth rate is proportional to the number of
proteins which join the cluster through its perimeter per unit
of time:

dL dN
e k2 S
dt dt’
where k, is the rate constant (in cm) whose value
corresponds to the tail length supported by one protein. The
integration of the latter equation shows that the tail length
in this case is proportional to the number of clustered
proteins (i.¢c. L~N ).
Lt)=k, N(1) .

(5a)

(3b)

2. Results and discussion

We refer to the experimental data given in [2]. However
before the discussion of experimental data and simulation
results let us consider some features of the system at hand.
The paper [2] contains plots of the actin tail growth
dynamics for glass beads covered with the lipid bilayer
containing all the components required for the tail growth.
The estimated number of N-WASP proteins is around 50000
of molecules per square micrometer with a maximum
distance of 5 nm between the molecules. Using these data
we can evaluate the average area available for each protein:

lj,un2 3 10° nm?
5%10°  5x10°*
Assuming square packing of proteins in the cluster (for
other packings an additional factor commensurable to unity
will appear, which, however, docs not change the present
analysis [7]) and ignoring for the time being the sphericity of
the system, we deduce from the latter equation that the size
of the packed array cell, and hence the distance between the
protein centres, isequal to @ = ,/20nm2 =4.5 nm . Thisvalue
shows that the protein radius (r,) is at most a few nanometers.
The radius of the glass beads employed in the experiments
was approximately 1 wum [2]. This implies that the overall
number of proteins located at the bead surface, N, is:

=20 nm? (6)
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N0:4nwn2x5xlo4mc?les:

) pm %))
=6.3x10° molecules.

Using such a large number of particles in simulations is
extremely time consuming. In order to overcome this
difficulty we rely on the approach utilizing quasi-particles,
i.c. whenever the number of particles (di ) used in the
simulations is less than the number of proteins in the real
system (/N,), each particle is considered as a collection of
w=Ny/N .. proteins (we also will say that a particle has
weight w). The radius of such a weighted particle is evaluated
as s/; r,. ., i. €. it occupies the same arca on the vesicle
surface as a collection of proteins which it represents.
Simulations results given below were obtained for w = 600,
since this value was sufficient to achieve convergence in w
as was checked by numerical experiments.

It should be noted also that the use of weighted particles
also requires scaling of other relevant parameters, in our
case of P et However the clusterisation algorithm described
above allows neglecting this scaling since 7, and Iy ATC
decoupled because they are not encountered simultaneously
in the aggregation condition and only r_ . and the
coordinates of the quasi-particle matter here. Another
important parameter is the sampling time (df). However the
used algorithm does not impose a severe condition on its
value as was established by inspecting the time convergence.
Therefore the sampling time was chosen in order to produce

an average particle displacement A/ = 2,/ DAr to be a few
(2-3) times larger than r, . but not exceeding the average
distance between the particles (/) which is given by

2
1 4 n rw’S

Npur (8)

For the results given below the following parameters were
used: 7, = 3600, 7, =1pum, D= 5x1013 cm?/s, r,=2nm,
Ty = 40m, Ny = 6x10°, N, = 10°. Note that the value of
the diffusion coefficient was taken to be smaller than the
lateral diffusivity of lipids in the membrane which is
generally of the order of 10® — 1019 cm?/s.

Figures 1 and 2 illustrate the actin tail growth dynamics
computed on the basis of N(f) curves according to equations
(4) and (5), respectively. The N(7) curves were obtained by
averaging ten individual runs of Brownian motion
simulations with the same set of parameters. It should be
noted that the amplitude of these transients is controlled by
the rate constants defined in Egs. (4)—(5). For the results
given in Figures 1 and 2 their values (&, = 3x107 um/s,
ky =6.14x 107 pm ) were adjusted in order to produce the
tail length of several tens of microns per hour since this is
the inherent growth rate for the system at hand [2]. However
despite the same amplitude at the end of the experiment
both dependences behave in two qualitatively different ways.
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Fig. 1. Tail growth transient obtained via Eq. (3), i. . growth

rate is proportional to the number of aggregated proteins,
ky =3x10" um/s
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Fig. 2. Tail growth transient obtained via Eq. (4), i. ¢. tail
length is proportional to the number of proteins in the cluster,

ky =6.14% 10~ um

Indeed, since cach aggregated protein steadily increases the
tail length, the first mechanism (Figure 1) results in an ever

faster growing curve with an asymptote L~k N, . On the

other hand, the curve obtained via the second mechanism
(Figure 2) clearly shows the exhaustion of the protein
population with time lcading to a stationary value of the
actin tail length at large times. The latter behaviour is
reminiscent to the one observed experimentally (see Figure
5D in |2]). At the same time the behaviour obtained with
the first mechanism clearly does not have place at least under
the conditions described in [2].

For more precise data fitting more accurate experimental
data are required since each reported curve in |2] was
obtained from 10-15 experimental curves and, as a
conscquence of such poor statistics, has sufficiently large
crror bars. However these data are sufficient for excluding
one of the possible mechanisms on qualitative grounds.
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Conclusions

The mathematical model introduced in this work describes
complex processes involved in the actin tail formation at the
vesicle living membrane. The proposed approach to the
simulation of the considered problem can be easily modified
to account for other mechanisms or interactions if anything of
the like is discovered experimentally. Hence it can serve as a
basis for the investigation of more general and complex
biological phenomena.

Owing to this mathematical model two existing
hypotheses of actin tail growth kinetics could be tested: i) the
growth rate is proportional to the number of clustered
proteins; ii) the growth rate is proportional to the number of
proteins which join the cluster per unit of time. The results of
this test lead to the conclusion that the first hypothetical
mechanism cannot occur in practice (at least it is not observed
in experimental data under the conditions given in [2]).
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Moe/mpoBanye pocTa AKTHHOBOTO BOJIOKHA ¥ BE3HKYJI NPH NO-
Mol opoyHoBckoro jBikenns / A.W. Oneiinuk // buonnka uH-
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B crarbe npemwtokeHa MaTeMaTHYeCKas MOIeb POCTa aKTH-
HOBOT'O BOJIOKHA HA TTIOBEPXHOCTH BE3UKYJIBI M TAHO KOJTHYECTREH -
HOE OfTHcaHe TAHHOT O TIpolecca ¢ UCITONB30BaHHeM OpOyHOBC-
KOTo JIBHXKeHHs. PACCMOTpPEHBI JIBA THITOTETHYECKIX MeXaHH3Ma
00pa3oBaHUst AKTUHOBOI'O BOJIOKHA, U3BECTHbIC U3 JINTEPATYPhI.
CpaBHeHMe pe3yJIbTaTOB MOISINPOBAHMS, COOTBETCTBYIOIIMX
UM MEXaHM3MAM € SKCIEPUMEHTAILHBIMH JaHHBIMM, [103BO-
JIMJIH CILeITATD 3aKII0YCHHUE, YTO OIMH 13 MEeXaHU3MOB He IPHBO-
IUT K TTOBEJICHUIO, HAOMIONAEMOMY B 9KCIIEPUMEHTE.

J1.: 2. bubavorp.: 7 HasB.
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Moj1e/1i0BaHHS POCTY AKTHHOBOTO BOJIOKHA Y BE3HKYJI 34 J1010-
moroio dpoyniscbkoro pyxy / O.1. Ouniiinuk // bionika iHTenekTy:
HaykK.-TexH. xypuaiz. —2009. —No 1(70). —C. 82-85.

V crarTi 3a1porioHOBaHO MaTeMaTHYHY MOJIC]Ib POCTY aKTH-
HOBOI'O BOJIOKHA Ha ITOBEPXHI BE3UKYIIU Ta HABEICHO KUIbKICH M
OIIMC 1bOI'O TPOLECY 3 BUKOPUCTAHHIM OpOYHIBCHKOIO PyXy.
PO3rIStHYTO JBa TiMOTETHYHMX MEXaHi3MH CTBOPEHHSI aKTHHO-
BOTO BOJIOKHA, HIO BimoMi 3 stiteparypu. [TopiBHSIHHS pesy/ibTaTis
MOJIJIIOBAHHSI, 110 BIITIOBUTAIOTH 1TMM MEXaHi3MaM, 3 eKCrepu-
MEHTATbHUMHM JIAHUMHU TO3BOJIMJIO 3p0OMTH BUCHOBOK, 1110 O/IMH
3 MEXaHI3MIB He IPU3BOIE IO NOBEIIHKH, SIKa CIIOCTEPIracThesi B
eKCIIepUMEHTi.
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