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O CTOXACTHYECKOM OIITUMAJIBHOM YIIPABJIEHUU
JECKPUIITOPHOM CHCTEMOM

Annoramus. VccienoBaHa 3ajada ONTHMAJIBHOTO YIPABJICHUS JECKPUITOPHOU
CHCTEMOH, 3BOJIIOLUIO KOTOPOH OIKMCBIBAIOT CTOXACTHYECKUM UG depeHInaIbHO-
anreOpandeckuM ypaBHEHHEM B cMbIcie MTo. PaccMoTpeH KBaapaTHUHBIN (yHK-
uoHan kauyectBa. OCHOBHOE OIpaHMYEHHE COCTOUT B TOM, YTO XapaKTEPUCTH-
YEeCKHH IyYOK MAaTpUIl, COOTBETCTBYIOIIUH YpPABHEHUIO, SBISETCS PETYISAPHBIM.
VYCTaHOBNICHBl YCIIOBHUS CYIIECTBOBAaHUS W EAMHCTBEHHOCTH ONTHMAJIbHOIO
YIpaBJICHUS U COOTBETCTBYIOILEIO ONTUMAJIBHOIO COCTOSAHUS. PesynbraThl WIi-
JIOCTPUPYIOTCS HA MPUMEpPEe CTOXACTHYECKON NECKPUITOPHOW CHCTEMBI, ONHUCHI-
BalOIIEeH IEPeXOJHbIC PEXHUMBI B PAAUOTEXHUYECKOM QHIBTPE CO CIyYailHBIMH
BO3MYIIEHUAMH B BHJE OEJOro IIyma.

KnroueBble cioBa: croxacTnueckoe audQepeHnnanIbHo-aIredpandeckoe ypaBHe-
HHE, BHHEPOBCKHMU CIIydallHbIH MHPOLECC, KBaJPaTUYHbIA (YHKIMOHAT KauecTma,
CTOXaCTHYECKOE ONTHUMANbHOE YIPABICHNE, PAaAMOTEXHWYECKHH (uiIbTp, mepe-
XOJTHOHM PEXKHUM.

B Hacrosiieit paboTte mpooipKalTCs UcCiieoBaHus, Hadatbie B [1, 2], KoTOpbIe
OTHOCSITCSI K TEOPUH JECKPUNTOPHBIX CHUCTEM YIIPABICHUS W €€ MPHUIOKEHHSIM.
Ecnmu cuctema ymnpaBieHHs MOJBEpraercsl cay4ailHbIM BO3MYIIEHHUSM, TO Hauboiee
MPUEMJIEMBIM TTOJIXOJIOM MOJICIIMPOBAaHMsI TAKUX BO3MYIIEHHH CUMTACTCSl TIPOIECC
OpoyHOBCKOro mBwxkeHus [3,4]. B pe3ynmprate ypaBHECHHEM MOIETH SIBISICTCS CTOXAC-
THdeckoe auddepeHansHoe ypaBHenue B cmbicie Urto. Ecim ciydaiineie Bo3My-
IICHUS TPETEpPIIeBAeT IUCKPETHAsi MOJEIb, TO MPUMEHSIOTCS CTOXaCTHYECKHE DPa3-
HOCTHBIE YpaBHEHUS, HalpuMep, Kak JUIsi KOH(IMKTHO-YIPABISIEMOM CHCTEMBI U3
padotel [5]. Hanmuuue ciydaliHbIX BO3MYINEHHH B JECKPUITOPHBIX CHCTEMax OITH-
ChIBACTCSl C TOMOIIBIO CTOXAaCTUYECKUX NU(B(epeHINANbHBIX YpaBHEHHI, HE paspe-
IICHHBIX OTHOCHTEIBHO CTOXaCTHYECKOro aud@epeHnnana UCKOMOTO CIy4aiHOTro
npouecca [6—8]. B maHHO cTaThe mpeanaraercs aHaiu3 3aJadyd CTOXACTHYECKOTO
ONTHMAJIBHOTO YTPABJICHUS JIECCKPUIITOPHOW CHCTEMOH, KOTOPBIH JEMOHCTPUPYETCS
Ha NpuUMepe 3aJlaud MUHUMH3aluM (QYHKIHOHAJIA YHEPTUHM PaJUOTEXHHUYECKOTO
¢unpTpa ¢ y4eToM CIy4YalHBIX BO3MYIICHHUH.

Beenem o0o3HaueHUs: < -, -> — CKaJSIpHOE MPOU3BEJCHHE, || || — HOpMa, E —
IMHIYHAS. MATPHIA HAIGKAIICH pasMepHocTH; B — TpaHCIOHHPOBAHHAS MATpH-
1la WO TPaHCIIOHWPOBAHHBIA BekTOp; {Q,F,P} — TOIHOE BEPOATHOCTHOE MPO-
CTPAHCTBO C HEYOBIBAIOIIUM CEMEHCTBOM curma-anredp {F;}g<;<yr (Fy < F, CF,

0<s<t<T); w(t) — BUHEpPOBCKHil Tpouecc co 3HadeHusMM B R™2, BhIxomsmuii
W3 HyJIs M COTJIACOBAHHBIN ¢ ceMelcTBOM curma-anredp {F,}; L, (0,7;R") — mpo-
CTPaHCTBO BEKTOP-QYHKIMI co 3HaueHusMH B R”, cyMMUpyeMBIX ¢ KBaapaToM HOp-
Mel Ha [0,7]; Wzk (0,7;R") — mpoctpancteo CoGoneBa BeKTOp-QyHKIMI 13
L, (0,T;R"), y KOTOPBIX 0GOOUIEHHBIE TIPOM3BOAHBIE [0 MOPAAKA k BKIFOUHTENHLHO
npunamexar L, (0,7;R™); H, (Q;R") = H, — rwib6epToBo NpOCTPaHCTBO 1-Mep-

HBIX CIIyYaiiHbIX BenuuuH § = &£(w), IMCIOMINX KOHEYHBII aGCOMFOTHBI MOMEHT BTO-

© JLLA. Bnacenko, A.I'. Pyrkac, B.B. Cemenen, A.A. Yuxpwuii, 2020

42 ISSN 1019-5262. Kubepnerrka u cucteMHbIi aHanu3, 2020, Tom 56, Ne 2



poro nopsitka M ||&] |2 <00, CO CKaSPHBIM HpousBencHueM < &7 >y =M< E,n>;

ecin F(y — curma-oanre6pa curma-anreOpst F, 10 H, (Q; R ; F(y ) — noampoctpanctso
npoctpancrea fH,, cocrosimee H3 [(-U3MEPHUMBIX CIyYalHBIX BEIUYHH;

L, (0,T;Q;R") =L — TWIBOEPTOBO MPOCTPAHCTBO #-MEPHBIX U3MEPHUMBIX CITY-

2,(2,R"
qaiiHbIX mponeccoB x(f,w), 0<¢<T, w €}, yIOBIETBOPSIOUIUX YCIOBHIO
T

J. M||x(t,a))|\2 dt< 0, CO CKaJIpHBIM TPOU3BEICHHEM

0

<X, y>L2Q

s

T
= j Mc< x(2), y(¢) > dr;
RH
0

L, (0,T;Q;R";F,))=L COCTO-

n’

— MOIIPOCTPAHCTBO IIPOCTPAHCTBA L
2Q’R", Ft p p p p 29

>

slIee U3 HEYNPEKIAOUIMX CIyYailHbIX MPOIECCOB IO OTHOLICHHIO K CEMEHCTBY
o-anredp {F,}o<;<y. PyHKIUH U3 WZ] (0,T;R") 6GyneM cuuTaTh HENpPEPLIBHBIMH Ha

[0,T], u3MeHMB uX, ecnu HEOOXOJAMMO, HA MHOYKECTBE HYJIEBOW Mepbl. OpToroHanbHas
npoekumst [1y(7) cmydaitnoro mpouecca 1(t) € L, (0,T; Q;R") na moanpoctpancTBo
L, (0,T; Q;R";F,) npu nouru Beex ¢ €[0,7] eCTh yCIOBHOE MATEMATHYECKOE OKH-

nanne M[y(t)| F,] ciydailHOi Benn4uHbI )(f) OTHOCHTEIBHO CHIMa-anredpnl [;.

1. IOCTAHOBKA 3AJIAYU HA INPUMEPE PAJMOTEXHHUHYECKOI'O ®UJIbTPA

B kauecTBe mpumepa CTOXaCTMYECKOH IECKPUITOPHOM CHCTEMbI yNpaBleHHs pac-
CMOTPUM DIIEKTPUYECKYIO IIeTb, M300pakeHHYI0 Ha puc. 1.

Ha Bxoj mienu BO3JIEHCTBYIOT J1Ba MCTOYHMKA HampsokeHus: e(t) = e(f,w) — 3a-
JAHHBIN cioyuyaiiHelii mponecc; u(f) = u(f,w) — Clay4daliHBIM TPOLECC, KOTOPBIHA
sBIsIeTCs yrpasineHueM. [lapamtensHo ¢ emkocTsiMu Cy, C BKITIOYEHBI ITPOBOIUMOC-
TH g1, g, . [locnenoBaTeabHO ¢ HHAYKTUBHOCTBIO L BKIIFOUEHO OMHUYECKOE COMPOTHB-
nenue 7. CirydaiiHble BO3MYIICHUS, KaK IPUHATO B PAIMOTEXHHYECKUX CUCTEMaX, Y4H-
TBIBAIOTCSI C TTIOMOIIIBIO OEJIoro IIyma, T.e. 0000IIEHHOI MTPOU3BOIHON W' (1) BUHEPOB-
ckoro nporecca w(t) [9, 10]. JlaHHYIO CHUTyalui0 MOJEIUPYEM B COOTBETCTBHU CO
CII/YIONIEH POy poil: B TU(epeHIInaTbHbIC COOTHOIICHHS MEX/Ty TOKAMHU W Ha-
MPSDKEHUSIMHU QJJIMTUBHO BXOJAUT Oenblii mrym w'(¢):

L]i =UL +TLW,(Z), CjUbj =1Cj +chW’(t), j=1,2. )
l"f; !'.'('_
TR le; I
(r|"?{'r ('rz w'
o Iy Iy L [ }
A0
l LT ]

tf!,LxJ)C) ¥ G)H[L;‘)

Puc. 1. Cxema pagHOTEXHHYIECKOro (GUIBTpa
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C yderom TOrO, YTO O€NBIA IIyM — 00O0OIIEHHAs MPOW3BOJHASI CIyYaHHOTO IPO-
mecca M Kak oOblYHAs (yHKIMA He CYLIeCTBYeT, cooTHouieHus (1) mepemnumem
B BHUJE CTOXAacTHYeCKHX uddepeHnranoB, Kak NIPUHITO B TEOPHUH CTOXACTUYECKUX
mudepeHIaNbHBIX ypaBHeHu [11]:

Ldl; (t)=U(t)dt +Tdw(t), CdeC/ (1) = IC,» (t)dt +7¢, aw(t), j=L2. (2)
CornacHo 3akoHam Kupxropa m Oma JjIsi TOKOB M HANpPSOHKEHHH HUMEeM

Ie, +lg =lc,+1g +1;, Uc +Up+U, = Uc +Uc, +u=e,

U,=rl, Ig/:ngC/_,j:LQ. 3)

B coornomenusix (1)~(3) nomaraem: L, 7, C ;, g ; — HONOXHATEIIBHBIC MOCTOSH-

HBIE, T;,Tc. — BECOBBIE KOI((HIMEHTHI, ONPEAENAIONINE BEIUIUHBI BO3ACHCTBUH
J

Oenoro mrymMa Ha COOTBETCTBYIOLIME MHEPLHOHHBIC dieMEHTH. COCTOSHUE DJICKTPH-
YeCcKO! LM XapaKTepu3yeT TPEXMEPHBIN ciryuyaiiHbiil mporecce x(¢) = x(¢, w), cocTos-
HII/II\/'I n3 «OHEPTETHYCCKUX)» KOMIIOHCHT, COOTBCTCTBYIOHNHNX HWHCPIUOHHBIM
JIIEMEHTaM:

x(0)=x(t,0) =, (1) Uc, () U, ()" @

BrImosHUB 04eBUIHBIE TIPEOOpa30BaHusl HaJl COOTHOLICHUAMH (2)—(4), moIydyum
CHUCTEMY TpeX YpaBHEHUIl OTHOCUTEIBHO «IHEPreTHUECKHX» KOMIOHEHT (4) Ha
otpeske Bpemenu [0, 7]

Ldl (1) +Uc, (t)dt +r1  (t)dt = e(t)dt +7 dwi(2),
CdUc, (1)=CrdUc, () =1 (D)dt +gUc, ()dt =g Uc, (1)dt = (T, —T¢,)dw(1),
Uc, (+Uc, (t) = e(1) —u(1). Q)

[lepBeie nBa ypaBHeHHs cToxacThueckue auddepeHnraIbHbIe, a TPETbe — aireo-
pamdeckoe. B HadanbHBIE MOMEHT BpeMeHHU ¢ =0 3aJaHbl 3HAYCHHS

LIL (O’ (1)) = 51 ((l)), ClUCI (Oa (l)) _CZUC2 (0’ LU) = 52 ((D), (6)

rne &,§, — ciydaiiHple BeNMUYHMHBL. 3agaya CTOXACTHYECKOTO ONTHMAaIbHOTO
ympaBieHus cucteMoid (5), (6) cocTouT B BBIOOpE BXOIHOTO (YNPaBISIOLIETO)
HaMpsDKeHUS u(), pealu3yronero MUHUMYM (YHKIIHOHAJA SHEPTHH WHEPIMOHHBIX
JJIEMEHTOB M YIPaBJICHHS

T
J(u)=M j [Lzrj(z)wlué1 (t)+C2U§2 () +u? (£)]dt . (7)

B o6o3HaueHusx

L 0 0 ro1 0
A=0 C; -C,|,B=|-1 g -g |
0 0 0 0 1 1
e(t) 0 T,
f@=| 0 |, K=| 0|, 0=1¢, 7, 8)
e(t) -1 0
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HavalbHYH0 3an1ady (5), (6) mepernuiieM B BEKTOPHOH (OpMe OTHOCHUTEIBHO COCTOS-
Hust x(t) (4):

d[Ax(t)]+ Bx(t)dt = f(t)dt + Ku(t)dt + odw(t), 0<t < T, )

Ax(0,0) = E(w). (10)

B oTnuuume oT COOTBETCTBYIOLIEH PagMOTEXHHYECKOW Monenu u3 padorst [10]
croxactuyeckas mozeib (9), (10) sBisieTcss JECKPUNITOPHON B CHITY BBIPOXKJICHHOCTH
MaTpUIBl A.

Onurcanne MaTeMaTHYECKUX MOJEIICH TeTiel ¢ OTpe3KaMu JJIMHHBIX JIMHAHA U CO-
CPEIOTOYEHHBIMH 3JIEMEHTaMHU INPUBOJUT K JECKPUITOPHBIM CHCTEMaM C 3ara3/bIBa-
HueM [12, 13]. Yuer ciayyaitHOTo BO3CHCTBUS HA 3JIEMEHTHI 3TUX IENeH MOIeTUpyeT-
CS CTOXAaCTHYCCKUMHU JECKPUIITOPHBIMH CHCTEMaMH C 3amasnblBaHueM [7].

2. HOCTAHOBKA 3AJJAYM CTOXACTHYECKOI'O OINTHUMAJIBHOIO

YIIPABJIEHUA JECKPUIITOPHOU CHUCTEMOU

PaccMoTpuM 3aady CTOXaCTHYECKOI'O ONTHMAJIBHOIO YyIpaBileHus cucremoil (9),
(10) B Oosee oOmieli cutyanuu, koraa 4 U B — BelIeCTBEHHbIE MaTPHUIbI Pa3MEPOB
nxn, K 1 0 — BCIIECTBEHHBIC MATPUIIBI Pa3MEPOB 11X 1 U N X M, COOTBETCTBCHHO,
f(t) — n-mepHBII cityyaiiHblli mponecc, u(t) — myj-MepHbIl CcllydalHbIN Ipolecc
(ympaBnenue), w(t) — m,-MEpHBIH BHHEPOBCKHUil mporece, & — n-MepHas ciydaii-
Hasg BenwuuHA. (1 omeHKHM KadecTBa ympasieHus cuctemoint (9), (10) ompemenmm
(dyHKIIOHAT

T
J () = MY [[< Rx(1), x(1) > +< Nu(t), u(t) >]d 1, (11)
0
rae R, N — BEIIECTBEHHBIC MATPHILI PA3MEPOB 11X 1, My X mj.

Jlonyctumomy ynpasienuto u(t) eU =L, (0,T; Q;R™!; F,) moctaBum B coot-
BETCTBHE COCTOSHHE CHCTEMBI X () = X (#; 1) WM peleHne HadyanbHOH 3anauu (9), (10).
Oycts f(t,w) €L, (0,T;Q;R";F,), EeH,(Q;R";Fy). Cnayuaiinblii npouecc
x(1) €Ly (0,T; QQ;R"; F,) siBsiercss pemienreM HavaibHOW 3amaun (9), (10), ecim

CIIpaBCJINBO PABCHCTBO
t t
Ax(z)—§+j3x(s)ds=j[f(s)+1<u(s)]ds+aw(t), nB. 1€[0,T], weQ. (12)
0 0

ENVMHCTBEHHOCTD pElICHUS! CTOXAaCTHYECKOTro IU(PEepeHINATFHOIO YpPaBHEHHS II0-
HUMAETCS C TOYHOCTBIO JIO CTOXACTHUYECKON sKBUBaneHTHOCTH [11].
3asaya CTOXacTUYECKOrO ONTHUMAIILHOTO yrpaBieHus cuctemoit (9), (10) 3axito-
4aeTcs B HAXO0XKJICHUM MUHHUMYyMa
min J(u) (13)
uelU
¢ynkimonana kadectsa J(u) (11) Ha cocrosHmsx x(t) =x(¢;u) cucremsl. YIpaBieHAE

u, €U, Ha KotopoM pocturaerca munumym (13), te. J(u,)= mlrl} J (1), HazoBeM
ue

ONTUMAITFHBIM YTIPABJICHUEM, a COOTBETCTBYIOIIEE €My cocTosHue X, (¢)= x(t;u,)
cucremsl (9), (10) — onTUManbHBIM COCTOSIHUEM WJIM ONTHMAJbHBIM PEIICHHEM.
[Ipu wccnenoBaHUM CUCTEM YNPABICHHS TMPUHIMITAAIBHBIM SIBIISETCS TIPEICTaB-
JIEHWE COCTOSHHS CHCTEMBI, JOMyCKalollee aJJUuTUBHOE BXOXKIEHHE OJIOKa ympasiie-
HUs, Hanpumep B [14] v st cuctem Oonee obmiero Buja B [15]. Onumiem perieHust
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x(t) = x(t; u) HavanbHOU 3amaun (9), (10) mpy pa3TUYHBIX JOMYCTHUMBIX YIPABICHUSIX
u(t) eU. Ha ntuHaMuUKy AE€CKPUIITOPHONW CHCTEMBI CYIIECTBEHHOE BIHMSIHUE OKa3bIBaeT
XapaKTEepPUCTUUECKUH My4dOoK MaTpun uiau omeparopos [16]. [ns cuctemsr (9), (10)
TaKUM My4KoM siBisiercst A4 + B. Hanbosee yacto mpejanonaraercsi, 4To CHCTEMa pery-
JSIpHA, T.€. PErYJSIPHBIM SBJISETCA XapaKTePUCTUUECKUH My4OK (ONpeaenuTesb mydKa
Kak (DYHKIHSA OT A TOXIECTBEHHO He oOpalmacrcs B HONB). B manpHeiimem Oymem
IpearnonaraTb, 4ro aeckpunropHas cucrema (9), (10) perymsapua. Ha ocHoBanuu unc-
ClIeZIOBaHMH, HAa4aThIX B paboTax [1, 2], mpeanonaokeHue peryaspHOCTH IO3BOJSET
BBECTH B PACCMOTPEHHE CIICAYIOUINE MaTpPHUIIBL:

I :L§>(/1A +B)Y'di, G=AI(A-B)+B,
Zm'y

D=-AIBG™', H=(E-AAG™, (14)

rne Y — KOHTYp, OIPaHWYMBAIOIIMN BCE COOCTBEHHBIC YHCIA XapaKTEPUCTUYECKOTO
Mydka. 3aMeTHM, 4To Marpuna / BemlecTBeHHas, MaTpulsl A/ u [A TPOEKIMOHHBIE,
Matpulia H HUIBIOTEHTHAs C WHAEKCOM HUJIBIIOTEHTHOCTH V.

B cnenyroueli TeopeMe ycTaHaBIMBAEM YCIIOBUS, IPU KOTOPBIX PEryJisipHas 3a1a-
4a (9), (10) omHO3HAYHO pa3peninMa, a TAaK)Ke MPUBOIUM SIBHYFO (POPMYITY JUTS OTTHCA-
HUSl COCTOSTHUM JECKPUIITOPHON CHUCTEMBI WJIM PEUICHWH JaHHOW 3aJayu.

Teopema 1. Ilycts s perynsipuoit cuctemsl (9), (10) BBIIONHEHBI CleayONUE
npeanonokenns: f(t,w)el, (0,T;Q;R";F,); EeHy(Q;R"; Fy); ecan unnekc
HUJIBIIOTEHTHOCTH v MaTpuilbl H Ooublie 1, TO NeTepPMUHUPOBAHHBIMH SIBJISTFOTCSI BEK-
top (E—AIE wu Bexkrop-byuxums Hf (t,w)=h(t) € sz 0, 7;R™), j=1,...,v—1;
CIIPABE/IMBBI OTPAHUYCHHSI

v—1 - d J X
HK =0, Alo =0, (E—-Al)§= Z(—I)J —[H’ h(0)]. (15)
j=0 dt’
Torma nnst moboro momyctumMoro ympasieHust u(t) €U ¢ TOYHOCTBIO JIO CTOXacTHYec-
KOW SKBUBAJICHTHOCTH MOXKHO OIPENIENIUTh €IMHCTBEHHOE cocTosiuue cuctemsl (9), (10),
KOTOpOE JIOMyCKAeT MPE/CTABICHUE B BHJE (DOPMYJIbI BapHUalMK MTOCTOSHHBIX

t
x()=x(tu)=p(t)+G ! j P9 AIKu(s)ds+[E — AIKu(t),
0

t
p()=G~! G‘leDfA1§+jeD("S>A1f(s)ds +
0

=1 g ) t 16
+G7H Y -1/ d—jj[Hf(E—AI)f(t)]+JeD(’_S)adw(s). 1

J=0 dt 0

t
CroxacTU4yecKuil MHTEerpan j eP (t_s)odw(s) B (dopmyne (16) moHumaercs
0
B CMbICJIE HMHTerpaiga MTo 1o BEKTOPHOMY BHHEPOBCKOMY IPOIECCY.
Joxa3zaTenbcTBO. B wacTHOM ciydae v =1 yTBepKIeHHE TeOpeMbl | MOKHO TI0-
JYYUTh U3 COOTBETCTBYIOLIMX PE3YyJbTATOB PabOTHI [6], MPEANOI0KUB, YTO BCE MPO-
CTpaHCTBAa KOHEYHOMEPHBI. PaccMOTpHM OOIIYFO CUTYalHIO ¥ > 1 1 ONHIIEeM CXeMY JI0-
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KazarenbcTBa TeopeMsl 1. [Tockonbky marpunst A/ u /A SBASIOTCS MPOSKINOHHBIMH,
pemrenue x(t) 3ampaqn (9), (10) qormyckaer npeicTaBieHUE B BUAE CyMMBI ABYX KOMIIO-
HeHT x(7)=1Ax(t)+(E —14)x(¢), a ypaBHeHHe (12) SKBHBaJIEHTHO CHCTEME JABYX
YpaBHEHUH

t t
GlAx(1)— AIE = j DGIAx(s)ds + j AILf (s)+ Ku(s)]ds + ow(t), (17)
0 0
t t
HG(E —IA)x(t)— (E — AD)E + j G(E - I4)x(s)ds = j (E — AD[f (s)+ Ku(s)]ds. (18)
0 0

KomnonenTa /4x(t) — pemenne ypaBaenus (17) Torma u TOIbKO TOT/A, KOTHA
ciyuaitablii mponecc y(¢) = GIAx(t) sBIseTcs pelieHHeM clielyoneid HayalbHO! 3a-
Jlaqyl JUIsl JIMHEHHOTO CTOXACTHYECKOro TU(QEpPeHIINATIbHOTO YPABHEHHS:

dy(t) = Dy(t)dt + AILf (t) + Ku(t))dt +odw(t), 0< t < T, 3(0)= AIE.

JlanHas HavalbHas 3a/a4a UMEET €IMHCTBEHHOE PELICHHE, KOTOPOE SIBISIETCS CHUIIb-
HBIM coryiacHo TepmuHoioruu [11], m aTto pemenue 3amaercst Gpopmynoit

t t
(1) =P AIE + j P9 ATLf (s) + Ku(s)]ds + j P9 gaw(s). (19)

0 0
C nomouipto ypaBHeHus (18), yuuTsiBasi, 4TO ¥ — HMHIAEKC HUJIBIOTEHTHOCTH MaT-

punbl H W crpaBeminBO TEpBOe paBeHCTBO B (16), 0AHO3HAYHO HAXOAWM KOMIIO-
HeHty (E —1A)x(¢) B BHIE

v—1 . j .
(E—-14)x(t) = G~! Z(—l)] d—JJ[HJ (E—-AD)f()]+[E - AlKu(t) |. (20)
j=0 dt

Ortcrofa mosTyyaeM HeobxoanMoe orpanndenue B (15) Ha ciaydaiinyto Bemmunny & (10).

C yuerom (19) u (20) 3aimouaem, uto HavanbHas 3aj1a4a (9), (10) nmeer eaUHCTBEH-
HOE pelieHue x(z) = G [»(¢)+(E —1A)x(t)], xoTopoe npencTasisiercs B Buze (16).

Teopema mokazaHa.

Dopmyta Uit COCTOSTHAN cucTeMbl (16) He OXBaTBHIBAET CTOXACTUYECKHX CHCTEM
C UMITYJICHBIM YIPaBJICHUEM, HHTEPEC K KOTOPBIM BBI3BIBAIOT MCCIEJOBAaHMS, Haya-
Thle B paborte [2]. Yuer ciay4ailHOM M UMIYJIBCHOH COCTaBISIIOIIMX B [6] TIO3BOJISET
00CITy’)KUTh CTOXaCTHYECKHE UMITYJICHBIE CHCTEMBI, €CITH MHICKC HUJIBIIOTEHTHOCTH V
MaTpuLbl H JECKpUNTOPHON CUCTEMBl paBeH €IMHMLE WM CHCTEMa SIBJIeTCA SIBHOIA,
T.€. YPaBHEHHE CHCTEMbI Pa3pelIeHO OTHOCUTENBHO nuddepeHuana cCoCToSHu. DTO
3aMeuYaHHe YKa3blBaeT Ha METOJA MCCIIEAOBaHMUSA HMIIYJIBCHBIX cucteM u3 [17-19]
C YYETOM CIIyYailHOTO BO3JCHCTBHUS B BHJC QIJAMTHBHOTO OEJIOro MHIyma.

3. PEHIEHUE 3AJAYN CTOXACTHUYECKOI'O OIITUMAJIBHOI'O YIIPABJIEHUSA

B pabotax [6, 7] mpeasio’)keH METOJ HCCIEAOBAHUS 3a/la4d CTOXaCTUYECKOTO OITH-
MaJILHOTO YNPAaBICHUS C KBaJPAaTHYHBIM KPUTEPHUEM KayecTBa IJIS PacHpe/IeiIeHHBIX
CHCTEM, HE pa3pemIeHHBIX OTHOCHTEIBHO cToXacTuueckoro nupdepennmana dx(t).
Paciimpum JaHHBIA METOA Ha Cilydyail COCPEIOTOYEHHBIX JECKPUINTOPHBIX CHCTEM,
9BOJIFOIIMOHHBIC yPaBHEHUS KOTOPBIX PACCMATPUBAIOTCS B KOHEYHOMEPHBIX IIPO-
cTpancTBax. B ormnmume ot pabot [6, 7] 3mech HE HanaraeM HUKaKUX OIpaHUYEHUMH
Ha obpaTHyro Mmarpuily (A4 +B)_1, a WCCIIEIOBAHMS TPOBOAVM B BEIECTBEHHBIX

MIPOCTPAHCTBAX.
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Teopema 2. [Ipeanonoxum, 4to i peryisipHoit cuctems (9), (10) cnpasemiu-
BbI TIpeanosoxenus Teopemsl 1. Ilycts matpuiel R, N B onpenesieHud (pyHKIHOHANA
kadyecTBa (11) ABISIOTCS HEOTPUIATENFHO OMpENeNeHHbBIMU H, Oojee Toro, N > ak,
a >0. Torga cymecTByeT eIMHCTBEHHOE ONTHMAIbHOE yHpasienue u, (¢) €U, Ha Ko-
TopoM jgocturaercst MuHuMyM (13) dynxnuonana xadectsa (11).

Joka3zaTenscTBo. [Ipencrasnm ¢ynkmmonan (11) xax kBagpaTH4IHYyO (opMmy,

ONpeJieNieHHy 0 Ha THIb0epToBOM TpocTpancte U = L, (0, T;Q; R™1; F,). Cryuaii-
eIl ipouece ¢(¢) B (16) — snement mpoctpanctsa X = L, (0,7;Q; R"; F,). Beenem

OTPAaHWYCHHBIN JIMHEWHBIN OmepaTop

t
(Y2)(1)=G~! j P9 AIKv(s)ds+[E — ATNKz(1) b, ¥:U — X,
0

U €ro CONpPSKEHHBIN

T
(¥ y)(1t) = Hj (G P D YK y(5)ds+[G ™ (E — ADK]" (1), ¥*: X > U.
t

@opmyna (16) mast COCTOSIHMS CHCTEMBI TPUHUMAET BU]L

x(tu) = (Yu)(1) +(1).
CnenoBarenbHo, (ynkimonan J(u) (11) momyckaer mpencTaBieHHe

JWw)=< R(NYu+¢), Yut+p>y +< Nu,u>y. 21

C mOMOIIBIO CaMOCOMPSDKEHHOTO OTPaHWYEHHOTO JIMHEHHOTO OIepaTopa

O=N+¥"RY:U U 22)
BhIpaxkeHue (21) 3amminem Kak

J(u) =< @u,u>y +2< ¥ Rp,u>y +< Rp, o>y .

Oneparop @ (22) wumeeT OrpaHUYEHHbIM JIMHEHHBIH OOpaTHBIM omepaTop
@ ':U > U, m1s HOPMBI KOTOPOTO CIIPABE/UTMBA OLCHKA ||(I)_1\|S a ! Henocpen-

CTBCHHO HpOBepﬂeM, qTO JId praBHeHI/IH
— *
u, =—0 "W Rp (23)
npu Bcex u €U cnpaBeuIMBO HEPABEHCTBO

JW)=J(u, ) =< O(u—uy ), u—u, >y = a\|u—u*||2U.
Orcioga cnemyer, uro ynpasieHue (23) sBISCTCS €IMHCTBEHHBIM OINTHMAIIbHBIM
ympasnenueMm 3agadn (9)(11), (13).

Teopema nokazana.

B nanbHelinem mpejnoiaraeM, 4To BbIIIOJHEHBI YCIOBUS TEOPEMBI 2, TApaHTUPY-
IOIIHME CYNICCTBOBAHUE W CJIMHCTBEHHOCTh PEICHHS 3aJIa4d CTOXACTHUYECKOTrO OITH-
ManbHOTO yrpaeneHus (9)—(11), (13). OpueHTHpyYsICh HA CXEMY HCCIIEAOBaHUS pac-
npeaeneHHpXx cucteMm [20], ompenennuM COMPsDKCHHOE COCTOSHHUE

T
p(6)=[(GT1ePCT AN Rx(s)ds +[G ™ (E - AD)]" Rx (D).
t
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COHpH)KeHHOG COCTOSAHUE — C€AHMHCTBCHHOC pemeHHe COl'IpH)KeHHOfI CHUCTCMBbI
di[(AlA)“ p(O]-BY p(t)=—Rx(t), 0< t < T, (A14)" p(T)=0. (24)
t

VYpaBHenue (24) sBisieTcs quddepeHaabHo-aIreOpandeckuM ypaBHeHHEM CO CITy-
YyaifHOl mpaBoi wacThtio —Rx(f,w). Ero pemieHns — ciydaiiHble TIPOIIECCHI

p(1) €L, (0,T;R™) P-m.u. taxue, uro (AIA)" p(t) e Wzl (0,T;R") P-mL.H. u ypaBHe-

HUe ynomierBopsercs P-m.H. anga n.B. ¢ €[0,7].
Bripazum onTtuManpHOE YIpaBIICHHUE Yepe3 COMPsDKEHHOE cocTostHue. HetpymHo
BHUJETh, YTO COOTHOIICHUE
Nu+¥ " Rx(u)=0

BBIMOJTHIETCS. TOTNIA U TOJBKO TOT/A, KOTJa ¥ — ONTHMAaJbHOE YIpaBJICHHE, & X —
ontuManbHoe coctosiuue 3amadu (9)—(11), (13). Orcioga moirydaem mpeacTaBlieHHE
JUISL ONTUMAJIbHOTO YIIPaBJICHUS

ux =—N 'K TIp(2). (25)
[Tosromy [UIsi ONTUMANBHOTO pelieHust ypaBHeHHE (9) MpUHUMAET BUJ
d[Ax(0)]+Bx(t)dt =[ £ () - KN 'K "TIp(t)|dt + odw(t), 0<t<T.  (26)

CnpaBeiuBa Clemyromasl Teopema.

Teopema 3. IIpeammonoxum, 9To CIPaBEIUBEI IPEAION0KEHUS TeopeMbl 2. Tor-
na kpaepas 3azmava (26), (10), (24) umeeT €OMHCTBEHHOE pELICHUC
x(£)=x,(1) €Ly (0,T;Q; R"; F,), p(t) €L, (0,T;Q; R"). Yupasnenue (25) sBiusier-
Csl ONTUMANBHBIM YIpPAaBICHUEM, a QYHKUUS X, (f) — COOTBETCTBYIOLIMM ONTHMAJIb-
HBIM cocTtosHueM 3amaun (9)—(11), (13).

4. IPUJIOXKXEHHUE K UCCJIEJOBAHUIO OIITUMAJIBHBIX NEPEXO/IHBIX PEKMMOB
PAJJAOTEXHUYECKOTO ®UJIHTPA
[lpumennM moONMyd4eHHBIE B pasl. 3 pe3yJbTaThl K IOCTAaBICHHOH B pasn. 1 3amade
CTOXAaCTHYECKOI'0 ONTUMAJIBHOIO YIPABICHUS NEPEXOAHBIMH PEKUMAMHU PaJuoTeX-
Hudeckoro QuiubTpa. Hamomuum, 4uto cucrema (5), (6), onuchiBaromas nepexoHbie
pexxumsl, Jomyckaer npexacrasienne (9), (10) B obosznauenusix (4), (8). @ynkumo-
Han sHepruu (7) npexacrasnserca B Buae (11) ¢ marpuueit R =diag {L,C;,C,} u
yucnom N =1 Ilyctb e(t) €L, (0,T; Q4 R; F,), §1,6» € Hy (Q; R; Fy). Kiace no-
ITyCTUMBIX YTPABICHUN (BXOJHBIX HANpPsDKEHWUH u(f)) COCTOUT W3 CIyYallHBIX TPO-
neccoB U =L, (0,7;Q; R; F}).

Cucrema (5), (6) siBIIsieTCst peryIsipHO B CHIIy PETyJISIPHOCTH XapaKTepuCcTHIeC-
KOTO OIpeNeTuTes

det(A4+B) = (/1L+I")(1C12 +g12)+1#0, Cp =C; +C>,

812 =81 +82, uCpp =Crg1 -C1g;.

Martpurner B (14) mpuHUMAOT BHJ

1o —%2 n , -G
Ci2 o1 L L

AT=[0 1 |, GTl=| 01 Gy,
00 0 210 -1 u+c
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—I"Clz —-L FCZ +ILLL

Cip  —gnl wulg)p-C,
0 0 0

D

CLCp,

Marprua H HyseBast ¢ HHAEKCOM HubroTentHOCTH ¥ = 1. Iyets € = (£, &, 0)".

Jis cuctemsl (5), (6) ¢ pyHKIIOHATIOM 3HeprHH (7) BBIOJHEHBI YCIOBHS TeopeM 1-3.
B cuity Teopemst 1 st mo6oro gomycrumoro ynpasienus u(t) €U cocrosiaue x(t) (4)
OMpeJeNsieTCs OJHO3HAYHO B SIBHOM BHJIE

15(1) . C,C;) 0
Uc, (1) |= (Fu) @)+ (1), (Fu)(©) =G [P w u()ds—Cp,)| €5 Ju(o),
Uc, (1) 0 0 Gy
&) C2C1_21 ! L
(p(l‘):G7l P! &, +J‘eD(lfs) —-u e(s)ds+J.eD(t*S) Tc, —T¢, dw(s) |+
0 0 0 0 0
0
+C Oy |e). Q7
G

CormacHo TeopeMe 2 CYLIECTBYET EIMHCTBEHHOE ONTUMAaJbHOE YIpPaBJICHHE
u, (¢t) €U (23), Ha xotopoM pocturaercss MuHUMYM (13) dyHKnuonana suepruu (7).
Torma nns toka /; n HanpsbkeHuidt U c U ¢, ¥X ONTUMAJIbHBIC COCTOAHMS Ip«(t)n
Uc,* (2), Uc,x (¢) ompenesnsitorest ¢ nomouipo Gopmyn (27) npu u =u, (25):

u=u, =— & "W diag{L Cy,Cy ), (02)(1) = 2(1) + (¥ *diag{L,C}, C; }¥2)(0),

T
("0 =M|[(G P UK ys)ds|F, |=C 1 [Co 32 (0)+Cry3 ()],
t

OnrtumanbHOE yIpaBleHHE M ONTHMAJIbHOE COCTOSIHUE MOYKHO HOCTPOUTH, Kak
B TeopeMe 3, MepexoJOoM K CONPSHKEHHOMY COCTOSIHUIO

n) r LI;(s) 0
p(t)=| pa (1) |=[(G'PC0Un| CUC, (s) ds+CC{ﬁ 0
p3(t)) CyUc, (s) 2 U, (0+U¢, (1)
1 CONPSIKEHHON CHUCTEME
LI (1)
%[A“p(t)]—B“p(t)} ClUc, (1) |, 0<1<T, p(T)=py(T)=0. (28)
CUc, (1)

3amuiem ypaBHeHHE (20) AN PagHMOTEXHUYECKOW CHCTEMBI
Ldl (t)+Uc, ()dt +rl (t)dt = e(t)dt +T pdw(?),
C1dUc, ()=CrdUc, (1) =1 ()dt +g\Uc ()dt =gy Uc, (D)dt = (T, —T¢,)aw(t),
Uc,(D+Uc, (1) =e())+M[p3 ()| F,], 0<1<T. (29)
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B cuny Tteopembl 3 cymecTByeT €OUHCTBeHHOoe peuenue [ (1) =1« (1),

UCl (?) =UC1* (1), UC (?) =UC2>;= (t), p(t) xpaepoii 3agaum (29), (6), (28). ITo dhopmy-

Jie (25) HaXoMM ONTUMAJIbHOE YTIPaBIIAIOLIee Hanpsbkenue u, (f,w) =M [ ps (t,w)| F,].
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JI.A. Baacenko, A.I'. Pyrkac, B.B. Cemeneup, A.O. Uukpii
PO CTOXACTUYHE OINTHUMAJIbHE KEPYBAHHSI JECKPUIITOPHOK) CUCTEMOIO

AnoTamisi. JocnijpkeHO 3a1ady ONTHMAIbHOIO KEPYBaHHS JECKPHITOPHOIO CHC-
TEMOIO, €BOJIOLII0 AKOI OMUCYIOTh CTOXaCTUYHUM IU(epeHLianbHO-anredpaiuHum
piBHSHHAM y ceHCi Ito. Posrmsanyro kBaapatwdnuil dyHkiionan skocti. OcHOBHE
OOMEXKEHHSI IOJArae B TOMY, IO XapaKTePUCTHYHUH >KMYTOK MAaTpHIb, KU
BIJIMIOBila€ PIBHAHHIO, € PETYSIPHUM. BCTaHOBICHO YMOBH iCHYBaHHS Ta €JH-
HOCTi ONTHMAJBHOTO KEPyBAaHHS Ta BIANIOBIAHOTO ONTHMAIBHOTO CTaHy. Pe3yb-
TaTH UIIOCTPYIOTBCA Ha MNPUKIAIl CTOXAaCTHYHOI JIECKPHIITOPHOI CHUCTEMH, IIO
OIUCYE TIEPEXiNHI PEKUMH y PaAiOTEXHIYHOMY (IIBTpi 3 BUIIAJKOBUMH 30ypeH-
HSAMH Y BHIJISI OL7IOTO IIyMmy.

KarouoBi caoBa: croxactuuHe nudepeHIianbHO-anredOpaiyHe piBHAHHSA,
BIHEPOBCHKHII BHITQJIKOBHH MHPOIEC, KBaJpaTHYHUK (DYHKLIOHAN SIKOCTi, cTOXac-
THUYHE ONTHMaJIbHE KEPYBaHHS, PaliOTeXHIYHHH (IIBTP, MEpexXiAHHN PEXKUM.

L.A. Vlasenko, A.G. Rutkas, V.V. Semenets, A.A. Chikrii
ON THE STOCHASTIC OPTIMAL CONTROL OF A DESCRIPTOR SYSTEM

Abstract. We study the optimal control problem of a descriptor system, whose
evolution is described by Ito’s differential-algebraic equation. The quadratic cost
functional is considered. The main restriction is that the characteristic matrix
pencil corresponding to the equation is regular. We establish the conditions for
the existence and uniqueness of the optimal control and the corresponding
optimal state. The results are illustrated on an example of a descriptor system
that describes transient states in a radio technical filter with random perturbations in
the form of white noise.

Keywords: stochastic differential algebraic equation, Wiener random process,
quadratic performance functional, stochastic optimal control, radio technical
filter, transient state.
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