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Ïðåäëîæåí àëãîðèòì ïîëó÷åíèÿ óïðîùåííîé ìîäå-
ëè ëèíåéíîé ýëåêòðîííîé ñõåìû äëÿ çàäà÷è àíàëèçà è
îïòèìèçàöèè â ÷àñòîòíîé îáëàñòè. Â êà÷åñòâå èñõîäíîé
èñïîëüçîâàíà ìîäåëü â áàçèñå óçëîâûõ ïîòåíöèàëîâ.
Àëãîðèòì îñíîâàí íà âûäåëåíèè ñóùåñòâåííûõ è íåñó-
ùåñòâåííûõ ðåàêòèâíûõ åìêîñòíûõ ýëåìåíòîâ â çàäàí-
íîì äèàïàçîíå ÷àñòîò. Ââåäåíû êðèòåðèè ðàçáèåíèÿ è
àïïðîêñèìàöèÿ îáðàòíîé ìàòðèöû.

×àñòîòíûé àíàëèç ëèíåéíûõ àíàëîãîâûõ ýëåêò-
ðîííûõ ñõåì ñ ïîìîùüþ ÝÂÌ îñóùåñòâëÿþò äèñêðåò-
íî-÷àñòîòíûì ìåòîäîì. Äëÿ êàæäîãî çíà÷åíèÿ ÷àñòî-
òû âõîäíûõ ñèãíàëîâ ðåøàåòñÿ ñèñòåìà ëèíåéíûõ
ñðàâíåíèé ñ êîìïëåêñíûìè êîýôôèöèåíòàìè

H X = J,⋅                             (1)

ãäå H – íåêîòîðàÿ ìàòðèöà ñõåìû; X – âåêòîð
íåèçâåñòíûõ; J – çàäàþùèé âåêòîð.

Ñ öåëüþ ñíèæåíèÿ âû÷èñëèòåëüíûõ çàòðàò â
êà÷åñòâå óðàâíåíèé (1) ÷àñòî èñïîëüçóþò óïðîùåí-
íûå óðàâíåíèÿ, êîòîðûå ìîãóò áûòü ïîëó÷åíû ýâðè-
ñòè÷åñêè èëè ôîðìàëüíûìè ìåòîäàìè. Ñðåäè ïîñëå-
äíèõ çàñëóæèâàþò âíèìàíèÿ ìåòîäû àâòîìàòèçèðî-
âàííîé ðåäóêöèè ïî ïîëíîé ìàòåìàòè÷åñêîé ìîäåëè
ñõåìû.

Èçâåñòíû àëãîðèòìû, îñíîâàííûå íà èñêëþ÷å-
íèè âíóòðåííèõ ïåðåìåííûõ èñõîäíîé ìîäåëè, ïî-
ñòðîåííîé â îäíîðîäíîì êîîðäèíàòíîì áàçèñå óçëî-
âûõ ïîòåíöèàëîâ. Îí èìååò ñëåäóþùèå íåäîñòàòêè:
ôîðìèðóåìàÿ ìîäåëü àäåêâàòíà â îãðàíè÷åííîì äè-
àïàçîíå ÷àñòîò: âîçìîæíà ïîòåðÿ àäåêâàòíîñòè ïðè
íàëè÷èè â ñõåìå âíóòðåííèõ äîìèíèðóþùèõ ðåàê-
òèâíîñòåé. Äëÿ èõ óñòðàíåíèÿ öåëåñîîáðàçíî óâåëè-
÷èâàòü ðàçìåð ìîäåëè ïóòåì ó÷åòà ÷àñòè âíóòðåííèõ
óçëîâ â êà÷åñòâå ôîðìàëüíûõ ïîëþñíûõ. Îäíàêî
áîëåå ýôôåêòèâíî ââîäèòü âíóòðåííèå ïåðåìåííûå
â ìîäåëü ñõåìû, ïðåäñòàâëåííóþ â âèäå óðàâíåíèé
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ãäå H ,  H ,  H , Hcc ci ic ii  – ñóáìàòðèöû ìàòðèöû ìîäåëè

ðàçìåðíîñòåé c c,c i, i c,i i× × × ×  ñîîòâåòñòâåííî; Фс
– âåêòîð ïîòåíöèàëîâ ïîëþñîâ ñõåìû ðàçìåðíîñòè ñ;
V ,Ii i  – ñîîòâåòñòâåííî âåêòîðû íàïðÿæåíèé è òîêîâ

åìêîñòåé ñõåìû ðàçìåðíîñòè i; Jc  – âåêòîð ïîëþñ-
íûõ òîêîâ ðàçìåðíîñòè c; c, i – ÷èñëî ïîëþñîâ è
åìêîñòåé ñõåìû ñîîòâåòñòâåííî.

Óðàâíåíèÿ (2), íåïðåðûâíûå ê âàðèàöèÿì ïàðà-
ìåòðîâ ýëåìåíòîâ ñõåìû, ìîãóò áûòü ïîëó÷åíû
âñåãäà, åñëè åìêîñòíûå ýëåìåíòû íå îáðàçóþò êîí-
òóðû ìåæäó ñîáîé èëè ÷åðåç ïîëþñà [1,2].

Ðàññìîòðèì àëãîðèòì ôîðìèðîâàíèÿ óðàâíåíèé
ïî ìîäåëè (2), êîòîðûé ñîõðàíÿåò äëÿ çàäàííîãî
÷àñòîòíîãî äèàïàçîíà ìèíèìàëüíîå êîëè÷åñòâî âíóò-
ðåííèõ ïåðåìåííûõ ìîäåëè (2).

Åñëè ñõåìà ñîäåðæèò òîëüêî åìêîñòíûå ðåàêòèâ-
íûå ýëåìåíòû, òî ìíîæåñòâî âñåõ åìêîñòåé ñõåìû C
ïðåäñòàâëÿåòñÿ â âèäå îáúåäèíåíèÿ:

  C C C ,s m=                          (3)

ãäå  C , Cs m  – ìíîæåñòâà ñóùåñòâåííûõ è íåñóùå-
ñòâåííûõ ðåàêòèâíîñòåé ñîîòâåòñòâåííî, à s, m –èõ
ìîùíîñòè. Êðèòåðèé òàêîãî ðàçáèåíèÿ áóäåò îïðå-
äåëåí íèæå. Âòîðîå áëî÷íîå óðàâíåíèå ñèñòåìû (2)
èìååò ñëåäóþùèé âèä:

H Ф H V I ,is с ii i i⋅ + ⋅ = −             (4)

ãäå Ф , V ,  I  с i i  – èçîáðàæåíèÿ ñîîòâåòñòâóþùèõ
âåêòîðîâ ïî Ëàïëàñó. Ïðè óñëîâèè, ÷òî ìàòðèöà Hii
– íåîñîáåííàÿ, à òàêæå ó÷èòûâàÿ ñîîòíîøåíèå
I = p C V ,i ii i⋅ ⋅  ïîëó÷àåì

H H Ф V p H C V ,ii
1 ic с i ii

1 ii i− −⋅ ⋅ + = − ⋅ ⋅ ⋅  (5)

ãäå Cii  – äèàãîíàëüíàÿ ìàòðèöà ïàðàìåòðîâ åìêîñòíûõ
ýëåìåíòîâ; p = j⋅ω – êîìïëåêñíàÿ ïåðåìåííàÿ.

Ïðåäïîëîæèì, ÷òî ìàòðèöà A p H Cii
1 ii= ⋅ ⋅−  ïðî-

ñòîé ñòðóêòóðû äëÿ âñåõ çíà÷åíèé ìîäóëÿ ð â
èíòåðâàëå [0, ωmax ], ãäåωmax  – âåðõíÿÿ ãðàíèöà
÷àñòîòíîãî äèàïàçîíà.

Îáîçíà÷èâ A A ,1 max= ⋅ ′ω  ãäå ′ = ⋅−A H C ,ii
1 ii  ñ÷è-

òàåì èçâåñòíûì èíâàðèàíòíîå ïðàâîå ïîäïðîñòðàí-
ñòâî ìàòðèöû À1 ðàçìåðíîñòè s. Áàçèñ ýòîãî ïîäïðî-
ñòðàíñòâà, ñîîòâåòñòâóþùèé òàêèì ñîáñòâåííûì çíà-

÷åíèÿì lj ìàòðèöû À1, ÷òî λ j   (j 1,s),> =1  îáîçíà÷èì

Xi , . . . , Xs . Ñîñòàâèì ìàòðèöó Ò = [ X1, . . . , Xs]

ðàçìåðíîñòüþ i s× . Òàê êàê âåêòîðû Xi  ëèíåéíî
íåçàâèñèìû, òî ñóùåñòâóåò ìèíîð ìàòðèöû Ò ðàçìå-
ðîì s s× , îòëè÷íûé îò íóëÿ. Ïðåäïîëîæèì, ÷òî îí
ðàñïîëàãàåòñÿ â ïåðâûõ s ñòðîêàõ ìàòðèöû Ò. Åñëè ýòî
íå âûïîëíÿåòñÿ, òî ìèíîð âñåãäà ìîæåò áûòü ïîëó÷åí
ïóòåì ïåðåñòàíîâîê ñîîòâåòñòâåííî ñòðîê è ñòîëáöîâ
ìàòðèöû òàê, ÷òîáû åå ñïåêòð íå ìåíÿëñÿ. Ðàçîáüåì
ìàòðèöû Ò è À íà áëîêè ñëåäóþùèì îáðàçîì:
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ãäå Ess  – åäèíè÷íàÿ ìàòðèöà ïîðÿäêà s.
Ïîñòðîèì ìàòðèöû ïîðÿäêà s:
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Óìíîæèì óðàâíåíèå (5) ñëåâà íà S-1  è îñóùåñòâèì

ïåðåõîä ê íîâûì ïåðåìåííûì Zi  â ñîîòâåòñòâèè ñ
ïðåîáðàçîâàíèåì:

V S Z ,i i= ⋅                      (8)
à òîãäà óðàâíåíèå (5) ïåðåïèøåòñÿ â âèäå:

G Ф Z G Z ,ic c i ii i⋅ + = − ⋅                (9)

ãäå G S H H ;ic -1
ii
-1

ic= ⋅ ⋅  G S A S.ii -1= ⋅ ⋅
Â [3] äîêàçàíî, ÷òî
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        (10)
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ãäå { }L = diag , ,  ( 1,   j = 1,s),1 s jλ λ λ >  à èíäåêñ «1»

îòíîñèòñÿ ê ñóáìàòðèöàì ìàòðèöû A1 , ïðåäñòàâëåí-
íîé â áëî÷íîì âèäå àíàëîãè÷íî (6). Ïðè ýòîì
S (A ) S (L) S (A - K A ),r 1 r r mm1 ms sm1= ⋅  ãäå S ( )r ⋅ îáî-
çíà÷àåò ñïåêòð ìàòðèöû (⋅). Òàê êàê äèàãîíàëüíûå
ýëåìåíòû ìàòðèöû L ïî ìîäóëþ áîëüøå åäèíèöû, òî

p(A - K A ) 1,mm1 ms sm1⋅ <            (11)

ãäå p(⋅) îáîçíà÷àåò ñïåêòðàëüíûé ðàäèóñ ìàòðèöû (⋅). Ýòî
íåðàâåíñòâî è ÿâëÿåòñÿ êðèòåðèåì ðàçáèåíèÿ (3).

Ïîñêîëüêó ñïåêòðàëüíûé ðàäèóñ ìàòðèöû ðàâåí
ìàêñèìàëüíîìó èç ìîäóëåé åå ñîáñòâåííûõ ÷èñåë, à
ïðè óìíîæåíèè ìàòðèöû íà ñêàëÿð âñå ñîáñòâåííûå
÷èñëà óìíîæàþòñÿ íà åãî âåëè÷èíó, òî (11) îñòàåòñÿ
ñïðàâåäëèâûì äëÿ âñåõ w èç èíòåðâàëà [0, wmax].
Ïðåäñòàâèì óðàâíåíèå (9) â ñîîòâåòñòâèè ñ áëî÷íûì
ðàçáèåíèåì (6):

G Ф Z - p L Z - p A Z ;sc с s s sm m⋅ + = ⋅ ′ ⋅ ⋅ ′ ⋅          
(12)

 G Ф Z - p A - K A Z ,mc с m mm ms sm m⋅ + = ⋅ ′ ⋅ ′ ⋅( )

ãäå { }′ ′ ′ ′L = diag , , ;    (j = 1,s)1 s jλ λ λ  – ñîáñòâåííûå çíà-

÷åíèÿ ìàòðèöû ′A , ñîîòâåòñòâóþùèå çíà÷åíèÿì

′λj (j = 1,s);  [ ]G G ,  Gic sc
t

mc
t

= ′ .
Èç âòîðîãî áëî÷íîãî óðàâíåíèÿ (12) íàéäåì Zm:

Z - (E p G ) G Ф ,m mm mm -1 mc с= + ⋅ ⋅ ⋅        (13)

ãäå G A - K A .mm mm ms sm= ′ ⋅ ′

Ñîãëàñíî ëåììå Íåéìàíà, ìàòðèöà E p Gmm mm+ ⋅
íà îñíîâàíèè íåðàâåíñòâà (11) èìååò îáðàòíóþ âî
âñåì äèàïàçîíå ðàññìàòðèâàåìûõ ÷àñòîò. Ïîýòîìó
ìîæíî ïîëó÷èòü íèçêî÷àñòîòíîå ïðèáëèæåíèå:

(E p G E p Gmm mm - mm mm+ ⋅ ≈ + ⋅) .1           (14)

Ïðè ýòîì ïîãðåøíîñòü àïïðîêñèìàöèè îáðàòíîé
ìàòðèöû îöåíèâàåòñÿ âåëè÷èíîé
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              (15)

ãäå ⋅  îáîçíà÷àåò ìàòðè÷íóþ íîðìó. Òîãäà

Z - (E p G ) G Ф .m mm mm mc с≈ + ⋅ ⋅ ⋅         (16)

Ïîäñòàâëÿÿ (16) â ïåðâûå áëî÷íûå óðàâíåíèÿ (2)
è (12) ñ ó÷åòîì (8) è âûäåëÿÿ ñâîáîäíûå ÷ëåíû è
êîýôôèöèåíòû ïðè ïåðâîé ñòåïåíè p, ïîëó÷àåì

H - G G p G G G     G
           G - p A G                         E p L

cc cm mc cm mm mc cs
sc sm mc ss

⋅ + ⋅ ⋅ ⋅
⋅ ′ ⋅ + ⋅ ′
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ãäå Gcs , Gcm  îáîçíà÷àþò ïåðâûå s è ïîñëåäóþùèå m

ñòîëáöîâ ìàòðèöû G H S.ci ci= ⋅
Ó÷èòûâàÿ ïîãðåøíîñòü âûðàæåíèÿ (16), îáóñëîâ-

ëåííóþ àïïðîêñèìàöèåé (15), îöåíèì äèíàìè÷åñ-
êóþ ïîãðåøíîñòü ÌÌ (17) êàê

O (p )
 G
 p A O (p ) G .м 2 mc

sm
a 2 mc= ⋅ ′ ⋅ ⋅         (18)

Ïðåäñòàâèì óðàâíåíèå (4) è ïåðâîå áëî÷íîå ñèñ-
òåìû (2) â ñîîòâåòñòâèå ñ (6):

H Ф Н V H V J
G Ф V p A V p A V
G Ф V p A V p A V

cc с cs s cm m c

sc с s ss s sm m

mc c m ms s mm m

⋅ + ⋅ + ⋅ =
⋅ + = − ⋅ ′ ⋅ − ⋅ ′ ⋅
⋅ + = − ⋅ ′ ⋅ − ⋅ ′ ⋅

;
;

.
  (19)

Çàìåòèì, ÷òî ìàòðèöû ( )( )G • •  è ( )( )′• •A  ñèñòåìû
(19) â îáùåì ñëó÷àå íå ñîâïàäàþò ñ îäíîèìåííûìè
ìàòðèöàìè, ðàññìîòðåííûìè âûøå.

Èñïîëüçóÿ ëåììó Íåéìàíà, èç òðåòüåãî áëî÷íîãî
óðàâíåíèÿ (19) íàõîäèì íèçêî÷àñòîòíîå ïðèáëèæå-
íèå

( )V E p A G Ф p A Vm mm mm mc c ms s≈ − − ⋅ ′ ⋅ ⋅ − ⋅ ′ ⋅ .  (20)

Ïîäñòàâëÿÿ (20) â îñòàëüíûå óðàâíåíèÿ (19) è
ïðåíåáðåãàÿ ÷ëåíàìè, ñîäåðæàùèìè p  âî âòîðîé
ñòåïåíè è âûøå, ïîëó÷àåì óðàâíåíèÿ ðåäóöèðîâàí-
íîé ìîäåëè

( )H H G p H A G Фcc cm mc cm mm mc c− ⋅ + ⋅ ⋅ ′ ⋅ ⋅ +

( )+ − ⋅ ⋅ ′ ⋅ =H p H A V Jcs cm ms s c ;                  (21)

( ) ( )G p A G Ф E p A Vsc sm mc c ss ss s− ⋅ ′ ⋅ ⋅ + + ⋅ ′ ⋅ = 0.
Ðàññìîòðåííûé àëãîðèòì ðåäóêöèè îáëàäàåò ñâîé-

ñòâîì àäàïòàöèè ê óñëîâèÿì åãî ïðèìåíåíèÿ, òàê êàê
ìîäåëü ôîðìèðóåòñÿ äëÿ çàäàííîãî àïðèîðè ÷àñòîò-
íîãî äèàïàçîíà, à ïðè ôèêñèðîâàííûõ ãðàíèöàõ
äèàïàçîíà âîçìîæíî äèíàìè÷åñêè íàñòðàèâàòü ìî-
äåëü ïî òî÷íîñòè ïóò¸ì âàðüèðîâàíèÿ ñîñòàâà ìíî-

æåñòâà Cs . Ýòî ïîçâîëÿåò âêëþ÷àòü â ñîñòàâ ìàðø-
ðóòà ñõåìîòåõíè÷åñêèõ ðàñ÷¸òîâ ýòàï ðåäóêöèè ìî-
äåëè ñ ïîñëåäóþùèì èñïîëüçîâàíèåì èõ â ïðîöåäó-
ðàõ àíàëèçà è ïàðàìåòðè÷åñêîé îïòèìèçàöèè.
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