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A method for solving a stationary problem of wave
scattering by a semi-infinite circular cone with slots
periodically cut along its generating lines is presented
in [1]. In this paper, we pioneer the presentation of an
algorithm for constructing an unsteady Green’s func-
tion of a cone with longitudinal slots.

FORMULATION AND THE METHOD
OF SOLUTION OF THE PROBLEM

The conic structure under consideration represents a
perfectly conducting semi-infinite thin cone with N
slots periodically cut along its generatrices. We intro-
duce a spherical coordinate system r, 1, ¢ with the ori-
gin at the vertex of the cone; its axis coincides with the
oz-axis of the Cartesian coordinate system (see the fig-
ure). Furthermore, we use the following notation: 2y is

. 2n . ) .
the cone opening angle, [ = N s the structure period,

and d is the slot width (d and [ are the values of the dihe-
dral angles formed by intersections of planes drawn
through the cone axis and edges of conic strips). In the
coordinate system chosen, the cone is determined by a
set of points:

Y= {(rn0,9)eR: re[0,+=), 0=y, ¢c L},
where

1 l
L,= ((p~ 1)/+(§, pl~‘§),

CL = [0,2m)\L.
The desired Green's function G(r, 1y, 1, 1y) satisfies
(1) the equation

(A— -Lij(Y(r. Tg i tg) = ~o(r *r(,)?_‘)(r— 10):
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(2) the boundary condition at the cone strips
G(r,re, t.1p)|; = 0; and

(3) the initial conditions

¢ = B=p

Y for 1<1,.

We represent the function G in the form

G(r,ry, t, 1)) = Go(r, 1o, 1, 1)+ G (2, 1, 1. 1),

B Rie)

Go(r, 7o, 1. 1y) = P (H

T =iy, 2~y
Here, ¢ is the speed of light; the function G- is con-

ditioned by the presence o7 the cone surfice. For find-

&

Seometry ¢f the problem.
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ing G, we use the Laplace transformation
400

G'(r,rety) = | Glrrg b1 ye Mdt, >0, ()
0

0

where G is the Green’s function for the corresponding
steacly boundary value problem. This function satisfies
the inhomogencous Helmholtz equation, the first
boundary condition on the cone strips, the condition at
infinity in space, and the condition near the boundary
irregularities (the cone vertex and the strip edges).

In accordance with (17,

~S ~3 S ¢
G (r, Tt 1y) = Golr, To b 1) + G\ (x, To, 1, 1),

= R
sty € 1

. S
Gy(r, rgt,tg) =€ 7=p 9153
o\ts 20 0 4'TCR 1 c

To solve the steady problem, we invoke the Kontor-
ovich-Lebedev integral transformation

400

., Ki(gr)
F(t) = | f(r)——="dr, (3)
'([) ,\/;‘
. 2 ' K (gr
f(r)y = — ‘L‘smhntF(I)—&'t(g—{—)dt. 4)
T W

0

Here, K, (2) is the Macdonald function. Taking into
account the representation

$es 55
~ S
s L s s 0) i l\-((l’)
G, = "EJ TsinhTT 2 a,‘,,TU(,,,ze””p-—"-F]—d’c,
i i.. n = —eo ~NT
1(0) o
U IHT(L’ ﬁ())

m qQ ph i :
-~ {P—IIZ m(co-"ﬁ)Pnn/un(“COS By), V<
m
P",, i(—cos )P, i(cos Do), B, < 0,

we seek the function G| in the form of Kontorovich—
Lebedev integral (3), (4):

o0 4o
S 2 — s Kialar)
3= jtmmhrct Y dalls J Zar, (5
T 0 m=—oco 4
troo m+nN
(H _ . P-—l/2+ir(iCOS§) i(m+nN)o
l]m‘t - 2 Ko, + m(,( ) e . (6)

n+nN
P—1/2+ i':(iCOSY)

n=-o0

m , . . ~ . ~
Here, P, (¢ 2s0) is the associated Legendre function of
the first kind; @), and by, are known coefficients, and

x. and x, are unknown coefficients; the superscripts of

m

G BRI BIBNNE At PO R e

DOROSHENKO, KRAVCHENKO

the Legendre-function arguments in (6) correspond to
the region 0 < 9 <Y, and the subscripts correspond to

. m 1 |
the region y< U <, and N v+ g, =5 Sv<g.my
1

g . m - 2
being the integer closest to N As a result of using the

boundary condition, the conjunction condition for G\

in the slots, and the semiconversion method (1], the
steady problem is reduced to the solution of an infinite
set of linear Fredholm-type algebraic equations of the
second kind with respect to the coefficients y,, , related

to X, n

+ oo
A V( u )_ym.() = v'”‘)( “) + 2 U;);\Snu [7V,)( “)ym. pe (7)

p=-

my—1
.ym. n = vu -1 (“)

®)

400
\P\ p-1
i 2 —[—)_E’rv,/)yrrz,,xv,.~1(“)+)‘,,,_0P,,(ll), nz0,

p=ree

n-my 1+ V \H] X n

Ym,n = (_‘ o s
M+ VA | —¢€, .,
2P, (—u)

A, Il 12 Ay
W) = S ) + Po(-u)
u = cosd, o= =0 dn,

d

where V"(u) and fo:: (1) are known functions [1]. For
the matrix elements g, , of the system, in the case of
N(n +v)> 1, the estimate holds:

. 2
Emn = /—TSJE‘Y‘Z)
N (n+V)

It should be emphasized that the desired coefficients
Ypn (and, consequently, x,, ,) are independent of
parameter ¢. This is essential for conversing and solv-
ing the unsteady problem. A solution to the system of
equations (7), (8) exists and is unique. For arbitrary
parameters of the problem, this solution can be
obtained by the reduction method. In the case of a semi-
transparent cone, a cone with narrow slots, and a nar-
row cone, the norm of the system matrix operator is
smaller than unity. This allows the method of succes-
sive approximations to be employed for solving the
system of equations. Using the procedure of a steady-
problem conversion for a continuous cone [2], we
obtain representations for the Green’s function G, in
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the case of a cone with longitudinal slots:

+co

C = Pr+iE i
@ = ﬂ(’— ()) Z o0
4nrr, c

m = —co

- )
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0<® <y,
s (12)
¢ ~ Fr+ry rttanhmt 5
G, =- 1(t— J g idcosyr ]
= Tmm )] T, Pneeosy]
0
XP_1p4i(=€OsO)P_;5, ii(coshb)dt, y<O<m,

x J'g,,,IUf,,'QP_,m,T(coshb)dr, Y <.
0
Here,
I'(1/2-m+i1)

i+l —imo,
2 I : hppt 2 Ve = L}
=1

gl”f

m

Q m
X Py 4 in(=COSDG) Py 4 2 (COSY),

~33 B
—_ f (v‘ = " - ro
coshb(1)=
2rry

1 (x) is the Heaviside function, and I'(z) is the gamma-
function.

REPRESENTATIONS
FOR THE GREEN’S FUNCTION

Semitransparent cone. In the case of a semitrans-
parent cone determined by the existence of the limit

. 2: 27
Nlﬂliﬁlnﬂ = 050,

dil—=1

(& —0)

we obtain from (9) the following integral representa-
tions for the unsteady Green’s function:

Foo ol
. c = I+ imq
G, = 47“."01']([ =y ijzzm() e -(': W (10)
X P" )y, ii(COSH)P_y )y, (coshb)dT, 0<B <y,
5 e o
S ) (11)

MPT] 4 id=COSMP_, ), . (coshb)dr,

m

P04 ix(=cosY)
y<U<m,

. _ ( 1= E:m ())gmt
"t (-, )+ 2mQ’

u

If the source is placed on the cone axis (¥, = . @ = 0:
m = 0). expressions (10) and (11) are simplified:

+oo
o n/; r+ r‘(,) Ttanhmt
4mnrry k ¢ D

G, = P54 i:(cosY)

0

X P_1124i1(=COSY)P_1 121 1(COSB)P_y 3, j(cOshD)dT,
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D = nP_y)y,:(cosY)P_ 5, o(—cosy) + 2Qcoshrt.

Passing to integrating over the imaginary axis (U =
i7) in (12) and using the fundamental residue theoram,
we arrive at a representation for G, in the form of a
series:

Ji55
c ;
G =-————Z» ! P ., 1COSY)
Y TN d Ay L
0

H,

XP_ij4y(=COSYIP_,, ., (cOSHA_ ), u (coshb),(13)

+U,

0<B8<y, ct>r+r,, D, =0,

where (Q¢(z) 1s the Legendre functior of the second
kind. Thus, the spectrum for the uns eady boundary
value problem is the same as that for th: corresponding
steady one; it depends on the angular pirameters of the
conic structure [ 1]. In the particular case of a semitrans-
parent cone (¢ > 1), the spectrum is determined by the

4o
set {U;}, :

In the case of a steady-state mode ( + > 1), we can
restrict ourselves to approximation (13) for G,:

@ o
- —P ;3,0 (cOSY)P 0, (—COSY)
1 z’,TIrro d 12+, i 2+ 1y, Y
au e
~2 2 2 2
- ‘rc - "(1\
X P-|/2+u,.(cosﬁ)gf”%uu '—'—n‘;;.—~“/'
1 «-FFqy

For a semitransparent cone with the filling parame-
terQ> land 1 > 1,

+ O™, Gy et Fo) 2,

My = “"'
220 enQ

5
/

=

O0<B <y

under the condition that lQlln(().S siny)| <€ 1.
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Narrow slots. [n the case of a cone with narrow

(d ‘ ) . .
slots t\'f < 1: 1 +u <€ 1], the asymptotic expansion of

. . / ~
‘he Green’s function in terms of the parameter I+ u,
which holds far from the slots, has the form (0, = T,

q‘,“ == 0 I

400

G, = € J-Ttanhn‘tlP-l/zﬂ'r(COSY)r
LTy == mEe
' 4rr,Jd coshnt Q.

4]

c l+u

X P—1/2+f—:(—COSW})P-n/'z+.vr(005hb)dt e v
8mrry N

400

X inNg
x Y e 'Jttanhﬂ:r
Ll

n#0 0

WrP—l/Z + iI(COSY)
D,

P’ 174 £(=COSD) ,
X T.——*——"'P* 12+ m(COSh!))dI
Py in(—cosY)

+O((1+ )’ In(1 +u)),
» Yy<OLT,

i i _]_Z_l_“

N

O, =W, + 1t %p w W

Q. =B -
“ N 2

T
B, = CoshJEP-!,':1+m(COSY)P-uznr(—COSY)’

A similar representation also holds in the case of 0 <
O <. The spectium of eigenvalues is determined by the
roo:s of the equation with a srnall right-hand side:

S;T%-C_ﬁp_.uﬁ~li(COSY)P*”2Hllf(’“COSY) = ]Nlnl-—;ﬂ,
where
TR s
: 2N
” COSTTH

d ,
ﬂ'(—[ElP*I/2+1l(COSY)P—l/l+p(_cms"{)]l“:OL;+

+O((1 + u)z),

P (—cosy) = 0,

=112+ 0y =112+ oy

cosy) =0,

k= 0, kyidy e

o U A R RS TS T RN U R PN S W e 2 vl DA R A R IR
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* In the limiting case of vanishing slots (d —= 0,

u —= —1), the expressions obtained coincide with the
results for the continuous cone 21

Narrow cone. In the case of a narrow cone (y< D),
the asymptotic representation for G, has the form (% =

T, (p(] = 0)

7 /

G, = (}"S”+G§“+0(1n’3l )\} y<t<n. (14

-2 I

Here,

istr
G, =

¢ 1 x (?_' 5 'o)
8rrryIn(2/Y) 1 o

1 _
P SR ¥ ¢ @]
><[n(coshb—cosﬁ) (51, 70 D)

is the asymptotic form of the Green’s function for the
continuous cone:

400

1 ttanhm? . -
=5 | oshmrl T2 — =mitanh
= ”J. Coshnr[ ( 2+lT)+C 2‘mtm TCT}

&

0
X P-I/Z+ ir(ﬂCOSﬁ)P—I/M- ir(COShb)dT9

where W(z) is the psi-function, C is the Euler constant,
and the term

~slt (& |

o = - W -
LT 8wt 2N 2 Jcoshnt—cosﬁ

accounts for the effect of the slots. Representation (14)
for G, is valid far from the slots and the cone vertex.

CONCLUSIONS

In this paper, we proposed and substantiated an
algorithm for constructing an unsteady Green’s func-
tion of a first boundary value problem for a semi-infi-
nite circular cone with periodic longitudinal slots. The
problem of finding the Green’s function for the wave
equation was reduced to solving a system of linear
algebraic equations with respect to the Fourier coeffi-
cients of the desired function. For the cases of a semi-
transparent cone, a cone with narrow slots, and a nar-
row cone, both integral representations and representa-
tions in the form of a series are obtained for the Green’s
function. The spectrum of the unsteady first boundary
value problem is shown to be the same as that for the
corresponding steady one. The algorithm proposed can
be used in solving boundary value problems with a
more complicated conic geometry.
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