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MEASUREMENT SCIENCE FOUNDATIONS

Foundation of modern measurement science is principles of classical mechanics. They are included to some in-
ternational metrological documents. The paper shows how new fundamental results in theory of nonlinear dynamic
systems we can to apply in measurement science. General idea investigations of paper — realize influence of strange
atiracior on uncertainty measurement. It is discussed in paper how measurement science can be corrected in
nonlinear dynamic systems.
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1. infroduction dent mathematical methods. In particular, physical

models of modern measurement science, founded on

All methods for analysis of measurement re- experimentally established facts of classical me-
suits [1] based on physical models and correspon- chanics [2]. .
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Teopemuyni acnexmu euMiposans

Muin condition, which always holds in classical
mochanlcs - initial state of the mechanical system
wniyuely determines its, movement through space and
Umo, As a mathematic basis, are using ordinary differ-
sntinl cquations, which solutions described conditions
of real physical systems. From ideas of classical me-
chunics, follow two general conditions. First, the
tneasurand has a unique value [1}. Principles of New-
ioi-Laplace determinism according to which the be-
haviour of the system in time and space described by
erdinary differential equations. Second, measurement
precislon is determined initial conditions of the meas-
nrement experiments.

In dynamic systems may be not only regular mo-
liona but chaotic, non-regular behavior too. This type
of aystom behavior are describing by a difference
equations and well known in literature [3-6]. One type
of wolutions describes deterministic periodical behav-
lor In time while other type of solutions describes
chuotic non-regular behavior.

Modern development of measurement science
gonnected with measurement tasks solutions in non
linewr dynamic systems, for example, in medicine,
sconomy and social area.

{n this report, we present results of investigation
mathematical and physical foundations of non-linear
dynamical system and its influence on measurement
rosults. We discuss how to take into account strange
suractor as a inside fluctuations in systems, based on
mnthematical description of chaotic behavior in real
nystems.

Fundamental condition which is underlaid meas-
urement science consists in connection of the state of
{he dynamic system (motion in space and in time) from
Initial conditions.

Physically the initial condition of the dynamical
syatom is known in final area of phase space.

Therefore a uncertainty, in which the value of
monsurand is set, is determined through the uncertainty
of task of initial conditions of measuring experiment.

On another hand, following a theorem about local
existonce and unicity of decision of the system of
usunl differential equations [7], a physical value, de-
scribed these differential equations, has the unique
value, determined initial conditions.

[f the system is steady, its conduct is predictable
and, consequently, can be drawn on the results of
measurings as objective description of the system on
time of prediction domains,

Those, which in phase space are described as the
steady attracting special points or steady, attracting
trajectories, behave to the stable states (simple
attractors {7]).

Mathematically the stable states in phase space
are described as a knot or focus., The estimation of
properties of motion of the dynamic system near-by

which is related to the roots of characteristic equation
[71.

Well known methods of analysis measurement
results used in the dynamic systems only for those real
states which in phase space correspond simple attrac-
tors, i.e. for those situations which the subzero real
parts of roots of characteristic equation.

By analogical appearance, in the dynamic system
the state of which is described a steady trajectory (for
example, limit cycle), measurement are executed in
area of attraction of trajectory in phase space.

As early as the middle of the last century, picture

of chaos, as about an irregular casual process in the ... ...

physical systems associated with the condition of exci-
tation of very plenty of degrees of freedom. Exactly
this model always was in basis of methods of estima-
tion of error and uncertainty of measurement. It is
necessary to take into account that correctness of
methods of results estimation is based on stationary
and ergodic casual processes.

Nevertheless, yet the first fundamental researches
[3 - 5] of mathematical and physical basis of casual
processes resulted in interesting results. To explaining,
that in the dynamic systems for providing of statistical
equilibrium «stitring» properties which consist in
dependence trajectory of motion of the dynamic sys-
tem in phase space from initial conditions must be
realized.

A small rejection in initial conditions results in
the substantial difference of possible trajectories of
motion. Thus, first it was possibility of influence of
conduct of the dynamic system is well-proven on
properties of casual processes.

Since 60th of past century it was strictly well-
proven as a result of numerous {and above all things
mathematical) researches, that & casuval conduct can be
registered in the fully determined systems with the low
degrees of freedom.

Mechanism, which is responsible for the casual

conduct of the determined system, consists in local =~ -

instability of the system which together with dissipa-
tion results in the stable state of this system in the final
volume of phase space.

This state is characterized the difficult non re- -

gular mode of conduct in the limited area of phase
space which names-this by the determined (dynamic)
chaos [8].

Nature of dynamic chaos is investigated in dissi-

pative [9] and conservative [10] systems. The principle - -

difference of the dissipative systems from conservative
consists in existence of attracting sets - strange attrac-
tors {11].

A strange attractor is a set in phase space to
which trajectories are attracted from the vinicity of this
set, but on a set motion has unsteady character expo-
nentially
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The purpose of the real work was further devel-
opment of measurement science {12 — 15], for provid-
ing of correctness of measurement in the conditions of
strange attractor.

It is in-precess rotined that the methods of esti-
mation of uncertainty of measurement can be based on
the high-quality theory of differential equations and
used for the analysis of measurement results in the
nonlinear dynamic dissipative systems.

2. Measurement basis in
Nonlinear dynamical systems

Examining the dynamic system as purpose of
measurement task, follows as equation of measurement,
this binds a measurand to other parameters, to use the
decision of mathematical model of the dynamic system.

Dynamic system the parameters of which it is
planned to measure, is usually described by n — dimen-
tion system of differential equations (1), which has an
analytical decision

8o an

a X=1X), 1ty
where: X =(X;,X5..X,) set of dynamic variables,
characterizing the state of the dynamic system;
f=(f,,f;..f,) vectorial function, usually it is smooth
[4] and certain in part of phase space.

_ A measurement task in the dynamic system makes
sense only in the case when there are the stationary,
steady and attracting states.

Mathematical description of the state of the dy-
namic system near-by the special points, carried out by
the Lyapunov method [7].

A feature of analysis of measurement results in the
dynamic systems, being near-by the special points re-
lated to the law on which a return of the system is in the
stable state. '

Near-by a stationary attracting point, it is
necessary to take into account indignations systems,
conditioned an external noise.

Transforming variables in equation (1), it is possi-
ble near-by a steady point to rewrite equation which will
describe motion of the system near attracting point and
which can be used as equation of measurement, The size
of rejection n is for this purpose entered, on condition

that = X-X® <<X© We will take into account that
on the conduct of the dynamic system an additive exter-
nal noise influences near-by a point - X@

The most simpie equation, describing the dynamic
system near-by a steady point in phase space, is linear
equation of Langeven {16)

%n - An+ol), @

with initial conditions n{0) = Ag and @(0)=®,. Sign

Ul

of index «~A » demonstrates the conduct of the system
near-by a steady point. In the conditions of absence of
noises the change of size n(t) is described expres-
sion n{t) = Ag exp(—it) .

Equation, describing the conduct of the dynamic
system, looks likeX =X + Agexp(~At). For time

t= }{L the system from the perturbative state goes back

into the stable state X = X@ .
Fluctuations of size np under the action of random

forces (t) are described expression
t P P ......_...
= demexp-Mt-1}. ()
0

Clearly, that the pattern of temporal behaviour of
process n(t} will be also determined speed of retuming_
in the stable state, i.e. by a size A.

If to examine casual forces as a sequence dclta
functions, destroying the system from the state of steady
equilibrium, expression for n{t) simplified

n(t) = Id‘l: Y (1 =1y )exp{~A(t-1)} =
0 m=l “4)
= Z exp{~A(t- ‘rm)}
m=l
Thas, if the task of measuring of size x© s put,
on results measuring of size ' X it is possible to set the
area (great number) of valves which can be added, to
the probed size.
Statistical variation, measured valies of size X,
there is a set X; at 1<i<N. Mean value of the

measured sizes

= — x T — r. +X(o)
§ Z ' S ®
=n(t; 9

"I‘he mean value of measurands differs from the
value of the stable state on the average of deviation

from the stable state
The mean value of size of deviation from a
stationary value in times of supervision of T is -
determined

L

' IT
()= famco -
. . 6)
— Idt j'dup(r) exp{-A(t-1)}.

Ty %

Thus standard uncertainty of type A is determined

T S o
=J§: [een@-@p*. @
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3. Measurement basis
in the fleld strange attractor

Rising of moasurement task is in the dynamic
tyntam, helng in a statc of the determined chaos has a
virve of funtuires,

At first, on results preliminary researches exis-
(snes of the mode of strange attractor is set {17 — 21}

Kevondly, sll fixed values of measurand corre-
spond the real siato of the system.

Thindly, under the uncertainty vagueness of
meanuring result tho size of attracting great number of
#tirmetor lo understood in phase space.

Hxperimenta! researches of the chaotic modes of
the dynamic system are carried out by treatment of
lemparal rows of resuits of supervisions, registered for
perind of time much greater what characteristic time of
sirange atiractor,

The mothods of analysis of temporal rows, in-use
for the study of chaotic motion [8], allow determining
suoh desoriptions as a fractal dimension, indexes of
L.yspunov, entropy and investment dimension [11).

A temporal row of results of supervisions is a se-
quence of values x(t), got through a temporal inter-
valt, 4 =to+(i-Dv, x;=x{t;), i=1,.,N. For
resanroh of structure of strange attractors on the tem-
pural rows of supervisions of F. Takens [22] mathe.
malically developed and grounded a vehicle on the
basls of application of vectors of delay.

This method uses expression for a cross-
gotrelntion integral

Cpy®) = P;Tﬁ’il;l’_ze(g_|y§m)_y§m)l), (®)
where © — Hevisaid function; £ — distance between
the points of set on an attractor; Iygm) - ygm)l - modul
of distance between two points i and j set, formed
on principle

m~1
Iygm) = ng)| =JZ (%i4n — Xjen )2 -

n=0

Elements x; are the results of initial supervisions

on which a size m is formed in phase space of dimen-

( Yi(m) = {X; X415 Kiym-1} )-

Analysis of unidimensional temporal row, got as
a result of successive in time registration of values
probably or a strange attractor with the use (8) allows
to define the dimension of space of investment — M,
fractal dimension ~ D,

For strange attractors there always is such
maximal value ¢ exceeding of which does not result
in the increase of value of cross-correlation integral
Ce) [23).

sion y'™

The use of cross-correlation integral allows set-
ting existence of the mode of strange atiractor; there-
fore there must the first step be a calculation of cross-
correfation integral at implementation of measurings
and estimation of uncertainty.

It is important for a measurement experiment,
that the dynamics of conduct of the probed system is

" such, that if in initial moment of time (t=0) the un-

certainty of position of phase point of the system is
characterized Q. , through the protracted enough in-
terval of time, size of area in which a phase point of
the system can be and move, increased to the sizes of
strange attractor. '

To carry out the estimation of size of area as it
applies to the looked after parameter it is necessary to .
take advantage of temporal rows of results of supervi-
sions.

In area of strange attractor the casual conduct of
the probed size is conditioned the unsteady dynamics
of conduct of the system, therefore for the estimation
of uncertainty of measurement it is necessary to be
based on a mathematical model which describes the
trajectory of motion.

As, to build an analytical model for the nonlinear
dynamic system, in most cases, practically, it is impos-
sible, therefore for the estimation of vagueness of
results of measurings can be used, or results of nu-
meral design or resuits x;of experimental supervi-

sions,
If at the calculation of the extended unceriainty
U the interval of credible values of measurand is set,
in the case of sirange attractor the estimation of uncer-
tainty u is executed on the maximal scope of the
looked after sizes : _
b R

Actually, the maximal diameter of unidimen-
sional great number of results of supervisions can be
examined as a basic estimation of uncertainty of meas-
urement.

u=

4. Conclusion

Examining from single positions the methods of .
analysis of measuring resulis in the linear and nonlin-
ear dynamic systems, the features of influence of con-
duct of the dynamic systems were in-process exposed
on the results of measurings,

A main feature, got results, consists in that with
their help it is possible correctly to conduct the analy-
sis of results of measurings in any dynamic systems of
being both in a state of simple and strange attractors.

If the stable state is described a maximum cycle
or steady focus, the estimation of results is carried out
taking into account attracting properties of the stable
states.
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In that case, when the stable state is a strange at-
tractor, the analysis of results of measuring experiment
must be executed taking into account the sizes of at-
tracting great number of attractor.

At measuring of one of parameters of the dy-
namic system, a vagueness is determined in size pro-
jections of section of set on the axis of the probed
parameter.

Advantage of similar estimation of results of
measurings consists in that is set interval of values
which the probed variable accepts casual appearance

In dynamic systems such, as biological, medical
and economic interests the interval of possible values
which the probed size can accept in certain terms.
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OCHOBH BUMIPIOBANBHOT HAYKM
10.71, Mavexin

Ocroeoi0 cyNacHO! SUMIDIOBARLHOE HAYRM € npuxyunyu xaacusnol sexawixu. Bowu exawoueni & Odesxi mincnapooxi
Memponoziuni doxymenmu. Y pobomi noxa3ano, Ax Hoai gyroamenmanshi pezyaomamu é meopit wesinignux Qurnamivaux cuc-
MeM MONCRO 38CMOCosyeamu y eumipioaanoniti wayyi, Newepanvua iden docaidncents cmammi — yreiOoMIenna enaugy ougHoza
AMMPAKIMOPAa Ha HEGUINAVEHBICME GUMIDIORaHL, Y cmammi 062080DI0EMbER, RK XOPE2ZYEAMIE GUMIPIOSARLHY HAYKY & HeRlHitinux
QUHAMINHILX CUCIIEMAX,

Kniouoai cnoea: weninitini Ouxamivii cucmemy, QUEHUL ammpamop, HesUIHAYERICMb,

OCHOBM M2MEPHTENIBHOM HAYHM
1011, Mauexun

Ocrogoil cospeMentoll UIMEPUMERLHONE HAVYKE AERRIOMCA RPURYURDE KAACCHYECROT Mexanury. Ou exaouensl 6 HEKOMOo-
prie  MexcOyHapodneie Memponozuieciue doxymenmu. B pabome noxasanc, Kax Hosbie @yHOGMENmMaRbNbie  peIyAbMamMsl
& Meopul HEAUNEIIHBIX OUHAMUNECKIUX CUCTEM MONCHO NpUMENsmb € uMepumensroll nayxe. Neneparonan udes uccredosanti
CHIGMEN — OCOINAHUE GIUAHUR CIPANKOZO AMIMPARMOpA Ha Heonpedeanocmn uzmepenuii. B cmamve obcyacdaemcs, xax xop-
PEKMUPOSOMs UIMEDUMERLEYIO HAVKY @ HEAUNELIHBIX OUROMUYECKHUN CUCHIEMAX.

Kmoueene cosa: nenuneiinbie OUNAMUYECKIE CHCTIEMYE, CIMPARHBLE QMMPAKMOP, HEORPEOEREHHOCTID.
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