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OPTIMAL CLUSTERING OF POLYHEDRA

Cutting and packing problems have a wide spectrum of applications. When dealing with polyhedra, an
important problem is the identification of the optimal clustering of two objects. Within this paper we consider a
containing region (cuboid, sphere, cylinder) of variable sizes and two polyhedra that can be continuously translated
and rotated. In addition minimal allowable distances between objects and between each object and the frontier
of a containing region may be imposed. The objects should be arranged within a containing region such that a
given objective will reach its minimal value. We consider a volume or metrical characteristics of the containing
region as the objective, which depends on the variable parameters associated with the objects and the containing
region. The paper presents a mathematical model in the form of nonlinear optimisation problem, based on the
phi-function technique. We also developed a solution algorithm and provide new benchmark instances of finding
the containing region that has either minimal volume or homothetic coefficient of a given containing region.

MINIMUM CONTAINMENT, POLYHEDRA CLUSTERUNG, MATHEMATICAL MODELING,
NONLINEAR OPTIMIZATION.

FO.E. Crosin, A.B. I1ankparos, T.E. Pomanoa. OIITUMAJIbHAS KIIACTEPU3AILIUSA MHOT OT'PAH -
HUKOB. 3anauy ynmakoBKY 1 pacKposi UMEIOT IIIMPOKUI CIIeKTp TpuMeHeHus. [1pu pasmenieHun MHOTOTpaH-
HUKOB BaXXHOU 3a/aveil sIBJISIETCS MTOMCK ONITUMAJIbHOM KJlacTepu3aliui AByX 00beKTOB. B KauecTBe obnactu
pa3MelleHusT pacCMaTpUBaeTCsl KOHTeiHep (KyOou I, map, HWJIMHIAP) C MepeMEHHBIMU METPUUECKMMU XapaK-
TEPUCTUKAMMU U IBA MHOTOTPAHHUKA, KOTOPbIE TOMYCKAIOT HEMPEPbIBHBIE TPAHCISILIMU U BpallleHUsI. YUUThIBA-
I0TCSI OTPAaHUYECHUSI HA MUHUMAJIBHO JIOITYCTUMBbIEC PACCTOSIHUST MEXKIY OObEKTaMM U MEXKIY KaXKIbIM 0ObEKTOM
U rpaHulieit obsactu pazmenieHust. OObeKThI JOJIKHBI OBITH pa3MellleHbl B KOHTEeTHEepe TaKUM 00pa3oM, YTOObI
3amaHHas (GYHKIIMS 1eJTA TOCTUTala MUHUMATBHOTO 3HaUYeHUsI. B KauecTBe (hyHKIIMY 1IeJTM pacCMaTPUBAETCS
00bEM WJIM METPUIECKHE XapaKTePUCTUKU KOHTeliHepa. DYHKIINS 1IeJIM 3aBUCUT OT TTePeMEeHHBIX TTapaMeTpOB,
3aBUCSIINX OT OOBEKTOB pa3MellleHUs] U BUJa KOHTeliHepa. B cTaTbe mpencraBieHa MaTreMaTuyeckasi MOJIeb
B BUJIE 33/1a4M HEJIMHEHHON ONTUMU3ALMM, OCHOBaHHAsl Ha MeToje phi-byHkiui. [Tpeaiaraercs airoputm
pelIeHusT U IPUBOASITCSI HOBBIE PE3YJIbTATHI 11 TOMCKa KOHTEHEpa MUHMMAIbHOTO 00beMa WJIM C MUHUMAJTb-
HBIM KO3(PUILIMEHTOM TOMOTETUH.

MWHUMAJIIBHOE BKITFOUEHUE, KITACTEPU3ALIMA MHOTOT'PAHHUKOB, MATEMATHUYE-
CKOE MOJIEJIMPOBAHUE, HEJIMHEMHAS OITTUMU3ALIMUA

IO. €. Crogn, O.B. Ilankpartos, T.€. Pomanosa. OIITUMAJIBHA KIIACTEPU3AIIISI BATATOT'PAH-
HUKIB. 3anaui ynmakoBKM i po3KpOI0 MalOTh IIMPOKUI CTIEKTP 3acTocyBaHHs. [1pu po3MillieHHi 6GaratorpaH-
HUKiB BaXKJIMBOIO 3a/1aU€l0 € 3HAXOMXKEHHSI ONITUMAaJIbHOI KJIacTepu3allii IBOX 00’ €KTiB. ¥ CTaTTi pO3IISIIAETHCS
KOHTelHep (Ky0oin, KyJis, HWIHAP) 3i BMIHHUMU METPUYHUMU XapaKTepUCTUKAMU Ta JBa OaraTorpaHHUKa,
SIKi TOITyCKAatOTh O€3MepepBHi TpaHCIIALil Ta 06epTaHHs. BpaxoByloTbcst 0OMEXEHHS Ha MiHIMaJIbHO AOMYCTUMI
BiJICTaHi MixX 00’€KTaMU i MixK KOXKHUM 00’€KTOM i TpaHu1Ieto obJacTi. O6’€KTH MOBUHHI OYTH po3TallloBaHi B
KOHTEWMHEPi TAKMM YMHOM, 11100 3a1aHa (hyHKIlisl METH Jocsrajia MiHiMaabHOTO 3HaYeHHSs. SIK yHKIIisI METH
pO3IISIAAETLCS 00’ €M a00 METPUYHI XapaKTepUCTUKU KOHTeliHepa. DyHKIIiS METHU 3aJ1eXKUTh Bil 3MiHHUX Ma-
pameTpiB, 3aJIeXKHUX Bil 00’ €KTIB i TUITy KOHTelHepa. Y CTaTTi mpeacTaBieHa MaTeMaTUYHa MOJAEIb Y BUIISIII
3aa4i HeTiHiTHOT ONTHUMI3allii sika 3acHOBaHa Ha MeTo/Ii phi-(yHKIIill. 3anMponoHOBaHO aITOPUTM PO3B’SI3AHHSI
Ta HaBeJeHO HOBi Pe3yJabTaTH MOIIYKY KOHTEHHepY MiHiMaJIbHOTO 00’eMy 200 3 MiHIMaJlbHUM KoedillieHTOM
TOMOTETii.

MIHIMAJIbHE BKJIFKOUEHHS, KITACTEPU3ALIUA BATATOITPAHHUKIB, MATEMATHUYHE
MOJIEJTIOBAHHS, HEJITHIMHA OIITUMI3ALIIS

Introduction

Packing problems are interesting theoretically and
have many important applications. Applications in in-
dustry include such problems as autonomously packing
the hazardous waste into drums, which should then be
melted in a plasma arc furnace, determining the place-
ment of polycrystalline silicon nuggets during crucible

packing as a key component of a robotic system to auto-
mated crucible packing process in semiconductor wafer
production, creating the optimization frameworks for
powder and FDM-based 3D printing that seeks to save
printing time and the support material required to print
3D shapes, parts nesting for shipbuilding, glass cutting,
furniture and other goods. It is well known that even
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the one-dimensional version of the problem of find-
ing the optimal usage of a given resource, the classical
knapsack problem, belongs to the class of NP-hard op-
timisation problems. For this reason, most of the work
related to cutting and packing problems employ heuris-
tic approaches. Nevertheless, the development of exact
solution methods is an important task to broaden the
range of optimal solvable cases.

One of the successful concepts in the case of irregu-
lar objects, which lends itselft to exact approaches, is
phi-functions [1], [2].

The new functions, called quasi-phi-functions [3],
can be described by analytical formulas that are sub-
stantially simpler than those used for phi-functions, for
some types of objects, in particular, for polyhedra. In
addition we construct an adjusted phi-function for de-
scribing distance constraints for a pair of polyhedra.

Using this approach leads, in general, to multi-ex-
tremal non-linear optimisation problems. Our tools per-
mit the modelling of continuous object rotations, non-
overlapping, containment and distance constraints. The
concept allows the computation of high quality local
optima, and in some cases, the global optimum.

In this paper, we address the problem of determining
the minimum size containing region to house two pol-
yhedra and use the phi-function technique to achieve
this aim. In detail, we will investigate the following
problem:

Optimal clustering 3D-problem. Given two polyhe-
dra where free continuous rotations of the objects are
permitted, find the minimal sizes of a given contain-
ing region (cuboid, sphere, or cylinder) according to a
given objective and placement parameters of two ob-
jects such that the objects are placed completely inside
the containing region without overlap and taking in to
account allowable distances between objects. We con-
sider a number of frequently occurring objectives, i.e.
minimum volume and homothetic coefficient of a given
containing region .

1. Related work

The containment problem is useful in the design of
packing solution approaches in a number of ways. Some
researchers develop approaches based on mathematical
modeling and general optimisation procedures; for ex-
ample see [4-9]. Egeblad et al [6] present an efficient
solution method for packing polyhedra within the
bounds of a polyhedron containing region. Utilization
of containing region space is improved by an average of
more than 14 percentage points compared to previous
methods proposed in [10]. However, in the experiments
the largest total volume of overlap allowed in a solution
corresponds to one percent of the total volume of all
polyhedra for the given problem.

Liu et al [11] propose a new constructive algorithm,
called HAPE3D, which is a heuristic algorithm based
on the principle of minimum total potential energy
for the 3D irregular packing problem, involving pack-
ing a set of irregularly shaped polyhedrons into a box-
shaped containing region with fixed width and length
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but unconstrained height. The objective is to allocate
all the polyhedrons in the containing region, and thus
minimize the waste or maximize profit.

The objective of A. Pasha’s [12] task was to autono-
mously pack the hazardous waste into fifty-five gallon
drums, which would then be melted in a plasma arc fur-
nace. Central to the task was the development of a bin
packing algorithm that was capable of finding near opti-
mal packing configurations for a set of irregular shaped
objects.

Vivek A. Etal [13] present an algorithm to automati-
cally determine the placement of polycrystalline silicon
nuggets during crucible packing is a key component of a
robotic system to automated crucible packing process in
semiconductor wafer production. To solve this problem
of packing 3-D highly irregular objects with industrial
constraints, an on-line model-free packing algorithm
has been developed. It is based on the approach called
Virtual Trial and Error.

Vanek et al [14] propose an optimization framework
for 3D printing that seeks to save printing time and the
support material required to print 3D shapes. Authors
use the tabu search optimization [15] that has polyno-
mial complexity to find a near to optimal solution and
that has been used with success for packing problems.

Most of the approaches dealing with the interaction
of two (or a few) objects are used in placement algo-
rithms for larger instances as local decision rules. Some
of the earliest approaches to irregular packing problems
used the strategy of first clustering pieces within easier
to handle shapes, for example [16]. However, such ap-
proaches lost popularity as computational speed and
methodology improvements facilitated the direct pack-
ing of polyhedra. There are recent examples where the
packing process requires the initial clustering. Further,
the more sucessful placement heuristics use hole fill-
ing strategies that is the equivalent of the containment
problem described here.

2. The concept of phi-functions

Packing problems involving irregular shapes require
the modelling of interaction of two objects with respect
to containment, overlap constraints and allowable dis-
tances. In this section we describe the core phi-function
concepts including the definition of a phi-object, de-
scribing a placement objects and a containing regions,
identify the interactions between objects. Finally we
describe the containment and non-overlapping con-
straints taking into account allowable distances using
phi-functions and quasi-phi-functions.

2.1. Placement objects. We assume that any place-
ment object Q@ (an object which has to be placed into a
containing region ) considered here, is a three-dimen-
sional phi-object [1], where a phi-object is a canoni-
cally closed point set Qc R® (Q=cl'(Q) = cl(int(Q))
having the same homothopic type as its interior. As
placement objects we consider, in general, non-convex
polyhedra.

The location and orientation of each polyhedron
Q is defined by a variable vector of its placement
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parameters (v,0) . Here v=(x,y,z) is a translation vec-
tor, 6 =(0',0%,0) is a vector of rotation parameters,

where 6',6%,0° are appropriate angles from axis OX to
0Y, from axis OYto OZ and from axis OXto OZin the
local coordinate system of a polyhedron Q .

The translated by vector v and rotated by an-
gles 0',0%,0°, a polyhedron Q is denoted as
Qu)={peR*: p=v+M®)-p°,Vp’ €Q"}, where Q°
denotes the non-translated and non-rotated polyhe-
dron Q , M(0) is a standart rotation matrix.

Assuming that non-convex polyhedron Q@ may be
presented as a union of convex polyhedra. Various al-
gorithms can be applied to solve the problem, for exam-
ple, the algorithm proposed in [17]. For the purposes of
this paper, we assume the decomposition of the polyhe-
dra is known.

With each convex polyhedron that form a polyhe-
dron @ we associate the local coordinate system which
coincides with the local coordinate system of a polyhe-
dron Q . Note, that each convex polyhedron K; cQ is
defined by its vertices p§ , 8=1,...,m;, iel,,inthelo-
cal coordinate system of Q .

We assume here that placement objects have fixed
metrical characteristics and variable placement param-
eters (x,,2,0,6°,08%) .

2.2. Containing regions. We consider the
following containing regions: a) a cuboid:
B={(x,y,2) e R®*\min{x+1,—-x+Ly+w,—y+w, z+h,
—z+h} >0} where variables /, w and 4 are the dimen-
sions of the cuboid respectively; b) a sphere of vari-
able radius ~ S={(x,y,2)¢e R3|r2 —x? -y -7 >0};
¢) a cylinder of radius Ar and height \h,
A is a variable homothetic coefficient:

C={(x,,2) € R’|min{(Ar)’ = x* - y? .~z + M,z + M} 2 0},

subject to for original containing region A=1.

Containing region Q have fixed pacement param-
eters (0,0,0) and variable metrical characteristics p de-
fined above. Hereinafter, we denote a containing region
Q=Q(p).

2.3. Description of relationships between objects. In
order to feasibly place two objects within a containing
region, we need to formalise placement constraints.

We employ the phi-function technique to describe
analytically the placement constraints.

ny np
Let A=|J4,,and B=| B, , be non-convex poly-
izl J=1

hedra, where 4;,B; are convex polyhedra.

Containment constraints

Phi-functions allow us to distinguish the following
three cases: A and B are intersecting so that 4 and B
have common interior points; A and B do not intersect,
i.e. Aand B do not have common points; Aand B are in
contact, i. e. Aand B have only common frontier points.
By definition, the phi-function of 4 and Bis everywhere
defined for a continuous function that possesses the fol-
lowing characteristics: @ ,, >0 if ANB=Q; ®,,=0

if intANintB=g and frANfriB#Q0; ®,,<0 if
intANint B#J, where int A, frA is the interior and
the frontier of object A. We employ phi-functions for
the description of the contaiment relationship A< B
as follows: @ . >0, where B =R’\intB . See[1], [2]
for definitions and basic features of phi-functions.

For mathematical modelling of containment con-
straints of form Ac Q & int ANQ =@
It is used a phi-function ** for non-convex poly-
hedron A and object Q" =R*\intQ, that can be rep-
resented in the following form depending on the type of
the containing region

oS if Q=S
o€ if Q=C
B if Q=B

q)AQ —

The phi-function for non-convex polyhedron A
and object Q" has the form

* . * * A Q*
O = min{@4? @ .. @)

Where *% isa phi-function for a convex polyhe-
dron 4, and object Q.
Phi-function for A, and object S" =R’ /intS .

oS = min{g,,s=1,...,m, },
0, =(M)? =(pi) = (0l )* = (pL,)?
Phi-function for A; and object C =R} /intC.
4 = minfu, y, 0},

= min{u,,s =1..,my }, 0, =72 =(ph)* = (ph)?,

Y= min{ws,s = 1;---amA/. }s Y = p;z +h,

o=min{fog,s=1...,m,}, o = —Péz +h,
Phi-function for A, and object B =R* /intB.

o =min{ min ng,j=1,...,6},

lss<my,

Ny =X + P Mo == +pi)+1, Nz =y, + 1,

ns4 :_(y] +p;y)+w7 ns5 :Zl +p§z’ n56 :_(Zl +p~£z)+h'

Non-overlapping constraints

For mathematical modelling of non-overlapping
constraint intANint B= a quasi-phi-function for a
pair of non-convex polyhedra A and B may be defined
in the form

D (U Ug,Uyp) =
:min{dD;(uA,uB,u;),i:1,...,nA,j:1,...,nB}, nH

where @/, (u A,uB,qu/) is a quasi-phi-function and u,j is
a vector of additional variables for for a pair of convex
polyhedra A4;(u,) and B;(up), i=1,...,n,, j=L,...np,
Uyp =(uij,i =l..,n,,j=1,..,1np).
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It should be noted that replacing quasi-phi-functions
@*% in (1) by adjusted ®'** quasi-phi-functions for
i=l,..,n,, j=1l,.,ng, we get an adjusted quasi-phi-
function @ ,,(u,Up,,) for non-convex polyhedra
A(u,) and B(uy) .

Let us consider two convex polyhedra A4 () and
B,(u,) , given by their vertices p/, i=1,...,m,and p,
Jj=L.,m,.

A radical free quasi-phi-function &% (u,u,,u,)
for convex polyhedra A () and B,(u,) may be de-
fined by formula [3]

AP (a4 up ) =

= min{cI)A‘P(ul,u,,),@BZP#: (Ll2 suP)} s (2)

where CDA'P(ul,uP) is a phi-function for A (x) and
a half-space P(up), o™ (uy,up) is a phi-function
for B,(u,) and a half-space P*(u},):R3 \int P(up),
where intP(u,) is the interior of P(up) . Here
Pup)={(x,y,2) 1 yp=0-x+B-y+7y-2+up, <0} is a
half-space, where o=sin6,, p=-sin6,, coso p,
y=co0s0,,-cosb , (note that o’ +p?+y*=1) and
up=(0,p,0,p,1p), 6,p and 8 , areappropriate variable
angles of the half-space P(up) from axis OYto OZand

from axis OXto OZ in the fixed coordinate system in R3.
We follow [2] to define phi-function

@A‘P(u] ,Up)= min \pp(pil)
1<i<m
and phi-function

%" (uy,up) = min v, (p}) .
<jsmy

We note that if &4 (u,u,,u,)>0 then a plane
Lp ={(x,9,2) 1 Wp(up)=0}

is a separating plane for 4, () and B,(u,)

Thus, if two convex polyhedra A (y) and B,(u,)
do not have common points then there always ex-
ists additional variables up =(6,p,0,p,1p) such that

max®' 4% >0 . Therefore,
up

max® 4% >0 int A (u)Nint By (u,) =D .

up
Further we use the following important character-
istic of a quasi-phi-function: if ®*% >0 for some Up,
then int 4 (y,)Nint B,(u,) = (see [3] for details).

Distance constraints

We take into account distance constraints replacing
quasi-phi-functions in non-overlapping with adjusted
quasi-phi-functions and phi-functions in containment
constraints with adjusted phi-functions.

By definition an adjusted phi-function of A and B is

an everywhere defined continuous function ®“%, such
that ®*% >0, ifdist(4,B)>p , ®*# =0, if dist(4,B)=p ,
@ <0, if dist(4,B) <p , where p is the minimum al-
lowable distance between objects A and B.

Function ®“2(u ,Ug,u') iscalled an adjusted quasi-
phi-function for objects A(u,) and B(uy) , if function
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nuqez:ll;(@'AB (uy,ug,u') is an adjusted phi-function for the
objects.

In particular, we have dist(4,B)>p < ®*£>0.

Let minimal allowable distance p; between a convex
polyhedron 4, and the object Q" be given. To describe
distance constraint, dist( 4, , Q)= p; , we use adjusted
radical free phi-function ®, for a convex polyhedron
A; and the object Q" defined by

&)A,.Q* _ &)A,-Q* —p,.

where ®*® isa normalized phi-function for the convex

polyhedron 4; and the object Q.
Normalized phi-function for the convex polyhedron

A; and the object S”:
(iAiS =min{¢sss=ls"'smAi}9 (3)
o, =r=J(P) - =P, ()

Normalized phi-function for the convex polyhedron
A; and the object C’

&)AIC* = min{ﬁ)‘”:‘”}’ ll = min{]ls,s = 1;-'~amA,. } ’

Ly =r =\l = () (5)
y=min{y,s= 1""’mA,- by v, = pﬁz +h,
o =min{o,,s = 1,...,mA’_ b, 0= —pjz +h,
Normalized phi-function for the convex polyhedron
A; and the object B

®** =min{ min n,,j=1,...,6},
lSsSmAI.

N =X+ Py N ==X +p )+, Mz =, +p£y’
T154:_(.)"] +p;y)+wv ns5:zl +p;z’ nSG:_(Zl +p;z)+h'

Let minimal allowable distance p,, between two
convex polyhedra A4,(») and B,(u,) be given. To de-
scribe a distance constraint, dist( 4, , B,)=p,,, we use

an adjusted radical free quasi-phi-function ®,, for
convex polyhedra 4 () and B,(u,) derived by

oA (W, 4y, 1p) = D (U145, up) = 0.5p,, . (6)
Thus, ma,} BB >0 dist(4;,B,)>p,, . It follows
from (2) and (6) that
@' 4B (uy,uy,up) = 0.5p), 2 0= dist(4, B,) 2py, .

3. Mathematical model

In terms of phi-functions we can formulate the opfi-
mal clustering problem as a NLP problem:

F(u')=min{F(u):uecW}, (7)

W={ueR :d*420,0°% 20,020}, (8)

where F(u) isapolynomial function, u=(p,u,,uy) < R°
is a vector of variables, R° is Euclidean space of
o dimension, p is a vector of variable metrical
characteristics of Q,

1 o2 3 1 2 n3
(uAJuB):(xAJyA 7Z,4 76,499,479 ’xBJyBJZBve ’eBaeB)



OPTIMAL CLUSTERING OF POLYHEDRA

is vector of variable placement parameters of objects A
and B, W denotes the corresponding set of feasible
solutions (the solution space), ®’*# isan adjusted quasi-
phi-function for objects 4 and B taking into account a
given minimal allowable distance p between the objects,
@ “ is an adjusted phi-function for objects 4 and Q"
®“ £ is an adjusted phi-function for objects Band Q'
taking into account a given minimal allowable distances
p' between each object and the frontier of Q. It should
be noted thatif p=0 and p'=0, then we use the original
phi-function and quasi-phi-functions instead of the
adjusted phi-functions and adjusted quasi-phi-functions
in (8).

We consider three realizations of problem (7)-(8),
denoted by P1,P2, P3, with respect to the shape of the
containing region Q and the form of the objective func-
tion F(u):

P1: Q=B, F(u)=/-w-h (volume of B):

u=(,whu,up)eR°,

c=15

P2: Q=S , F,(u)=r (radius of S):

u=(r,u,,ug)e R,

c=13

P3: Q=C , F(u)= A (homothety coefficient of C):

u=(hu,,uz)e R,

o=13

Each quasi-phi-function inequality in (8) is present-
ed by a system of inequalities with infinitely differenti-
able functions. Our model (7)-(8) is a nonconvex and
continuous nonlinear programming problem. Problem
(7)-(8) is an exact formulation for the polyhedron pack-
ing problem. It contains all glospherey optimal solu-
tions. It is possible, at least in theory, to use a global
solver for the nonlinear programming problem and ob-
tain a solution which is an optimal packing.

However in practice, we deal with a large number of
variables and a huge number of inequalities in our mod-
el. Asaresult, finding a locally optimal solution becomes
an unrealistic task for the available state of the art NLP
solvers. In order to search for a “good” locally optimal
polyhedron packing within a reasonable computational
time we propose here a solution algorithm, which can
be considered as an extension of the solution algorithm
developed in [3] for the optimal ellipse packing problem.

4. General solution strategy

As discussed in the previous section, solving the
polyhedron packing problem using an NLP solver is not
practical. Instead we look to identify multiple starting
solutions and search for the best of found local optimal
solutions. Our multistart solution strategy involves the
following steps:

1. Generate a set of vectors gO =(p0,u1°,ug,...,u?\,)
of feasible placement parameters (u;,u5,...,u%) of our
polyhedra placed into the containing region Q° of
starting dimension p° in the problem (7)-(8). Various
algorithms exist for obtaining a feasible solution for

example [18]. We employ here the algorithm (called
FSPA-S), which is described in Subsection 5.1.

2. Form an appropriate set {u’} of feasible start-
ing points u°=(c’,t°) for problem (7)-(8), using the
set {go} obtained at Step 1. We use a special procedure

(FAPA-S) to generate a vector 1° of additional vari-
ables.

3. Search for a local minimum of the objective func-
tion F(u) in problem (7)-(8), starting from each point
from the set {#°} obtained at Step 2.

4. Choose the best local minimum from those found
at Step 3 as the final solution of the problem (7)-(8).

The actual search for a local minimum in all
our optimisation procedures (to realise steps 1-3) is
performed by IPOPT [19], which is available at an open
access noncommercial software depository (https://
projects.coin-or.org/Ipopt).

5. Starting Point Algorithm (FSPA-S)

In order to find a vector of starting feasible place-
ment parameters of our polyhedra we apply an algo-
rithm, which is based on homothetic transformation of
spheres. The algorithm consists of the following steps:

1. Choose starting dimensions p° for our con-
taining region . They must be sufficiently large to al-
low for a placement of all circumscribed spheres S, ,

g¢=1,2,...,N , within the containing region Q°.
2. Generate within the containing region Q° a pair

of randomly chosen center points (x,’,,’,z,), ¢=1,2
, of circumbsribed spheres S, of radius Ar,. We as-
sume here that A is a homothetic coefficient for all our
spheres S, and 0<A<1.

3. Assuming that p=p°, and starting from the point
u’=(x",9°2% %, 92,21 =0) , solve the following
auxiliary nonlinear programming problem:

max» , 9)

ueW
W ={ieR":d%% 0,65 >0,

%% >0,1-2>0,L>0}, (10)
Fﬂe I’z:(xl’ylszlaanyQaz297\‘) 9
ORR =(x _x2)2 +n —y2)2 +
Hz =2 =M +pp +1)%, (11)

is an adjusted phi-function for a sphere .S, of radius Ar
and a sphere .S, of radius Ar,.

%" (u,),ecmn Q=S

Y CO*

,\SQO*
O (u,)=19"" (u,),ecmu Q=C, (12)

R (u,),ecin Q=B
-~ 0*
q)SqS - (ro — K(rq +p;))2 —(Xq)2 —(yq)2 _(Zq)2 s
o 0% X _
@%C = min{(n’r - Mr, +p, ) —(xq)2 -y, )%,
2+ h= M, +p,), =2, +n°h= M, +p,)}
Ci)SqBO* = min{(pkq ,k = 1396} ’
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= —x +1'=\r, +p7), — X, —Mr +p2), Example 3 Clustering of objects 4 and B into a

P 1= "% (73 Py) s @ 2= X =M1 +p,) cuboid B, we believe this optimal but not proved, prob-
© 3,= =V, W =Mr, +p,) lem P1, see Figure 3, F(u')=/-w"-h" =1152.000,

M ApT) . @ =~z +h —A(r +pl). where /"=4.000, w =16.000, A =18.000 Running
©4q= Yy = Mg Tpg) s @5, 7 (7 +0y) time is 4.93 sec.
N @ 4= 2, — M7, +p,) —
@5 is an adjusted phi-function for a sphere S, of
radius Ar, and the object Q.

We denote a point of global maximum of problem
(9)-(10) by & =(X,5,,Z %5, 75,25, 1 =1).

4. Form a vector of feasible parameters

0 0.0 0
) ¢ =(pu,u), Fig. 3. Solution of problem P1 in Example 5
assuming that
0_ /.0 .0 0 0 0 .0 _0N_ % = = 0
uq _(xq !yq 3zq !eq) ’ (xq 9yq qu ) _(xq ’yq ’Zq ) and eq
is a vector of randomly generated rotation parameters of
polyhedra Q,,g=12.
Our FPPA algorithm returns the vector ¢’ to gener-
ate a starting point for a subsequent search for a local
minimum of the problem (7)-(8).

Example 4 Clustering of objects 4and Binto a sphere
S, we believe this optimal but not proved, problem P2,
see Figure 4, F(u')=r" =12.2274, Running time is
2.351 sec.

6. Computational experiments

The results include a number of examples to
demonstrate the effectiveness of the methodology.
In all cases the input data of the example has been . ]
provided in [10]. For local optimisation, our programs Fig. 4. Solution of problem P2 in Example 4
use IPOPT (https://projects.coin-or.org/Ipopt) (see Example 5 Clustering of objects Aand Binto a sphere
[19]) that only guarantees a local optimum for non-  § we believe this optimal but not proved, problem P2,

linear programming problems. We use computer AMD ., Figure 5, F(u )=r"=11.2996. Running time is
Athlon 64 X2 5200+. 2.351 sec.

Example 1 Clustering of objects 4 and B into a
cuboid B, we believe this optimal but not proved, prob-
lem P1, see Figure 1, F(u')=1I"-w"-h" =1502.0771,
where " =16.4725, w" =4.000, A" =22.7966 Running
time is 3.21 sec.

Fig. 5. Solution of problem P1 in Example 5

Example 6 Clustering of objects 4 and B into a cyl-

inder C, problem P3, see Figure 6, F(u' )=\"=0.682
. provided that =20, A=40. Running time is 2.65 sec.

Fig. 1. Solution of problem P1 in Example 1
Example 2 Clustering of objects 4 and B into a
cuboid B, we believe this optimal but not proved, prob-
lem P1, see Figure 2, F(u')=1"-w -h =1399.9999, Fig. 6. Solution of problem P3 in Example 6

v&_zher? /"=10.000, w =10.000,4 =14.000 . Running Example 3 and 5 are examples of global optimum
time is 8.674 sec. .
proved by known global solutions.

- -
7. Conclusions
; In the paper a basic approach is presented to handle
placement problems with irregular shapes (convex or
non-convex polyhedra). We investigated the problem

of enclosing two such objects by a cuboid, cylinder or
Fig. 2. Solution of problem P1 in Example 4 sphere of minimal volume or homotetic coefficient by
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means of phi-function technique. The solution meth-
odology can be applied to a wide range of problems in
cutting and packing. The extension of the approach to
the case of more than two objects, the problem of fill-
ing holes of arbitrary shapes and other forms of objectve
functions is ongoing work for the near future publica-
tion.
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Resume
Y. Stoyan, A. Pankratov, T. Romanova
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Background: Packing problems, also called placement or
allocation problems, are interesting theoretically and have
many important applications. Applications in industry in-
clude such problems as autonomously packing the hazardous
waste into drums, which should then be melted in a plasma
arc furnace, determining the placement of polycrystalline
silicon nuggets during crucible packing as a key component
of a robotic system to automated crucible packing process in
semiconductor wafer production, creating the optimization
frameworks for powder and FDM-based 3D printing that
seeks to save printing time and the support material required
to print 3D shapes, e.g., in space engeneering, automobile
production, shipbuilding. It is well known that even the one-
dimensional version of the problem of finding the optimal
usage of a given resource, the classical knapsack problem,
belongs to the class of NP-hard optimisation problems. For
this reason, most of the work related to cutting and packing
problems employ heuristic approaches. Nevertheless, the de-
velopment of exact solution methods is an important task to
broaden the range of optimal solvable cases.

Materials and methods: One of the successful concepts in
the case of irregular objects, which lends itselft to exact ap-
proaches, is the phi-function technique. Using this approach
leads, in general, to multi-extremal non-linear optimisation
problems. Our tools permit the modelling of continuous ob-
ject rotations, non-overlapping, containment and distance
constraints. The concept allows the computation of high
quality local optima, and in some cases, the global optimum.
In this paper, we address the problem of determining the min-
imum size containing region to house two polyhedra.

Results: In the paper a basic approach is presented to han-
dle placement problems with irregular shapes. We investigated
the problem of enclosing two such objects by a cuboid, cylin-
der or sphere of minimal volume or homotetic coefficient by
means of the phi-function technique.

Conclusion: The solution methodology can be applied to
a wide range of problems in cutting and packing. The exten-
sion of the approach to the case of more than two objects, the
problem of filling holes of arbitrary shapes and other forms of
objectve functions is ongoing work for the near future publica-
tion.
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