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Abstract— The principles of spectral estimation are
investigated in this paper to develop a common approach to
the solution of both localization problem of spatially-
distributed electromagnetic sources and identification problem
of multilayer structures. The process of experimental data
registration in a linear antenna array and multi-frequency
means of multilayer structure non-destructive evaluation is
described by proposed identical models. The order and
parameters of the models are determined by mean of
stochastic approach to the spectral estimation, which allows to
obtain higher spectral resolution and accuracy in case of low
signal to noise ratio.

Index Terms—Direction of arrival estimation, maximum
likelihood, multilayer structure, order of model, spectral
analysis.

I. INTRODUCTION

THE year 1807 is considered to be the beginning of
spectral analysis theory, when Jean Baptiste Joseph
Fourier presented an idea of series which was later named
after his name - Fourier's series [1]. For over a number of
years the spectral analysis has been rapidly developing and
penetrating in different fields of pure and applied
mathematics. Being a numerical method of the spectral
analysis, a fast Fourier’s transform essentially increased the
efficiency of applied using of the spectral representation. It
is well known that discrete Fourier’s transformation has
limited spectral resolution [2]. The main achievement of
modern spectral analysis is to overcome this limit by means
of using stochastic approach to the spectral estimation. The
idea, which is taken as a principle of high resolution
spectral analysis, is to use a certain model of spectrum the
parameters and order of which should be estimated on the
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basis of discrete input data.

The direction of using spectral analysis theory to the
solution of two practical problems is developed in the
paper. The first one is the radiation (rediffraction) sources
of plane electromagnetic wave detection as well as
determination of their angle of arrival. The second problem
relates to the identification of the plane dielectric multilayer
structures parameters. The aim of this paper is adaptation of
stochastic methods of spectral analysis and estimation their
consistency in processing of noisy data measurement of
scattered electromagnetic field with the purpose of
describing the geometry of objects which form this field.

II. THE STOCHASTIC APPROACH TO HIGH RESOLUTION
SPECTRAL ESTIMATION

The problem of spectral estimation consists in parametric
or nonparametric calculation of values of spectral density
for each value of spectral parameter. There are many
natural processes which are characterized by discrete
spectrum that is why there is no need to determine value of
spectral density in the fields between spectral lines, namely
in these places where this value is equal to zero. The
spectral analysis problem in case of the discrete spectrum
reduces to estimation of number of spectral lines, the
spectral parameters values corresponding to them and the
spectral density for each spectral line.

A. Problem formulation of discrete spectrum estimation

It is assumed that random process which consists of a
finite number D of harmonic components with frequencies

®;, W,, ®; -0, and random component N is considered

as a main model in the theory of spectral estimation [2-7].
One realization of the random process that is observed in
N different moments can be presented in discrete form:

x=V(w)-s+n, (1)

where se C” - is a column vector of complex values of
either determinate or random modulating signals and

Nxi . L
ne C"™ - is a realization of random component
determined in the discrete times.
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The further analysis is based on an assumption that this
random component of the investigated process is the

identically-distributed Gaussian value. V(W)E CcPN s

the Vandermonde matrix with exponential coefficients in
the expression (1). This matrix can be presented in

parameterized form V(w ) = [v((nl )| v(u)2 )| o] v((n D )] , O
e_jwlA e—ﬂl’zA e—fU’DA
—j2m,A —j20,A —j20pA
V(W) =\ : ‘ : ‘ : ’
e’JN‘»‘)lA e’./];[sz e’./A}UJDA

where w = [(x)1 |0, | ™, ---u)D]T- is a vector of value of

spectral parameters and [ ]T - is the notation of

transposed operator; A - is the time interval with which the
investigated random process realization is sampled.

Depending on the existing a priori data the main problem
of spectral analysis is formulated how the estimate of vector
W=[631 |@, @
input data X.

Under some conditions the model order D, determinate
values or statistic properties of the vector s of the
modulating signals as well as the parameters of random
component N can be also treated as unknown values.

The statistic theory is based on the principle of
expectation of random values according to a set of
realizations. Thus, for obtaining more accurate results of
spectral estimation one should take into consideration not
single realization X but whole set of such realizations

| X4 ], XxXec™k,
registered under the same conditions of experiment. In this
case a number of realizations K means how many similar
measurements are made. Each of the matrix vectors X
corresponds to the observation model (1) of random value
under investigation:
X, =V(w)sk +n,,k=1.K.

This random component has a noise nature in each
experiment and is statistically-independent random value

O, ]T can be found according to the

X=[x1|x3|x2|... which  are

with covariance matrix E [nnH ]= 6’1, where 6°- is the

RN><N

random component variance and I€ - is the identity

matrix; £ [ ] - is the expectation operator.

The solution of statistic spectral estimation problem
depends on what kind of supposition is made concerning
the character of modulating signal vectors s. There are
several principal differences between statistic and
deterministic definition of these vector parameters. In this
paper the main attention is paid to the case where the vector
elements S are normally distributed random values with the
covariance matrix E[SSH]=S. Thus the rule of linear

transformation of normal-distributed random values allows
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to establish that the vector elements X, the values of which
are registered as a result of experiment, are normally-
distributed too with their probability density function:

1 1 _
P(Xk)= ( exP{_Exk B lxk}

J%)”W)
exp{ 1 (Bflx X, )}
(T

where det( ) and Zr( ) - are notations of determinant and

(2

trace of matrix; [ ]H - is a complex-conjugate transpose

operator, and B=FE [XXH ] - is a covariance matrix which
can be presented by the sum of two matrixes [7]:

B=V(w)SV"(w)+0’I. 3)

Statistic independence of separate measurements gives

possibility to write a joint distribution function of random

values X;,X;,X,,...Xg, as the product of distribution

density functions (2) for each of the experiment
observations:
K
P(X)ZHP(Xk)Z
k=1
1 1 (& @
= —exp _Et{B kz_;xkxk

((m)N dez(B))

B. Estimation of spectral parameters

If a priori data about solution are unavailable, the
problem of statistic estimation can be considered as one of
maximization of likelihood function. This likelihood
function is written according to the expression (4):

(=In p(x)=_ﬁzn(zn)_ﬁwet(l;))—

——tr( ‘12x ka

Analysis of the function (5) allows to conclude that

. (5)

having input data X;,X;,X,,...X, the estimator of their

covariance matrix B by the maximum likelihood principle
can be written as follows:

1 &
B= EZ . (6)

The covariance matrix B and its estimation B , which is
obtained by the expression (6), are positively defined
Hermitian matrix. This matrix can be factorized using
properties of matrix eigenvector decomposition'

B=UAU" +U,A U (7)
é:ﬁAUH+UAUH (8)
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where U, and U,

(U,eC™”and U, eC NX(N=-D) ), columns of which are

eigenvectors that correspond to the useful signal s and

- are the rectangular matrixes

random noise component n; A, and A, - are diagonal

matrixes, with eigen values located on their diagonal in a
descending order.

The problem of likelihood function maximization (5) can
be written for unknown vector values of spectral parameters

w=[0, |0, |0,---o,]". There is no possibility to
present this problem solution in an explicit form. Thus
instead of direct solution the related functional

minimization problem of several variables is considered [3]:

° 2 o(PFB )P}
WLy =anmv£n det(PVBPV -|—AV_&J , (9)

N-D

1
VW)V W)V W)V (w)
Py =I-P, arc
subspaces.

In case the spectral analysis is based on the assumption
about determinate character of the vector elements of
modulating signals, the solution of maximization problem
[3] of conditional likelihood function can be found from:

Wyc =arg mvin(tr(PVLB)) (10)

Thus being an unknown value, the modulating signal
vector § can be estimated in an explicit matrix form:
$= V7 WV VW)X (11
According to the expressions (9) and (10), the solution of
maximum likelihood problem requires using a numerical
approach to the minimization of function of several
variables. An ambiguous solution is a characteristic
peculiarity of such minimization problems [8]. In other
words, global extremum should be found between many
local ones. That is why to simplify spectral analysis, the
methods [2-6,9], which are asymptotically-equivalent to the
maximum likelihood one, are often used on practice
because they are less time consumed and have smaller
computational complexity. A method for many signals
classification MUSIC (MUItiple Slgnal Classification) [9]
is one of the simplified methods. This method reduces to
determination of an absolute value of signal projection on
subspace, which is spanned on eigenvectors of noise
component. An estimation of the unknown spectral
parameters requires only seeking all extrema of the function
of one variable:

where P, = and

matrix-projectors on orthogonal

W =arg mvfn Ovusic (u)) > (12)

where Qs (UJ)= v/ ((D)(I - IAJSIAJf )v((x)) - is a
function, which characterizes a spectrum of the investigated
process. In the neighborhood of values ®,,®,,0; -0,
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the function Q)¢ (UJ) takes its local minimum and the

spectrum 1/Q01c ((D) as the inverse function tends to its

maximum values.

Because of small computational complexity the method
MUSIC is used [2,3] as the first approximation for
numerical solution of maximization problem of likelihood
function (9) or (10). Having possibility to achieve result
with a satisfied accuracy, the MUSIC method is able to
accomplish the spectral analysis of experimental data under
certain conditions.

III. DETERMINATION OF DIRECTION OF ARRIVAL OF PLANE
WAVES IMPINGING ON A LINEAR ARRAY

One of the application branches of high resolution
spectral analysis is the theory of space-time signal
processing and the theory of antenna arrays [3,8,9]. The
main problem is to detect sources of electromagnetic
radiation in the space, evaluate their coordinates, filter
useful signals from these sources in noisy environment and
define their parameters. It is well known, the phase methods
are able to detect perfectly a separate source of
electromagnetic radiation by means of determination of its
spatial coordinates. These methods could miss their
efficiency of direction-finding in case of presence of several
radiation sources in face of an antenna array system. The
theory of spectral estimation allows us to solve this problem
by the newest theoretically-founded manner [3].

A linear equidistant antenna array on the fig. 1, the
signals of its each element are being processed separately,
is able to define simultaneously directions of arrival of
electromagnetic waves from spatially-distributed sources.
The plane waves from these sources propagating in the
homogeneous space with wave coefficient K = 27/A,,

impinge on the antenna from different

directions® =0, 0, [0, |---|0,]".
The model of the array element excitation by a set of the

plane waves, which come from different directions, can be
presented by analogy to the expression (1):

x(t)= V(O)-s(t)+ n(t).

In the case, the
X, = [X(l)(kAl‘)| X(z)(kAl‘)| o] X(N)(kAt)]T of the random
process has the meaning of instantaneous values of
currents, which are excited in the elements of linear array at

array

(13)

realization

k-th moment. The matrix V(B) of exponential
components consists of the vectors
V(Bd ) _ I:efjkhsin(ed) | o/2xhsin(0,) o] e—_/NKhsin(ed)]T . Each

of them defines signal delays on separate array elements
from separate sources. The further explanation will be made
under assumption about uniformity of amplitude
characteristic of each array elements and an absence of
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Fig.1. Impinging on a linear array of plane waves from spatially-
distributed sources of electromagnetic field

mutual influence between them.

The problem of spectral estimation for the given model
of electromagnetic waves registration by the antenna array
consists in determination of the impinging angles
A [aoa A AT
0= [91 |0, 06, |---|9D] of plane waves coming from the
separate sources. These sources can be both statistically-
independent and coherent (e.g. s,(:) = l-s,(f), where [ - is
an arbitrary complex coefficient of coherence). The effect
of coherence is caused by multipath wave propagation. If
there are some coherent waves, which come on array from

different directions, the covariance matrix B becomes
singular and does not allow described method to separate
coherent sources. To avoid this effect an estimation of
covariation matrix should be made by a method of spatial
smoothing [10]:

B- (M+1)Z 2L

P k)] T (eae)] - 0 (k)]

and forward-backward averaging:
H
f's.

A 1 K
By Z_Zxk"f + J(xka
where M - is a rank of the result covariance matrix that

J(kAt)|-+-
(14)

15
K (15)

defines maximal number (M - 1) of sources, which can be

localized separately; J - is a counterdiagonal identity
matrix.

The method of maximum likelihood (9) or (10) as well as
MUSIC method of spectral estimation (12) can be used
directly for determination of waves arrival directions on the
basis of the estimate of covariance matrix according to the
expressions (14) and (15). For example, the result of
spectral estimation of simulated data, which are received by
an antenna array from four coherent sources, is shown on
the fig. 2 for the MUSIC estimation method. As it can be
seen from the fig. 2, this method keeps ability to separate
closely located coherent sources even if measurements are
corrupted by high level noise.
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Fig.2. An example of spectral estimation by MUSIC method for

determination of directions of arrival for plane waves from four 1D = 4

O]T

coherent sources at S(d) = 22 0 = [ ° -

h=03m,hy=1m, K=10, N=30, M =19.

IV. IDENTIFICATION OF MULTILAYER STRUCTURE ON THE
BASIS OF ITS SCATTERING MATRIX ANALYSIS

One of the problems of nondestructive diagnostic [11,12]
is a determination of multilayer structure parameters on the
basis of data about frequency dependence of its scattering
matrix  coefficients which can be measured by
electromagnetic waves sensing. The process of diagnostics
of the multilayer structure sample is schematically shown
on the fig. 3. The plane wave scattering coefficient R(K)
from the surface of multilayer structure and plane wave
transmission coefficient T (K) through this structure are

established as a ratio of measured electromagnetic field in
corresponding points. Usually, registration of these
parameters is realized on a grid of discrete frequencies.

The theory of one-dimensional inverse scattering
problem [11] gives a rigorous proof of the statement that
high-frequency components of reflection R(K) and

transmission 7’ (K) coefficients of a structure, which has

discontinuities in its material parameters function from the
depth y, completely determine the character of these
discontinuities as well as parameters of the medium near
these discontinuities. On the other hand low-frequency
components of reflection coefficients can be used for
reconstruction of smooth changes of material parameters
function from the depth y [12] in the structure. In case of
the investigated structure consists of several homogeneous
dielectric layers, the dependence of reflection coefficient
and transmission coefficient from frequency (in this case,
from the free space wave coefficient K = 271:/7\.0) can be

presented in a rational form:
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Fig. 3. Determination of electromagnetic waves reflection and transmission
coefficients for nondestructive diagnostics of a multilayer dielectric
structure

T(K)= OC(IK) and (16)
R(K)=—LK)), (17)

ok
where functions in the nominator and denominator are
given by finite sums of exponents:

D
OL(K) = Zad exp(— JKz, ) and (18)
d=1
D
Bx)= b, exp(- jkz,). (19)
d=1

The coefficients a,,b,, z, are uniquely determined by
material parameters (81 € D) and thickness (y1 yD) of
the multilayer structure layers. Here D value in the
expressions (18) and (19) is directly related with the
number P€ N of layers in the structure: D =2".

Nondestructive diagnostics of multilayer structure can be
reduced to the problem [11] of determination of both the

coefficients a,,b,, z, and number P of layers. The first

step is a measurement recalculation, where two terms in the
expressions (16) and (17) are estimated as follows:

R(x)

a(x)= T(IK) and P(x)= —TK). Secondly, the structure

parameter determination problem can be efficiently solved
by means of statistic methods of spectral analysis. In order
to formalize the problem, a model of input data

X4, =6 (AK)| 6 (24K)| -+ | 61, (NAK)[

X = B, (85) 1B, (22) -+ B, (NAK)] s written by
analogy to the expression (1) in the following form:
Xkot = V(Z). sk(x + nk and,

and

(20
2n

where AKX - is a step of wave coefficient grid, on which the
measurements of reflection and transmission coefficients
are made; N - is the number of measurements during one

Xip =V(z)-s,€B +n,,

experiment; k - is a serial number of an experiment;
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Fig. 4. The spectra of the function d(K) , which are calculated by

means of discrete Fourier’s transform and the MUSIC method to detect
spectral component in scattering characteristics of a multilayer structure

Z:[Z1|Zz|z3|"‘|ZD]T, sk(x:[a1| a, || ap ]T and

Skp = [b1 | by|---| bp ]T - are the vectors of coefficients,

which characterize material parameters of multilayer
structure. In the expressions (20) and (21) the matrix of
exponential coefficients is formed of D column vectors

. . . T
V(e )=le s e e
Characterization of the physical meaning of whole

coefficients in model (1), which is developed for sensing of
multilayer structure by plane electromagnetic waves, allow

to estimate the parameters Z= [21 [Z,]125]+|2p I,

A=l a1l dy I and B=[iy | &1 5,11 5, |
by any of the presented methods of the spectral analysis.
For example, two-layered structure with the parameters
€, =50, €,=10, y, =9.4, y,=22.1 has been chosen

as a test sample for simulation. Having the simulated values
of reflection and transmission coefficient with the signal to
noise ratio 12 dB, the spectral parameter z of reflection
characteristics is determined according to the positions of
maxima in the spectrum of 6((1() function. To compare

consistency of the method, both spectrum, which is
calculated by averaging discrete Fourier's transformations
for several result experiments, and spectrum of MUSIC
method are shown on the fig. 4 at following parameters:
N=100, K=15 and M=40. As one can see on the figure, the
method MUSIC allows to achieve higher resolution of
spectral estimation in contrast to the Fourier's discrete
transformation that indicates to expediency of using
stochastic approaches to spectral analysis.
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V. ESTIMATION OF MODEL ORDER IN APPLICATIONS OF
SPECTRAL ANALYSIS

The main problem of the spectral analysis is the selection
of model order, i.e. the number of harmonic components in
a process, spectrum of which is analyzed [3]. In the applied
problems of interest, the model order (13) corresponds to
the number of sources of electromagnetic radiation, the
directions of wave arrival from which are estimated. For
nondestructive check of multilayer structures by
electromagnetic methods, a model order (20-21) and a
number of layers of the investigated structure are uniquely
related values.

There are several well known approaches to solve the
problem of model order selection in spectral analysis. The
most frequently used method is based on the Akaike
information-theoretical criteria [13] and another one is the
method of minimum description length [14]. Describing the
investigated processes as a mixture of the Gaussian noise
and several harmonious components with random
amplitudes, the estimation problem of its model
dimensionality can be treated as the problem of
simultaneous detection of several signals with the same
number. The idea of unifying both problems of detection
with constant false alarm rate [15] and spectral analysis for
localization of spatially-distributed source as well as
multilayer structures identification is developed in this
paper.

The statistical representation of registration processes of
electromagnetic field parameters in the form of the model
(1) allows to write the correlation matrix of input
information as the sum (3) of both correlation matrixes of
distorted useful signal (V(W)-s) and noise n. Using

orthogonal basis of eigenvectors, the model of the
covariance matrix (3) is given in the form'

B= 2(7“ +k)tlu +Z7»uu

i=D+1

N H 2
—zks,“si“si +0°1

i=1
iziN—Di,N - are

eigenvectors of covariance matrix B, which are i-th

. (22)

where u,, i=1LD and u,,

column of matrix U, and U,, correspondingly; A, and

A, - are eigenvalues of matrix B . The same analysis as an
:

eigenvectors decomposition can be made for estimate B of
the covariance matrix, which is obtained according to the
expression (6):

(23)

where u,, u,and A,, A, - are the estimate of

n;

eigenvectors and eigenvalues of matrix B.
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Since the covariation matrix estimator are created
according to the principle of maximum likelihood,
eigenvectors and eigenvalues, which correspond to signal
components of the process, should coincide with their

and Xsi :Xs,. for i=1,D. Thus, an

estimator for variance of noise component can be derived
taking into account the equality of the expressions (22) and
(23):

estimates U, =u,

24

The difference between models (22) and (23) is used to
write the logarithm of likelihood ratio for two events: E, -
input data corresponds to the model (22), which describes
mixture D of harmonic components with Gaussian noise of
variance 6°, and E, - input data does not correspond to

mixture of a signal with Gaussian noise. The determinant of
covariance matrixes [7], which appear in likelihood
function (5), can be simply expressed using assumptions
about character of these events:

det(B,)= (Hl)‘ j(
st ){ 15| 117

Then the logarithm of likelihood ratio can be rewritten by

—d
Z A J and (25)

l d+1

(26)

means of a ratio of the arithmetic mean of least (N —-d )

eigenvalues of the covariance matrix B to their geometric

r(d)= ln[—P(E1 ) j =
P(E,)

@7
—K(N-d)in

i

(N_ i=d+1

The obtained expression for logarithm of likelihood ratio
is a sufficient statistics for model order d . Determination
of model order in the spectral analysis problems can be
made by comparison the value r(d ) with a fixed threshold.
This approach has an essential disadvantage because of
ambiguity in selection of the threshold. To eliminate it, the
additional constraints [15] are used. Such a formulation of
the problem allows to define of constant probability of false
alarm Py, as well as to write the problem of model order

estimation in a form of one-parameter extremal problem:
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5=argmdin(2r(d)+F(d,N,K)), (28)

where the functional of constrains

F(d,N,K): y(d(NOc -d+p+6+ 2)+ G+l) depends on
the parameters:

o =1-0.0001-4/(3+2K/N),
B=(0.06-N-0.4)-n(2K/N),

oS (209,
8=—-0.145N +4 and

1o
m(loglo(PFA )+ 2)~

'Y:l_

The statistical modeling is performed to prove the
consistency of the developed approach to the estimation of
order of model. A case of the plane waves from five D =5
coherent sources of electromagnetic radiation impinging on
linear antenna array (the parameters are the same as on the
fig. 2) was simulated. The sources are located at different

angles 9=[—15° 0°]30° |45° 67°}7 relatively to the

antenna axis. The level of random component on each of
the antenna elements was defined according to condition of

the experiment. The evaluation D of the quantity of
radiation sources was made on the basis of the developed
method (28). Process of the estimation was simulated
repeatedly for fifty times to calculate the value of true

detection probability: P, =#(D = D )/ 50. The detection

characteristics in a form of functions of the true detection
probability from realization number K , which is used to
estimate the covariation matrix (6), are given on the fig. 5.a
for different signal to noise ratio of input data.

The developed approach is also applied to identify the
number of layers in the multilayer structure starting from a
frequency dependence of its transmission coefficient. For
this purpose a numerical simulation of the electromagnetic
waves scattering process for a multilayer structures with
different number of layers is carried out. The transmission
coefficient in each of the experiments was calculated for
N =100 frequency values. The result of estimation of the

layers number P by means of the developed method (28) is
compared to the real number of P layers. The probability
of correct identification of the multilayer structures was
statistically calculated. Each of the estimation procedures
uses the estimate of measurement results covariance matrix,
which is found according to the expressions (14) and (15)
for K =25 and M =40 . The resulted functions of correct
identification probability from the signal to noise ratio are
given on the fig. 5.b. As it is seen from the figure, a correct
identification of structures with a high number of layers
requires providing higher signal to noise ratio during
measurement of transmission coefficient.
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VI. CONCLUSION

The results of simulation show that discrete Fourier
transform as a mean of the processing of noisy experimental
data becomes an ineffective because of its limited
resolution. On the contrary, the investigated approach to the
stochastic solution of the spectral analysis problem allows
to obtain a quite accurate estimation of spectral
components. While space-time processing on the basis of
discrete Fourier transform of received signals by an antenna
array does not allow to separate closely-located sources of

1 T
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Fig. 5. The stochastic characteristics: a) for the estimation of a number of
spatially-distributed coherent sources, b) for the estimation of a number of
layers in a multilayer structure

electromagnetic radiation, the method MUSIC ensures their
separate detection and localization. The similar effect of
improvement of efficiency of experimental data spectral
analysis was obtained for problem of nondestructive check
of multilayer structures by means of the developed
approach.

The problem of determination of model order was
considered as the separate problem of spectral analysis
which provides the consistent estimation the number of
spectral components in the investigated process. The
measurement errors, which sophisticate the solution of
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model order determination problem on practice, indicate on
an expediency of using stochastically-founded approaches
to its solution. The developed approach, which is based on
the stochastic solution of the problem by methods of events
classification together with imposing constrain, allows to
form robust algorithm of the estimation. A small
computational complexity of this approach to estimate order
of model and a high accuracy of the obtained results points
out possibilities to implement this approach in synthesis of
antenna array processing algorithm and creation of newest
nondestructive means of multilayer structures diagnostic.
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