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Abstract. Reproducing Kernel Hilbert Space (RKHS) 
for Series Summation that allows analytically obtaining 
alternative representations for series in the finite form is 
developed.  
Keywords: Hilbert space, reproducing kernel, RKHS, 
series summation method. 
Introduction.  To increase efficiency of solving of 
computational tasks there are used mathematical 
co-processors, which implement most efficient 
ways of computing equations, integrals, differen-
tial coefficients, ets. It is obvious that after discov-
ering of new methods of increasing computation 
accuracy and decreasing computation time it is 
necessary to re-implement mathematical co-
processors or use new generation of IP-cores in 
PLD, Gate Array, ASIC designs. The method of 
reduction of computation of certain types of series 
to exact function that is widely used during calcu-
lation of parameters of high radio frequency de-
vices was presented in [1-4]. This method decrease 
computation time of such tasks in tens and hun-
dred times and its inaccuracy is equals to zero. 
The purpose of the investigation is verification and 
testing Series Summation Method in RKHS for 
modelling radio electronic devices. 
Investigation Essential. Using Theorem 3 from 
[1] we can prove the new identity: 
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Also we can check the correctness of this equality 
numerically. Figs. 1 and 2 show graphical com-
parison and uncertainty respectively. 
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Fig. 1. Results of comparison for eq. (1) at a=3,5: curve 

1 – the exact result, curve 2 – series summation 

−2 −1 1 2
x

0.05

0.1

0.15

0.2

Abs

 
      Fig.  2.  Absolute uncertainty (error) of eq. (1)  

For alternating series, the following relations are 
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=
−

−∑
∞

=1k nn
k

ka

)k(kF)1(  

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

=−=
π−

π

==
π

π

=
π

π

=
−

.,...3,2p,1p2n,
asina)1p2(

)a(F

;,...3,2,1p,p2n,
asinpa2

)a(F

;1n,
asin
)a(aF

p

2p2
(2) 

for any )x(F  from RKHS, 0a > , ,...3,2,1a ≠ . 
To prove of the following identity 
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we can apply (2). Also we can illustrate this result 
numerically (see figs. 3, 4). Fig. 3 shows two over-
lapped curves for the parameter 5,2a = . The 
graph of the function on the right-hand side of (3) 
is depicted with the bold curve and that of the left-
hand side with the thin curve. Fig. 4 demonstrates 
the absolute uncertainty. 
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     Fig.  3. Results of comparison for formula (3)  
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Fig. 4. Absolute error 

There is the following formula for alternating se-
ries in RKHS 
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Let's represent a numerical proving of the formula 
(4) at )x(J)k(F k= , 5,6a1 = , 5,3a2 = . Fig. 5 
shows exact values of function and the approached 
values of series which are received by the formula 
(4). The diagram of an absolute error is resulted on 
fig. 6. 
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Fig. 5. Results comparison for (4) at )x(J)k(F k=                              
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Fig. 6. Absolute error by (4) at )x(J)k(F k=  

 
 
 

Let's represent a numerical proving of the formula 
(4) at )kxsin()k(F = , 5,2a1 = , 5,3a2 = , 

π<<π− x . Fig. 7 shows exact values of func-
tion (bold curve) and the approached values of 
series (thin curve) which are obtained by the for-
mula (4). The diagram of an absolute error is dem-
onstrated on fig. 8. 
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Fig. 7. Results comparison for (4) at )kxsin()k(F =                                 
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Fig. 8. Absolute error by (4) at )kxsin()k(F =  

Note: for periodic functions a sine and cosine all 
considered formulas are true in interval 

π<<π− x . Further it is necessary to take into 
account its periodicity. 
Let's consider the formula (4) at )kxsin()k(F = , 

5,2a1 = , 5,3a2 = , π<<π− 3x . In this case 
we can use (4) at π<<π− x , but right-hand side 
of (4) should be multiplied by (-1) at π<<π 3x , 
namely: 
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π<<π 3x . 
Fig. 9 shows exact values of function (bold curve) 
and the approached values of series (thin curve) 
which are obtained by the formula (5). The dia-
gram of an absolute error is demonstrated on Fig. 
10. 
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Fig. 9. Results comparison for (5) at )kxsin()k(F = , 

5,2a1 = , 5,3a2 = , π<<π− 3x  
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Fig. 10. Absolute error by (5) 

               
Conclusion 
Thus, it was obtained numerical results that show 
the correctness of suggested method.   
We can direct the following areas for applications 
of Series Summation Method in RKHS: 
– exact summation of series; 
– solving summatory equations and its systems; 
– solving integral equations and its systems; 
– solving integral-summatory equations and sys-
tems of complex form; 
– proving integral identities. 
Mentioned areas can be used at solving some prob-
lems of: antenna theory; diffraction theory; elec-
trodynamics and can be useful at Soft-
ware/Hardware implementations. 
• Advantages of this method consist of:  
─ application of equivalent transformations to the 
common member of a series, that enables to obtain 
the analytical solution for smaller quantity of 
steps;  
 
 
 
 
 
 
 
 

─ in absence of necessity to use the tables of in-
tegral transformations and to use the integration in 
complex area.  
• The application of obtained results of RKHS-
theory for solving the boundary electrodynamics 
problems gives possibility to simplify known meth-
ods and to receive on their basis the analytical 
solutions, that is represented as essential for the 
further numerical experiment;  
• New mathematical results for solving the sum-
matory and integral equations are obtained by 
proving some theorems. 
• The obtained results can be included into the 
reference mathematical library and implemented 
into Mathematics program products, MathCAD, 
Math Lab means. It can be useful for scientists, 
engineers, mathematics at solving the different 
problems [5, 6].  
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