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ABSTRACT: Modeling a problem of nonstationary electromagnetic
wave diffraction on an infinite circular slotted cone piaced on an | Deroshenko Viadimir Alexeevich is a Cand. Sci
impedance plane is considered. The solution method is based on | (Phys.-Math), Kharkov Technical University for
using the Laplace inversion, the Kontorovich-Lebedev transforms, | Radio Electronics.

and the Riemann-Hilbert method. Representations for the Green'’s

function are obtained.

INTRODUCTION

Cone structures are canonical ones. There has been interest to problems of electromagnetic wave
seattering by cones because of their applications as cone antennas and reflectors in communications and
telemetry. There exist works devoted to problems of transient and time-harmonic diffraction by a per-
lectly conducting isotropic cone [1]. Slots on the screen surface affect the scattered fields. By changing
number of slots and their width one can control radiation patterns. Results of studying a time-harmonic
scattering wave problem for an alone perfectly conducting cone with longitudinal slots are presented n
{21 In this work the method based on using the Kontorovich-Lebedev integral transforms and an analyti-
cal-regularization algorithm for solving the Helmholtz equation for an alone unclosed cone has been

developed. The goal of the present paper is to apply this method to solving the wave equation for a slotled

cope placed on an impedance plane.

THE PROBLEM STATEMENT AND SOLUTION METHOD
(THE THIRD BOUNDARY CONDITION ON A PLANK)

The structure under consideration is a semu-infinite circular perfectly conducting cone X, with ¥

slots cut along rulings (longitudinal slots) that is placed on the impedance plane X, . In the spherical co-
ordinate system r,9,¢ the cone and the plane are defined by equations ¢ =y and 9= /2 respectively.
Ihe structure period /=2z/ N and the slot width of the cone & are angular values. The slot width is a
value of the dihedral angle formed by planes passed through the cone axis and cone strip edges.
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Problem geometry

The time-dependent Green function G(F, 7,1ty ) satisfies

i) the partial differential equation
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A“T'TJG("H‘GJJU):_(S("“"0) (t=to). (1
¢t ot
ii) the boundary conditions
G(F,P{],f,{ﬂ]\ﬁl = 0 % (2}
o B g
(G+§(r)—-61 5, =0, (3)
- n )70
5.3 . 2o B8 . - 2
where & = ¢(7) is the given tuncnon,—r is the normal derivative of the function G,
on
Ll g i oG -
iii) the initial conditions G = N =0,at t <{,. (4)
t

The solution for G(F.7.4,fy) is written as the sum of a frec-space field Gy(F.7.1.1,) and a scattered

field G (F,Fn,t,to) due to the presence of the cone and the plane

G Rtote) = GolF Tatitg)+ G,(F. 7t to)s (5)
where

= v 3 JI.l'.
GO(F,Fn,r,rO):M T=1—ty,

4?:‘}’—5"[,' ’

¢ is a speed of light in the medium surrounding the cone. We suppose, that ¢(F)=yr, x =const.
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The time-dependent Green function G(;:,F[;,r,ro) can be obtained via the Laplace inversion from the

time-harmonic Green’s function G’(F,Fh,so)

G*F, sty )= G(F,Fu,t,fﬂ)exp(— stldt,s >0 B

L

that satisfies the three-dimensional wave equation, the boundary conditions like (2) and (3)

('v i
o

¢ =0, ' (7)

I

|'(. ; A 5
(et -2 |5, =0 8
(& ~¢55" Jl= =0, ®)

the infinity condition at » — oo, and singularity conditions at the tip and slot edges.
According to (3),

G*(F, Fystp)= Gy’ (7.7, 10)+G*1(F iy, 1), (9
where
G E 1 V= exple sz{))w, = (10)
4?:’;* —roi ¢

The method for solving the stationary boundary problem for G* uses the Kontorovich—Lebedev
integral transforms

o i k- : KI’( ([)):"‘)
Fr)= ta[__f(r)»—-—.\i_r—dr, (11)
/)= j’l ‘jrsinh ETF(T)K”—J(?*F—)dE' . (12)

]

where K, (z) is the Macdonald function. The function Gi can be represented in terms of the

Kontorovich-Lebedev transform (11) and (12)

B = - Kgr)
Gy =— _I.rsu'lil ar a.;‘nfU:ir CX['}(IHE(IEJ}-‘“{‘:““*—QIT : ( 13)
=07 | 2 ol s

ap, W OBlsa) o T2 m i) Koclar),
4 coshzr L(/2+m+it) fr

Uﬂ (‘9 ) ) JPJT/E-'—JT (COS Lg).lb_“[i/: (_ COS LL}O)’ 9 < 19“.‘
T P cos )P os )8, <

Taking into account (13), we seek the function G, in the Kontorovich-Lebedev integral form [2]
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.-) +0
G == jt sinh T Z e bm—‘-j_(-—ldr (14)
I 0 fi=--ch
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By == yaeie (0059{1)R|,f2+sr(— LOS;V), 0<9 <y

[ ZU””T P”]}aﬂr(bomg)cxp( i(m —;?‘\f)gp) <29,

Uimr = b =2 (1§)
Z[ﬁ’”” P_";”f\“ (cox )+ (.,m”[ }P”fﬁ’ﬂr( co8 .9)]0){[}( (m + m\i)(p) <3 < xf2,

where @y, s By + Emn 1€ UNKNOWN coefficients, which are independent on parameter ¢ ; PM(cos 9) are
associated Legendre functions, I'(z) is a gamma-function. To determine unknown coefficients let us use
houndary conditions (7). (8) and continuity conditions for G and its partial derivatives on slots. We ar-

rive at dual series equations (DSE) for x, connected with unknown coefficients

Z Biren cxp(mf\*’m) = exp(fnm@o V) <‘r\r gp' 4 (16)
Z N1+ ) (1= 2 i oxDlin0) = DI, |Noo| <0 (17)
n=-co
where
N[“")%(’-"Em,n):CJ(QW)N : *jglm—vy (18)
. ( ) U (/2 +it+ M] 1 BM . P_A[;z_,__jr(cos ¥)

ir T tda (]/2 +iT— ) P ,KZ i (COS }’)P_J\;;z_it_(—- cos }/) ’ m "
u’
P (0)+ x— 1,!1—u (cos 9 i
H‘r_M 5 /J t dd X 7 L};;i _ (p L V)L;-;J"(] - Smlp)‘ .BE'I:’{"M.V} ‘ [ = _71'(}’;:';{' ‘
P:\142+i7(0) 7_{};1[) 1;'7_4_“.(005 '91|9=R'f2 P :

m{N =v-+mg.~1f25v < 1/2, my is the nearest iteger 0 m/N . One can verify that

\I
Epn =0 (—-——I#—P N(nﬂf);»l, (19
' kN .*‘H—V)

By using the Riemann-Hilbert problem method for a unit circle arc, we bring DSE to the system of

linear algebraic equations (SLAE) for coefficients x, _For any problem parameters the solution to SLAE
can be obtained with the reduction method and for a semitransparent cone (N >>1, (1 —d)i1<< 1) with the

iteration one by virtue (19). The inversion of G* is accomplished by procedure in [11. It follows that
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where 7(z) is the Heaviside unit function. '

ANALYTICAL SOLUTIONS
FOR A SEMITRANSPARENT CONE

['o simplify the general results we assume that the soyree point is located on the cone axis, 1.e.,
#y =0, @, =0. For a semitransparent cone that is defined by existence of the limit

. 1 1.
Jim _L¥1n(1 —d/!)J =0>0,

dfi-1
we obtain from (20)
(. r+r T

G, == = mt - O | lrtanhzol, P . \c0s:3) P_yps i \cosh bldT +
| ! | itt |2 W2+iv
4;1.?'3-;1 L & ; i

- Bl
i

[ iy A;. [ ]
e ST tanhwr ———W. P . lcos §)-P A{~cos @)|- P sy, (coshb)dr,
4nrr m\\ & } ;T e 20+4;, - " "f~+”( 05 9) '--1f2+*r( cos 9) “"ﬁ“r( )d

y<$<af2, (21)
A.f-r = = lP—l,u"2+rr(_ COS?)_ P~.Ir’2+ir (COS }’])P—lﬁﬂr (COS?) ’

char
7 s e | (22)

By using the residue theorem one can derive series representations for G, . The boundary problem
spectrum  for the semitransparent cone placed on the impedance plane is defined by roots
My =M (7,0, x) of the equation A, +20=0. One may determine these roots asymptotically for the
special types of the semitransparent cone
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1. Q<<l,
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The factor ¥, (22) in the integral representation (21) for G, describes the impedance plane effects,

THE FOURTH BOUNDARY CONDITION ON A PLANE

Let us consider the problem for finding the Green function G(P,F{,,z,rﬂ) that satisties the equation

(1), the Dirichlet boundary condition (2) on the cone, the fourth boundary condition on the plane

[ 6G 8G )

5 & = L (23)
[T 22—0|§ £, #0, (23)
L~ on .
and the initial conditions (4). Functions — and — are normal and tangent derivatives respectively.
o erey
¢ =4(n0), §1=62(n0), ==, S=a,€, +Foe, (24)

Taking into account (24) one can write (23) in the form
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| G . 8G oG ) ;
Gare, 162244, "‘f’J (25)
\ or do
Let &, =0, then (25) becomes
( _8G . _ 8G) ~ ;
~§1r+6ab, =5 =8 G :éa(ﬁ@),é'z :‘5:2(’“;09)' (26)
cd dp 0
The following cases are possible:
¢, = ¥ = const, $28, = yp = const, i (r, (p)# 0,
$ = x0wlne), x=const, &8, =, wire). 2 :const,iy(r,ga);to,
=x-8, (r,@), 7 = const, ¢, = y, = const.
Thus, (26) is reduced to
oG G
S92 20, 9=af2, (o) pel-n,a], @)
(el P

provided that 7, and y, are constant. Now suppose that the boundary condition (27) is given.
For finding the Green function G(F,f-{},r,zn) the above mentioned method can be used ((5)—(15)).
It leads to DSE for Fourier coefficients x,, , of the following form:

00

Z X exp(inN{p) = cxp(fmuga), < |Ngo‘ <,

=0

400
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These DSE (as (16) and (17)) can be reduced to SLE [2]. The solutions of SLE are obtained both
numerically and analytically.

CONCLUSION

The method for solving the wave equation for a perfectly conducting infinite circular periodically
slotted cone placed on an impedance plane is presented. Two special boundary conditions on the plane are
considered. They are the third (mixed) boundary condition and the fourth boundary condition (connection
between the normal derivative of the function and the tangent one). This method uses the Laplace
inversion, the Kontorovich-Lebedev integral transforms and Riemann-Hilbert problem method. By virtue
of it the given problem is reduced to the system of linear algebraic equations that can be solved both
analytically (for special cases of the slotted cone) and numerically. Representations for the Green function
for the semitransparent cone placed on the impedance plane with the third boundary condition are
obtained.
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