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ÔÈËÜÒÐÀÖÈÎÍÍÛÕ ÒÅ×ÅÍÈÉ

ÑÈÄÎÐÎÂ Ì.Â., ÑÒÎÐÎÆÅÍÊÎ À.Â.

Ðàññìàòðèâàåòñÿ çàäà÷à ðàñ÷åòà ôèëüòðàöèîííîãî òå-
÷åíèÿ æèäêîñòè ïîä íåêîòîðûì ãèäðîòåõíè÷åñêèì
ñîîðóæåíèåì. Ïðåäëàãàåòñÿ ïðèáëèæåííûé ìåòîä åå
ðåøåíèÿ, îñíîâàííûé íà ñîâìåñòíîì ïðèìåíåíèè
ìåòîäà R-ôóíêöèé è âàðèàöèîííûõ ìåòîäîâ.

1. Àêòóàëüíîñòü èññëåäîâàíèÿ

Çàäà÷è ðàñ÷åòà äâèæåíèÿ æèäêîñòåé â ïîðèñòûõ
ñðåäàõ èìåþò áîëüøîå çíà÷åíèå ïðè ïðîåêòèðîâà-
íèè ðàçëè÷íûõ ãèäðîòåõíè÷åñêèõ ñîîðóæåíèé. Äëÿ
ðåøåíèÿ ýòîãî êëàññà çàäà÷ ìàòåìàòè÷åñêîé ôèçè-
êè èñïîëüçóþòñÿ ðàçëè÷íûå òî÷íûå è ïðèáëèæåí-
íûå ìåòîäû: ìåòîä Ôóðüå, âàðèàöèîííûå ìåòîäû,
ìåòîäû òåîðèè ôóíêöèé êîìïëåêñíîãî ïåðåìåííî-
ãî, ìåòîä ôèêòèâíûõ îáëàñòåé. Îäíàêî äëÿ êàæäî-
ãî èç ýòèõ ìåòîäîâ èìåþòñÿ ñóùåñòâåííûå îãðàíè-
÷åíèÿ, ñâÿçàííûå ñ ãåîìåòðèåé îáëàñòè, ïîâåäåíè-
åì êîýôôèöèåíòà ôèëüòðàöèè è ïðî÷åå [1, 2]. Â
ñâÿçè ñ ýòèì ðàçðàáîòêà ïðèáëèæåííûõ ìåòîäîâ
ðåøåíèÿ ýòîãî êëàññà çàäà÷ ÿâëÿåòñÿ àêòóàëüíîé.

2. Ïîñòàíîâêà çàäà÷è

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ýôôåê-
òèâíûõ ÷èñëåííûõ ìåòîäîâ ðàñ÷åòà ôèëüòðàöèè
ïîä ãèäðîòåõíè÷åñêèìè ñîîðóæåíèÿìè. Ðàññìîò-
ðèì çàäà÷ó äâèæåíèÿ íåñæèìàåìîé æèäêîñòè ïîä
ãèäðîòåõíè÷åñêèì ñîîðóæåíèåì (ïëîòèíîé). Íà
ðèñ. 1 ïðèâåäåíà óñëîâíàÿ, íî äîñòàòî÷íî îáùàÿ,
ñõåìà ôèëüòðàöèè. Çäåñü D  – îáëàñòü ôèëüòðàöèè,

1D – ïîäâîäíàÿ ÷àñòü ïëîòèíû (ôëþòáåò), 4 –
ãðàíèöà âîäîíåïðîíèöàåìîé îáëàñòè, 5  – øïóíò.
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Ðèñ. 1. Îáùàÿ ñõåìà ôèëüòðàöèè

Ñòàöèîíàðíàÿ ôèëüòðàöèÿ íåñæèìàåìîé æèäêîñòè
îïèñûâàåòñÿ â ðàìêàõ ëèíåéíîãî çàêîíà Äàðñè
óðàâíåíèÿìè
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h)x(ku , Dx ,                (2)

ãäå u  – ñêîðîñòü ôèëüòðàöèè; )y,x(k  – êîýôôè-

öèåíò ôèëüòðàöèè; 
g
pyh  – ïüåçîìåòðè÷åñêèé

íàïîð; p  – äàâëåíèå;  – ïëîòíîñòü æèäêîñòè, à
g  – óñêîðåíèå ñèëû òÿæåñòè.

Â ïëîñêîì ñëó÷àå y,xx  èç (1), (2) ñëåäóåò
óðàâíåíèå äëÿ íàïîðà:
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y
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Ïðè ÷èñëåííîì èññëåäîâàíèè çàäà÷è óäîáíåå îò
óðàâíåíèÿ (3) äëÿ íàïîðà )x(h  ïåðåéòè ê óðàâíå-
íèþ äëÿ ôóíêöèè òîêà )y,x(  ñ ïîìîùüþ ñîîò-
íîøåíèé

yx
h

)y,x(ku x ,               (4)

xy
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Òîãäà äëÿ ôóíêöèè òîêà ïîëó÷èì óðàâíåíèå

,0
y)x,y(k

1
yx)x,y(k

1
x

D)x,y( .(6)

Äîïîëíèì åãî ñîîòâåòñòâóþùèìè ãðàíè÷íûìè óñ-
ëîâèÿìè. Íà ïðîíèöàåìûõ ó÷àñòêàõ ãðàíèöû 1
è 3  ðàñ÷¸òíîé îáëàñòè D  ñòàâÿòñÿ îäíîðîäíûå
óñëîâèÿ âòîðîãî ðîäà:

0
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31

.                (7)

Óñëîâèå (7), êàê ñëåäóåò èç (4) è (5), ñîîòâåòñòâóåò
ïîñòîÿíñòâó íàïîðà íà 1  è 3 . Âîäîóïîð 4 ,
ôëþòáåò 3  ñî øïóíòîì 5  âîäîíåïðîíèöàåìû,
ïîýòîìó íîðìàëüíàÿ ñîñòàâëÿþùàÿ ñêîðîñòè u  íà
ýòèõ ó÷àñòêàõ ãðàíèöû ðàâíà íóëþ. Ýòî ïðèâîäèò
ê òîìó, ÷òî íà 3 , 4  è 5  ôóíêöèÿ òîêà
ïðèíèìàåò ïîñòîÿííûå çíà÷åíèÿ. Äëÿ îïðåäåë¸í-
íîñòè ïîëîæèì, ÷òî

Q
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Âåëè÷èíà Q  çàäà¸ò îáùèé ðàñõîä æèäêîñòè.

Îñíîâíûå òðóäíîñòè, âîçíèêàþùèå ïðè ðåøåíèè
çàäà÷è (6)-(9), ñëåäóþùèå: íåîäíîðîäíîñòü ãðóíòà
(êîýôôèöèåíò ôèëüòðàöèè )x,y(k  çàâèñèò îò êî-
îðäèíàò), ãðàíèöû i , 4,...,1i  – êðèâîëèíåé-
íû, íàëè÷èå øïóíòà 5 , êîòîðûé ìîæåò áûòü íå
åäèíñòâåíåí.

3. Ìåòîä ðåøåíèÿ

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è (6)-(9) áóäåì
ïðèìåíÿòü ìåòîä R -ôóíêöèé (ïóñòü øïóíò 5
îòñóòñòâóåò). Âûäåëèì îáëàñòü  (ïåðåñå÷åíèå

L|x|  c D ), âíå êîòîðîé ôèëüòðàöèÿ íåçíà÷èòåëü-
íà. Íà áîêîâûõ ãðàíèöàõ  ïîñòàâèì óñëîâèå

0Lx .                   (10)

Ïðåäïîëîæèì, ÷òî èçâåñòíû ôóíêöèè )y,x(1 ,
)y,x(2 , )y,x(3 , )y,x(4 , òàêèå, ÷òî:
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1) 0)y,x(
i
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2) 0)y,x(i

ïðè        Lx)()y,x(
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j ;     (12)

3) 1
n

i
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Òàêèå ôóíêöèè âñåãäà ìîæíî ïîñòðîèòü ñ ïîìî-
ùüþ àïïàðàòà òåîðèè R-ôóíêöèé [3].

Òîãäà ôóíêöèÿ
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îáëàäàåò ñâîéñòâàìè: 0
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QLx1 4
, íà 31  ïðèíèìàåò, âî-

îáùå ãîâîðÿ, ïðîèçâîëüíûå çíà÷åíèÿ.

Çíà÷èò, çàäà÷ó (6)-(10) ìîæíî çàïèñàòü â âèäå
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Â [3] ïîêàçàíî, ÷òî êðàåâûì óñëîâèÿì
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íà 31 ,  íà 1 , ïðè 0a , 0  ïîëó÷àåì
ñòðóêòóðó ðåøåíèÿ çàäà÷ (15)-(17) â âèäå
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ãäå 21,  – íåîïðåäåë¸ííûå êîìïîíåíòû,
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Íåäîñòàòêîì ñòðóêòóðû (20) ÿâëÿåòñÿ å¸ ãðîìîçä-
êîñòü è íàëè÷èå äâóõ íåîïðåäåë¸ííûõ êîìïîíåíò

1  è 2 . Ðåøåíèå çàäà÷è (16)-(18) ìîæíî óïðî-
ñòèòü, åñëè ó÷åñòü, ÷òî óñëîâèå (18) – åñòåñòâåííîå.

Ëåãêî ïðîâåðèòü, ÷òî ôóíêöèÿ
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óäîâëåòâîðÿò óñëîâèÿì (4) è (5). Òîãäà â çàäà÷å (3)-
(5) ñäåëàåì çàìåíó:
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Ââåä¸ì â ðàññìîòðåíèå îïåðàòîð êðàåâîé çàäà÷è
(21)-(24), äåéñòâóþùèé â 2L  ïî ïðàâèëó:
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Ïóñòü îïåðàòîð (27) – ýëëèïòè÷åñêèé íåâûðîæäåí-
íûé. Â ýòîì ñëó÷àå ìîæíî äîêàçàòü [4], ÷òî
îïåðàòîð À – ïîëîæèòåëüíî îïðåäåë¸í, óñëîâèå (24)
– ãëàâíîå, (25) – åñòåñòâåííîå. Çíà÷èò, ôóíêöèÿ u
ìîæåò áûòü íàéäåíà êàê ìèíèìóì ôóíêöèîíàëà

)f,u(2)u,Au( .

Òîãäà ñòðóêòóðó ðåøåíèÿ êðàåâîé çàäà÷è (23)-(24)
ìîæíî âçÿòü â âèäå:

)xL(
L2
1u 22

42 ,      (29)

ãäå  – íåîïðåäåë¸ííàÿ êîìïîíåíòà.
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Äëÿ àïïðîêñèìàöèè êîìïîíåíòû  âîñïîëüçóåì-
ñÿ ìåòîäîì Ðèòöà. Çàìêíóâ ìíîæåñòâî AD  â
ìåòðèêå, ïîðîæäåííîé íîðìîé
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x
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ïîëó÷èì ýíåðãåòè÷åñêîå ïðîñòðàíñòâî AH  ñî ñêà-
ëÿðíûì ïðîèçâåäåíèåì
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Âûáåðåì ñèñòåìó êîîðäèíàòíûõ ôóíêöèé 1 , 2 ,
... , n , óäîâëåòâîðÿþùóþ óñëîâèÿì:

1) Ai H~ , n,...,1i ;

2) ïðè ëþáîì n  ñèñòåìà 1 , 2 ,..., n  ëèíåéíî-
íåçàâèñèìà;

3) ñèñòåìà 1
~ , 2

~ ,..., n
~  ïîëíà â AH .

Íåîïðåäåë¸ííóþ êîìïîíåíòó  ïðåäñòàâèì â âèäå
n
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Ñîãëàñíî ìåòîäó Ðèòöà äëÿ êîýôôèöèåíòîâ 1с , ...,
nс , ïîëó÷èì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ
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Åñëè îáëàñòü  ìîæåò áûòü (ïðè ïîäõîäÿùåì
âûáîðå ñèñòåìû êîîðäèíàò) çàêëþ÷åíà â ãîðèçîí-
òàëüíóþ ïîëîñó Hy0 , òî â êà÷åñòâå êîîðäèíàò-
íîé ñèñòåìû ìîæíî âûáðàòü
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L
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ãäå tPk  – ïîëèíîìû Ëåæàíäðà. Îíè îáðàçóþò
ïîëíóþ îðòîãîíàëüíóþ íà ]1,1[  ñèñòåìó
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Òîãäà         )y,x(~c)y,x(u mn
N
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4. Ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà

Âû÷èñëèòåëüíûé ýêñïåðèìåíò áûë ïðîâåä¸í äëÿ
ñëó÷àåâ, êîãäà øïóíòû îòñóòñòâóþò, à ôëþòáåò
èìååò ïðÿìîóãîëüíîå ñå÷åíèå. Äëÿ ðàñ÷¸òîâ âûáðà-
íî 3L , à âûñîòà âîäîïðîíèöàåìîãî ñëîÿ 1H .
Ðàññìîòðåíû ñëó÷àè ðàçëè÷íîãî çàãëóáëåíèÿ ôëþò-
áåòà ( 25,0h  è 5,0h ) ñ ïîñòîÿííîé øèðèíîé,
ðàâíîé 1. Áûëî ïðèíÿòî, ÷òî ãðàíèöû 1  è 3
– ïëîñêèå. Ðàññìîòðåíû ñëó÷àè, êîãäà âîäîóïîð

4  – ïëîñêèé è íåïëîñêèé. Âî âñåõ ñëó÷àÿõ
êîýôôèöèåíò ôèëüòðàöèè ïðèíèìàëñÿ ïîñòîÿí-
íûì 1)y,x(k , 1Q .

1 ñëó÷àé. Çàãëóáëåíèå ôëþòáåòà 25,0h , âîäîóïîð
ïëîñêèé. Â ýòîì ñëó÷àå

y131 , 2
2 x25,075,0у ,

y4 , 
y

D )2(
1 ,
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9
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9
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9
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)y,x()y,x(

1
22

22

12

Íà ðèñ. 2 ïðèâåäåíà êàðòèíà ëèíèé óðîâíÿ 1.0
ïðèáëèæ¸ííîãî ðåøåíèÿ äëÿ 5N  (21 áàçèñíàÿ
ôóíêöèÿ).

-3 -2 -1 0 1 2 3
0

0.2
0.40.6
0.8
1

Ðèñ. 2. Ëèíèè óðîâíÿ ôóíêöèè òîêà

2 ñëó÷àé. Çàãëóáëåíèå ôëþòáåòà 5,0h , âîäîóïîð
ïëîñêèé. Â ýòîì ñëó÷àå

y131 , )x25,0(5,0у 2
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D )2(
1 ,

)х9(
9
1у)х25,0()5,0у(
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Íà ðèñ. 3 ïðèâåäåíà êàðòèíà ëèíèé óðîâíÿ 1,0
ïðèáëèæ¸ííîãî ðåøåíèÿ äëÿ 5N  (21 áàçèñíàÿ
ôóíêöèÿ).

-3 -2 -1 0 1 2 3
0

0.2
0.4
0.6
0.8
1

Ðèñ. 3. Ëèíèè óðîâíÿ ôóíêöèè òîêà

3 ñëó÷àé. Çàãëóáëåíèå ôëþòáåòà 25,0h , âîäîóïîð
íåïëîñêèé. Â ýòîì ñëó÷àå

y131 , 2
2 x25,075,0у ,

8
1x

24
1y4 , 

y
D )2(

1 ,
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9
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8
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24
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;
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Íà ðèñ. 4 ïðèâåäåíà êàðòèíà ëèíèé óðîâíÿ 1.0
ïðèáëèæ¸ííîãî ðåøåíèÿ äëÿ 5N  (21 áàçèñíàÿ
ôóíêöèÿ).

-3 -2 -1 0 1 2 3
0

0.2
0.4
0.6
0.8
1

Ðèñ. 4. Ëèíèè óðîâíÿ ôóíêöèè òîêà

5. Âûâîäû

Ñðàâíåíèå ñ àíàëîãàìè. Ïîëó÷åííûå ïðèáëèæåí-
íûå ðåøåíèÿ ñðàâíèâàëèñü ñ ðåøåíèÿìè, ïîëó÷åí-
íûìè Ï.Í. Âàáèùåâè÷åì â [1, 5] ñ ïîìîùüþ ìåòîäà
ôèêòèâíûõ îáëàñòåé. Ðåçóëüòàòû ñîãëàñóþòñÿ.

Ïðåèìóùåñòâà ïðåäëàãàåìîãî ìåòîäà ïî ñðàâíåíèþ
ñ ñóùåñòâóþùèìè ñëåäóþùèå:

– áîëåå âûñîêàÿ òî÷íîñòü ïî ñðàâíåíèþ ñ ìåòîäîì
ôèêòèâíûõ îáëàñòåé (ïîñêîëüêó ãåîìåòðèÿ îáëàñ-
òè ó÷èòûâàåòñÿ òî÷íî);

– ðåøåíèå ïîëó÷àåòñÿ â àíàëèòè÷åñêîì âèäå. Ýòî
îáëåã÷àåò åãî äàëüíåéøåå èñïîëüçîâàíèå ïðè íà-
õîæäåíèè ïîëÿ ñêîðîñòåé è ðàçëè÷íûõ òåõíè÷åñ-
êèõ õàðàêòåðèñòèê ãèäðîñîîðóæåíèÿ, ÷åì îïðåäå-
ëÿåòñÿ ïðàêòè÷åñêàÿ çíà÷èìîñòü èññëåäîâàíèÿ.
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