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ABSTRACT

Context. This article is devoted to the linear problem of the steady and unsteady flows of a viscous incompressible
fluid.

Objective. The purpose of this paper is to compare the previously developed methods of numerical analysis of the
steady and unsteady flows of a viscous incompressible fluid.

Method. The flow of a viscous incompressible fluid can be described by the system of nonlinear Navier-Stokes
equations. The variables of this system are velocity, pressure, density, volume forces, and fluid viscosity. Using the
stream function, the Navier-Stokes equations can be transformed to the initial-boundary problem with the differential
equation of the fourth order. To solve the problem the structural variational method of R-functions and Ritz method
(steady problem) or Galerkin method (unsteady problem) are used. The R-functions method allows satisfying the
boundary conditions accurately and transforming them to the homogeneous, which are the prerequisite for application
of Ritz or Galerkin method. The problem transforms to the solving the system of linear algebraic equations or the
system of ordinary differential equations for steady and unsteady flows respectively. The matrices elements are the
scalar products in the norms of the corresponding differential operators. Numerical integration was made by means of
Gaussian quadratures with 16 points. Solutions of the system of linear algebraic equations and the system of ordinary
differential equations were found with the help of the Gauss method and the Runge-Kutta method with an automatic
step-size control respectively. The existence of a unique solution of the problems is proved.

Results. The computational experiments for the problem of flows of a viscous incompressible fluid for the different
rectangular domains carried out.

Conclusions. The conducted experiments have confirmed that the stream function, the flow velocity, and other flow
characteristics are converging to the steady state when the time is increasing. This allows us to say that the obtained
methods work as expected. The further research may be devoted to the comparison of the solution methods for the non-
linear problems.

KEYWORDS: Navier-Stokes equations, steady flow, unsteady flow, viscous fluid, stream function, R-functions
method, successive approximations method, Ritz method, Galerkin method.

ABBREVIATIONS v is a field of fluid velocities, v = (vy, Vy, Vy);
FDM is the Method of Finite Differences; . . . .
? 0

FEM is the Method of Finite Elements; v %s a field .Of ﬂu(;d ve(l)omotleso at the initial
SIMPLE  is the Semi-Implicit Method for Pressure instant of time, v = (Vy,Vy,V7);

Linked Equation; a is a fluid velocity vector on the boundary
SIMPLER is the SIMPLE Revised; 02, a=(a,,a,,a,);
RFM is the R-Functions Method. Ty

F is a field of volume forces, F = (Fy, Fy, F,);
NOMENCLATURE . Re is a Reynolds number;

X, Y, 2 esl;e;t\é?;%ables of the Cartesian coordinate y—Re-! s a coefficient of viscosity;
t is a tim’e; 4 is a stream function, ¥ =y (X, Y,t);
) is a space region, a cylinder; ¥ is a stream function at the initial instant of
o= is a boundary of E; time, o =wo(X,Y);
Q is a flow domain, a cross-section of & by a  EC is a gluing operator of boundary values;

plane perpendicular to the axis Oz ; D, is an operator, D; =(V, V)
6_Q 1sa boundary of a streamlined body; ) is an undefined component of the solution
Q is a closure of Q ; structure:
n is an outer normal to 0€; =0 is a normalized equation of 0Q;
P Isa density; ® is a sufficiently smooth function describing
P 1S a pressure, the geometry of the domain Q ;
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\% is a gradient operator;

A2 is a biharmonic operator;

A is a Laplace operator;

A is an operator, A= A? ;

Dy is a domain of definition of an operator A;
Hap is an energy space of an operator A

B is an operator, B=A;

Dg is a domain of definition of an operator B ;
Hg is an energy space of an operator B ;

c(Q) is a space of continuous functions which are

n-times continuously differentiable on Q ;

W22 (Q) is a Sovolev space;

L, (Q) is a Hilbert space of square-integrable on Q
functions;

{ri } is a complete in L,(Q2) sequence of
functions;

{o} is a sequence of coordinate functions;

N is a number of coordinate functions;

ck (1) is a sequence of unknown functions in
Galerkin method;

Mg (Xo, Yo) is a fixed point inside € ;

M(X,y) is an arbitrary point inside Q ;

Bg (X) is a Schoenberg spline of the sixth order.

INTRODUCTION

In this paper, we will address the problem of
developing methods for the numerical simulation of the
steady and unsteady flows of incompressible fluids.
Indeed, the mathematical investigation of flows is one of
the most complex and demanded problems nowadays. It
takes place in chemistry, geophysics, biology, energetic
thermal power engineering etc.

Usually, the fluid is considered as viscous Newtonian
incompressible medium. This assumption allows us to
express these flows by the Navier-Stokes differential
equations, the solution complexity of which is very high
due to its non-linear part. Therefore, we have an exact
solution only for some particular cases, which are not
suitable for the simulations of real processes. That is why
it is quite important to have the numerical methods to get
an approximation function for this problem.

The purpose of this paper is to develop numerical
methods of getting an approximate solution of the Navier-
Stokes equations by means of the R-functions, Ritz
(steady flows) and Galerkin (unsteady flows) methods.
The main advantage of these methods is that the solution
of a differential equation can be obtained in an analytical
form. This benefit allows one to investigate the solution
more precisely.

1. PROBLEM STATEMENT
The unsteady creeping flow of a viscous
incompressible fluid in the space region = is described
by the well-known linearized system of equations (Stokes

linearization) in natural «velocity-pressure» variables [1]
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The system of equations (1) should be supplemented
with initial and boundary conditions:

V|t=0 =v0, v

= =a- 2)

The conditions under which the problem (1), (2) has a
unique solution are stated in [2].

Further let us consider plane-parallel flows, i.e. such
ones for which the region = is cylindrical along the axis
Oz, and the boundary and initial conditions do not
depend on z. For such flows, one can introduce the

stream function y =/ (X, Y,t) by the formulas

0 oy
v=L v, =L 3)
oy OX
Due to the introduction of the stream function we pass
from the system (1) (suppose that the field F is
potentially) to one fourth-order differential equation:

QCAY) L2 0 in Q. @)

Based on the definition of the velocity vector v on
O0Z and at t=0, one can obtain the values '/"aQ’

v
oo
Then for unsteady plane-parallel creeping flow of a
viscous incompressible fluid, we can set the following

initial-boundary value problem:

o(-Ay)
ot

and l//|t=0 [3].

+A 2y =0, (X,y)eQ, t>0, (5)

Vo =voy). (xy)eQ=0uo, (6

=0o(s,t), s€0Q,t20.(7)
0

oy
l//ag = fO(S’t) > E

The corresponding for (5) — (7) problem which
describes stationary plane-parallel flows will have the
form

Ay =0, (x,y)eQ, (8)

=go(s). s€0Q.  (9)
oQ

oy
= fy(s), —
W'EBQ 0( ) on
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2. REVIEW OF THE LITERATURE

At present, the numerical mesh-based methods are
widely used in different fields of science. Among them
are methods of FDM [4, 5] and FEM [6-8], SIMPLE and
SIMPLER [9] etc. The main advantage of these methods
is the simplicity of implementation. However, when
moving to a new domain, it is necessary to generate again
and adjust the calculated grid under the task.

The R-functions method [10] of V. L. Rvachev, the

Academician of Ukrainian National Academy of
Sciences, allows satisfying the region’s geometry
precisely.

Lee Chern Earn and others [11] compared SIMPLE
and SIMPLER algorithm in terms of their convergence
rate, iteration number and computational time. They
proved that SIMPLER algorithm is more efficient.

Gupta M. and Kalita J. [12] introduced a new
methodology is based on a stream function—velocity
formulation of the two-dimensional steady-state Navier—
Stokes equations based on FDM. The main advantage of
their formulation is that it avoids the difficulties
associated with the computation of vorticity values.

Claeyssen J. [13] presented a velocity—pressure
algorithm for incompressible viscous flow with a
Neumann pressure boundary condition based on FDM.
Simulations with the cavity problem were made for
several Reynolds numbers.

Bognar G. and Csati Z. focused on the numerical
investigation of the Navier-Stokes equation applying a
spectral method [14]. The correctness of the MATLAB
program was tested on the lid-driven cavity flow problem.

Bettaibi S. and Sedik E. [15] presented a hybrid
scheme with multiple relaxation time Lattice Boltzmann
Method to obtain the velocity field while the temperature
field is deduced from energy balance equation by using
FDM. They considered a mixed convection heat transfer
in two-dimensional lid driven rectangular cavity. The
code has been validated for the classical lid-driven cavity.
In addition Bettaibi S. and Sedik E. simulated the effect of
Reynolds numbers on mixed convection fluid flow inside
a lid-driven square cavity.

3. MATERIALS AND METHODS

Basic concepts of the R-functions method (RFM).

The R-functions were introduced by V.L. Rvachev,
the academician of the National Academy of Sciences of
Ukraine, in 1963 in his work [10]. Rvachev V.L. was able
to notice among the functions of a continuous argument
the existence of such functions (R-functions), which, in
their properties, resemble the logic algebra functions.
These functions form a set that has a non-empty
intersection with a set of elementary functions, so that
such operations as differentiation, integration, and other
ones can be performed above the R-functions. Thus, each
R-function was associated with a corresponding Boolean
function, which further made it possible to use the
developed apparatus for constructing the solution of the
inverse problem of analytic geometry.

At the present time, a large number of R-functions
systems were constructed [16]. In particular, the system
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Ry has the form

u=-u, quVEu+v+\/u2+v2 s
U/\OVEU+V—\/U2+V2. (10)

Such Boolean functions as negation, disjunction and
conjunction correspond to the R-functions (10) (are the
companion functions for them).

It is known [16], the inverse problem of analytic
geometry consists in constructing for a given domain
such a function (X, y) that, having the form of a single

analytic expression, is zero on 0Q, is strictly greater than

zero in Q and negative outside Q. Consider, for
example, the construction of such a function for a
rectangular region.

The rectangular region is bounded by lines x=0,

X=a, y=0, y=Db. Let us introduce the supporting
regions: 2 = {(X, Y) :ix(a— X) > O} is vertical band

between  straight lines x=0 and X=a;

X = {(X, y): % y(b-y)> O} is horizontal band between

straight lines y=0 and y=b. Then it can be seen that
the rectangular region has the form

0=3N%,.

Considering >, and >, as two-valued predicates, we

can write the predicate equation of the domain Q
f_l = Z] VAN 22 = 1 .

Substituting instead of ¥; and X, the left-hand sides
of the inequalities defining them and R, -conjunction A
instead of the conjunction A, we obtain the function

o(X,y) = E x(a- X)} Ao E y(b- y)} =

= Lx(@-x+1yb-y)-
a b

—\/aizx2<a—x)2+bi2y2<b—y)2 .an

The constructed function satisfies the following
properties
o(X,y)=0 on 0Q,
(X, y)>0 in Q,

o(X,y) <0 outside Q . (12)

In addition, due to the introduction of constant
multipliers into the left-hand sides of the inequalities
defining the support domains, the function (12) has the
normalization property: at regular points of 0Q the

equality Ga_a) =—1 holds.
n
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Applicable to the solution of boundary and initial-
boundary value problems of mathematical physics, the R-
functions method proposes to construct a so-called
solution structure — a bundle of functions that depends on
one or more indeterminate components, which for any
choice of undefined components exactly satisfy all the
boundary conditions of the problem. After constructing
the solution structure, the indefinite component can be
approximated accurately by some variational or projection
method [17]. Thus, RFM is a mesh-free method, that
allows to present an approximate solution of the problem
in the form of a single analytical expression and
accurately takes into account the geometry of the domain
in which the task is considered.

The construction of the solution structure usually
includes the stage of continuation of the boundary
conditions inside the domain. For this, basically the
following two approaches are used [17].

Suppose that at points of Q2 the function ¢, is given

in the form

(00’](5), Se an,

20(5) =
gDO, n (S)a Se 6Qn )

where the sections of the boundary 0, ..., 0Q, are

pair-wise distinct, do not have common interior points
and 0Q =0Q U...0Q,, . Further, let ¢;(X,y), i=L..,n,

be such that (/}'|6Q» =¢.i>and @(XYy), i=1..,n, be
I

such that @(x,y)=0 on 0Q;
Q\8Q; . Then the function

and @(Xx,y)>0 in

(13)

has the property (p|aQ =@, . The formula (13) is called

the «gluing» formula and is denoted by ¢ = ECg¢,.
Another approach is connected with the continuation
of differential operators defined on O0Q inside the
domain. Let =0 be the normalized equation of the
boundary 0Q of the domain €. Then the operator D; at
points of 0Q  satisfies the

regular equality

ou . .
-D u| =— In addition, the expression D;u has a
Mo on 1

meaning everywhere in Q.
It is known [3; 17] that the boundary conditions (9)
are satisfied by the bundle of functions
w="f-wg+D f)+a’d, (14)

where f =ECf,, g =ECqg,.
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Method of numerical analysis of steady creeping flow.
Using the solution structure (14) in the problem (8),
(9) let us make the substitution

(15)

iS a new unknown

v=p+u.

where ¢=f-w(g+D;f), u
function. Then for the function u we will obtain a
boundary value problem with homogeneous boundary

conditions

Au=1,(x,y)eQ, (16)
ou

u..=0, = =o0, 17

|6Q anag ( )

where f :—Azqo.

Let us associate with the problem (16), (17) the
operator A acting in L,(€2) by the rule Au = A%u on the
domain of definition

— ou
Da :{u sct@Nc'(@:ul,, =0,

0}
a0

positive definite on Dj,.
Replenishing Dp in the energy norm "u”A = J[u, u]p

generated by the energy product [U, V] = _U Au Avdxdy ,
Q
we obtain the energy space Hp of the operator A.

The operator A s

Hence, the problem of finding a generalized solution of
the problem (16), (17) will be equivalent to the problem
of finding the minimum in H, of the energy functional

[3; 18]

2
Fu] = ul[, —2(u, f)= [[[(Aw)* +2AuAp]dxdy .(18)
Q
In addition, it follows from (14) and (15) that the

structure of the solution of the boundary value problem
(16), (17) has the form

U=w’d.

(19)
Let us choose a complete in L,(€2) sequence of

functions {ry} and discover an approximation of the
indeterminate component @ in the form

N
CDN = ZCka . (20)
k=1
Then it follows from (19) that we seek the

approximate solution of problem (16), (17) in the
following form

N N
UN =szckrk = >k »
k=1 k=1

ey

where ¢ = a)zz'k.
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It is obviously that the sequence {¢y} is a coordinate
one [19]:

1) for anyone k ¢ € Hp;

2) for any N the elements ¢, ..., gy are linearly
independent;

3) the system {¢y } is completein Hp .

Then to find the coefficients ¢;, ..., ¢y in (21) we

can use the Ritz method [18], according to which we
obtain that ¢;, ..., Cy is a solution of a system of the

linear algebraic equations

N
zci[g}lawj]Az_(Aws ij): J =17"'7 N 5 (22)
i=1

where (A, Ag;) = _UA(D Apjdxdy .
Q

From the general theorems on the convergence of the
Ritz method [18] the ensuing theorem follows.

Theorem 1. If ¢ = f —(g+D; f) eWS(Q), then the

sequence y =@+ Uy converges in the norm of W22 Q)
to a unique generalized solution of the problem (16), (17).

Method of numerical analysis of unsteady creeping
flow.

In the problem (5) — (7) let us also make the
substitution of the form (15) and for the function u we
obtain the initial problem with homogeneous boundary
conditions

%erzu:f,(x,y)eg,bo, (23)
U, =Up. (x.Y)€Q, (24)
ou
u|aQ=0,a“Q:0,t20, (25)
O.

OA
where f = —VAZ(/H?(p, Uy =¥y _(p|t=0'

With the problem (23) — (25) for t €[0,T] (T >0) let
us associate the operators A and B acting in
L, (0,T; Ly () by the rules Au= A%u , Bu=-Au on
the domains of definition

— ou
Da :{u eCc*@NC(® :ul,, =0,
ou

0}
Nio0
Dg ={u eC*@NC'(©Q):ul,, =0~

a
o}
N0

The operators A and B are positive definite on Dp

and Dg respectively. Replenishing Dy and Dg in the

VRN mer S RN

generated by the energy products [u, V] = ” Au Avdxdy ,
Q

energy  norms
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[u,v]g = H VuVvdxdy , we obtain the energy spaces H
Q
and Hg .
Then the problem (23) — (25) can be written in the
operator form

%Bu+vAu:f,t>0, (26)

Uly_o =Yo - 27)

The structure of the solution of the initial-boundary
value problem (23) — (25) also has the form (19), but
since the problem is non-stationary, the approximation of
the indeterminate component @ in contrast to (20) is
sought in the form

N
Dy =D o (D7 - (28)

k=1

Hence, we seek the approximate solution of the
problem (23) — (25) in the form

N
un = . (Do 29

k=1
where ¢ = o’ 7y are elements of coordinate sequence.

Then to find the functions ¢;(t), ..., ¢y (t) in (29)

one can use the Galerkin method for non-stationary
problems [20], according to which these functions satisfy
the system of differential equations obtained from the
condition of the orthogonality of the residual

RN =%BUN +vAuy — f for equation (21) to the first

N coordinate functions ¢, ..., @y :

N N
2 GO, 9j1s +v2 i (Olpi, 9jla =
i=1 i=1

=(f,(oj), j=L..,N, 30)

where (f, ;)= _U(—VA(@A(@J- —%V(ﬂi dedy.
Q

The initial conditions for the system (30) are obtained
from the requirement of the orthogonality of the

discrepancy ry = Uy |t:0 —U, of the initial condition (29)

to the first N coordinate functions ¢y, ..., @y :

N
> (0@, 0)) = (Ug, 95) J=1.s N

i=l

(€2))

The unique solvability of the Cauchy problem (30),
(31) for any N [21] follows from the positive
definiteness of the operators A, B and the properties of
the coordinate sequence. And from the theorems of
convergence of the Galerkin method [20; 22] the next
theorem follows.
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Theorem 2. If and

Up = o —¢l_o € La(Q)

f=—AZp+ a&t €L,(0,T; L,(Q)), then the sequence
wN =@+Uy converges in the norm of L, (0, T; W22 (©2)

to the unique generalized solution of the problem (5) —

).

4. EXPERIMENTS
A computational experiment was carried out for three
rectangles regions with various aspect ratios: a=b=1;
=1,b=2and a=1,b=0.5.
The undefined component in the solution structure
(14) was approximated by an expression of the form

N,+3Ny+3 y
Z Z CIJBG( _ijBé[h——jja
i=3 j=-3 y

= Ni , hy = NL are steps of a splines grid by
X y
variables X and y accordingly.

where h,

Scalar products in systems (22) and (30), (31) were

calculated with accuracy 1076 according to the adaptive
procedure of numerical integration based on the Gauss
formula. The system (22) was solved by the Gauss
method with the choice of the principal element, and the
Cauchy problem (30), (31) was solved by the Runge-
Kutta-Merson method with an automatic choice of the

integration step with accuracy 1076,
In the stationary problem (8), (9), the boundary
conditions were chosen in the form

_ {—L
o L0
which corresponds to the solid fixed walls of the cavity
Q and to the movement of the upper cover to the left
with unit velocity.

In the non-stationary problem (5) — (7) (v =1), the
initial condition is chosen in the form

y=b,
oQ\{y =bj,

v
on

Vien =0

‘/’|t=0 =0,

which corresponds to the beginning of the motion from
the rest state, and the boundary conditions have the form

_ et-1,
Q 0,

which also corresponds to the solid impermeable walls of
the cavity Q and the motion of the upper wall to the left

y=b,
oQ\{y =bj,

oy
Vi =0 541,

from the rest state with the speed et-1.
For the stationary problem, in accordance with the
«gluing» formula (13), we have:

xy(a—x)

f=0,g=——"—""——
J b-y+xy(a-x)
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and for unsteady flow

_ (e -Dxy(a-x

f=0, )
g b-y+xy(@a-x)

Then the problem solution structure for the domain
has the form

V= a)L_X) + @D (steady problem),
b—y+xy(a—x)
—_— _t —_—
= ww + D (unsteady problem),
b—-y+xy(@a—x)

where the function (X, Y) is defined by (10).

For the pressure calculation, the following formula
was used:

pe.y)= | ap dx+a§dy+c =

MM
3 3 3
=vp J 821// o IV lax— 8_1//+ oy dy+C.
MM oxX“oy ay o’ axay
5. RESULTS

Figure 1, 2 and 3 show the pressure contours of the
obtained approximate solution for the rectangles
a=b=1;a=1,b=2and a=1, b=0.5 respectively.

6. DISCUSSION

For small Reynolds numbers (v =1 corresponds to
Re =1), the flow is symmetrical and slow. It can be seen
from the figures 1 — 3 that with the increasing of time
from 1 to 10, the pressure in the cavity has become
steady. The pressure contours for unsteady flow are the
same as for unsteady one when t =10.

The maximum pressure of the flow is located at the
top left corner of the cavity, and the minimum pressure
occurs at the top right corner of the cavity. This behavior
corresponds to the fluid movement from right to left on
the lid. The pressure is decreases at the lower part of the
cavity.

Thus, the stream function is an intermediary between
the Navier-Stokes equation and obtaining the various
characteristics of flow: speed, pressure etc. Other
numerical results are shown in [23].

CONCLUSIONS

The solution methods for steady and unsteady flows in
the driven cavity were further developed. These
algorithms are based on Ritz or Galerkin method and the
R-functions method, which allows satisfying the
boundary conditions precisely. We compared steady and
unsteady flow and it has been shown that unsteady flow
becomes steady when the time increases. In addition, the
various numerical experiments were carried out.

The scientific novelty of the research is the obtained
methods do not change when the region is changed. The
only thing one should do is to build a normalized
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boundary equation of a new flow domain. This benefit ACKNOWLEDGEMENTS
allows researches to get the solution faster and easier. The work was carried out at the department of Applied
The practical significance is that the developed Mathematics at Kharkiv National University of Radio
methods can be programmed easy and can be used for Electronics and department of Advanced Mathematics at
several practical applications. The only restriction is it O. M. Beketov National University of Urban Economy in
must be possible to represent a boundary of flow domain  Kharkiv within the framework of collaborative scientific
by means of R-functions. research conducted by the departments.
The prospects for further research are to investigate
more complicated flow domains, for example, domains
with inserts, to use other coordinate function with the aim
of obtaining more precise solution and to reduce
computation time with the help of parallel computing on
CPU and GPU.
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Figure 1 — Pressure contours for the rectangle a=b=1:
a—t=1,b—t=3,c—t=5,d-t=10
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YUCEJbHUMN AHAJII3 NOBLJIBHUX CTALIIOHAPHUX TA
HECTALIOHAPHUX B’SI3KUX TEUYIA METOJIOM R-®YHKIIIA

Aptiox A.B., xaHa. ¢i3.-mar. HayK, IOLUEHT Kadeapu NpUKIaaHOI MaTeMaTHKH XapKiBCHKOTO HaliOHAIBEHOTO

YHIBEpCUTETY pallioOeNeKTPOHIKH, XapKiB, YKpaiHa.

© Artiukh A.V., Lamtyugova S.N., Sidorov M. V., 2018
DOI 10.15588/1607-3274-2019-1-3



e-ISSN 1607-3274 PapioesnekTpoHnika, inpopmaTuka, ynpasainns. 2019. Ne 1.
p-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2019. Ne 1.

JlamTioroBa C.M., kaHn. ¢i3.-MaT. HayK, JOUEHT Kadeapw BHIIOI MaTeMaTHKW XapKiBCHKOTO HalliOHAIbHOTO
YHIBEPCUTETY MichKoro rocrojapctsa imeHi O. M. bekerosa, XapkiB, Ykpaina.

CumopoB M.B., xaun. ¢is.-MaT. Hayk, AOLIEHT, JOLEHT Kadeapu MpPUKIAJHOI MaTreMaTUKd XapKiBChKOTO
HalllOHAIBHOTO YHIBEPCHUTETY PajioeNIeKTPOHIKH, XapKiB, YKpaiHa.

AHHOTAIIA

AKTyaJbHiCTb. Y CTaTTi PO3TIIANAETHCS JiHIHHA CTAIliOHApHA |1 HECTAIliOHApHA 3aJada Tedii B'SI3KOi HECTHCIMBOI
piovHU.

Merta po6otu. [TopiBHAHHS PO3pOOICHUX METOMIB YHCEIHFHOTO aHANI3Y CTAIllOHAPHUX Ta HECTALIOHAPHHUX 3amad
Tedil B'SI3K0i HECTHCIIUBOT PiJIMHU.

Metoa. Teuist B’sI13K0i HECTUCIMBOI PIIMHU ONMKCYETHhCs HENHIWHOW cucteMoro Hap’e-CTokca BiTHOCHO BEKTOpa
MIBUAKOCTI, TUCKY, TYCTHHH, 00’€MHHX CHJI Ta B’S3KOCTI piAMHH. 3a JONOMOroio BBeAeHHs (yHKIIT Tedii cucTeMa
3BOJIUTHCS JI0 MOYATKOBO-KPaloBOI 3a/1adi 3 HENiHIHHUM An(epeHLialbHUM PIBHSHHSIM YETBEPTOro Mopsaky. Jlms
PO3B’s13aHHS 3a]aui BUKOPHCTOBYIOTHCSI CTPYKTYpHO-BapiamiiHuii meton R-dynkuiii i meroqu Pituna ta [anpopkina
JUIsl CTalliOHapHOT Ta HecTalioHapHol Tedii BixnoBigHo. Meton R-yHKuil 103BOJIsIE TOYHO BpaxyBaTH KpaioBi yMOBH
Ta 3BECTHU X 10 OMHOPITHUX, IO € HEOOXITHOI YMOBOIO MOXKIIHMBOCTI 3acToCyBaHHSA MeToniB Pitma Ta [anpopkina. Y
CTalllOHApHOMY BHUNAJKy 3ajJada 3BOJUTHCS O PO3B’SA3aHHS CHCTEMH JIIHIMHUX anreOpaidyHUX pIBHSAHB, Y
HECTaI[lOHAPHOMY — CHCTEMH 3BHYAHHMX AW(epeHLiaIbHAX PIiBHSAHb. EJeMeHTaMHu MaTpuilb € CKaIIpHI JOOYTKH y
HOpMaxX BIiONOBITHUX AW(EpEHIIAIHUX oOmeparopiB. UwWcenbHEe IHTErpyBaHHS BHKOHYBAJIOCH 32 JIOTIOMOTOIO
kBanparypHux (opmyn Iaycca 3 16 Bysmamm, po3B’sS3aHHS CHCTEMH JIHIMHAX anreOpaidHUX PIBHSHb — METOJOM
l"aycca, cucremu 3BHuaitHUX MUdepeHIiaJbHUX pIBHAHb — METOAOM PyHre-KyTTH 3 aBTOMaTn4HUM BHOOPOM KPOKY
iHTerpyBaHHs. JloBeAEHO iCHYBaHHS €MHOTO PO3B’S3KY MMOCTABIEHHX 3a/1ay.

PesyabraTu. O0UMCITIOBAILHUN €KCIIEPUMEHT MPOBEISHO JUIS 33avi Teuil B’s3K0T HECTUCIUBOI PIIMHU Y PI3HUX
NpsSMOKYTHHUX oOnacTsix. HaBeneni rpadiku miHiil piBHS TUCKY Ta BUKOHAHO aHalli3 OTPUMAaHUX PE3YJIbTATIB, SKi 100pe
HOTO/IKYIOTBCS 3 pe3yJIbTaTaMy, OTPUMAaHUMU 1HIIUMH aBTOPaMH.

BucnoBku. [IpoBecHI 00UHCITIOBATIBHI CKCIIEPUMEHTH TIOKa3aJIH, IO MPH 30UIbIICHH] Yacy (YHKIIiS TeYil, BEKTOP
IIBUJKOCTI Ta IHIII XapaKTEPHCTHKH Tedil BHXOAATH y CTalliOHAp, IO MiATBEP/UKYE Mpale3JaTHICTh MeToxiB. B
MOJJAIBIIOMY IUTAHY€THCS IOPIBHSHHS HETIHIHHUX METO/IB PO3B’sI3aHHS HEHIHHUX 3a1a4.

KJIFOYOBI CJIOBA: pisusians Hap’e-Ctokca, cramioHapHa Tedis, HecTalioHapHa Tedis, B’sI3Ka pianHa, QyHKIis
Teuii, Merox R-pyHKIiN, MeTo T TOCTiTOBHUX HaOIKeHb, MeToA Pitma, Metox ['anpopkina.

VK 004.93

YUCJEHHBIA AHAJINA3 MEJAJEHHBIX CTAHUOHAPHBIX W
HECTAIIMOHAPHBIX BABKUX TEYHEHUU METO/IOM R-®YHKIINUU

ApTiox A.B., kaun. ¢us.-MaT. HayK, AOLEHT Kadeapsl NPUKIaJHOW MaTeMaTHKH XapbKOBCKOTO HAIMOHAJIBHOTO
YHUBEPCUTETA PaJUO3JIEKTPOHUKHY, XapbKOB, Y KpauHa.

JlamTioroBa C.H., xaun. ¢us.-MaT. HayK, JIOLEHT Kadeapbl BbICIICH MareMaTHKH XapbKOBCKOTO HAIIMOHAIBLHOTO
yHHMBEpcHUTeTa ropojickoro xo3siictsa umenu A. H. bexeroBa, XappkoB, YkpauHa.

CunopoB M.B., kaHa. ¢wu3.-mMaT. Hayk, JOLEHT, AONIEHT Kadeapsl NPUKIATHOW MaTeMaTUKd XapbKOBCKOTO
HAIOHAJIbHOTO YHUBEPCUTETA PAHOIEKTPOHUKH, XapbKOB, YKpaKHa.

AHHOTADUA

AKTyaJbHOCTb. B cTaThe paccmaTpuBaeTcs JUHENHAs CTallMOHApHAas U HECTAallMOHapHas 3ajjauya TEYCHHs BSI3KOU
HECOKUMAEMOH KUIKOCTH.

Hean padorbl. CpaBHEHHE pa3paOOTaHHBIX METOMOB YHCICHHOTO aHANM3a CTAllMOHAPHBIX M HECTAMOHAPHBIX
3a7a4 TEUEHMS BI3KOH HECOKMMAEMOM JKUIKOCTH.

Metoa. Teuenne BsA3KOH HECKHMAeMOH JKHIKOCTH OIIMCHIBAETCA HeIWHEHHOW cucremoii Hasbe-Crokca
OTHOCHTENBHO BEKTOpa CKOPOCTH, JaBJIECHHS, INIOTHOCTH, OOBEMHBIX CHJI U BA3KOCTH XUAKOCTH. C IOMOIIBIO BBEICHHS
(YHKIMM TOKa CHCTeMa CBOJUTCS K HayaJbHO-KPAaeBOW 3ajauye C HEJIMHEHHBIM IuddQepeHIranbHbIM ypaBHEHHEM
YeTBEpTOro mopsiaka. J{ist perneHns 3a1a4n UCIIONIb3YIOTCS CTPYKTYpPHO-BapUallMOHHBII MeTol R-dyHKkImidi 1 MeToab1
Purna u ["anepkuHa Aj1s1 CTallMOHAPHOTO M HECTAIIMOHAPHOTO TEYEHUsI COOTBETCTBEHHO. Meton R-dyHkuuii mo3sosser
TOYHO YJIOBJIETBOPHUTH KPAaeBHIM YCIOBHSIM M CBECTH MX K OJHOPOJIHBIM, UYTO SIBIISIETCS HEOOXOAWMBIM YCIOBHEM
MPUMEHUMOCTH MeToJ0B Putna um lanepkuua. B cramuoHapHOM ciiydae 3ajada CBOAMTCS K PELICHUIO CUCTEMBI
JVHEHHBIX anreOpanvecKux ypaBHEHWH, B HECTALMOHAPHOM — CHCTEMBl OOBIKHOBEHHBIX JH((hepeHInanIbHbIX
ypaBHEHHH. OIEMEHTaMH MaTpHIl SBISIOTCA CKASIPHBIE MPOM3BEACHHS B HOPMax COOTBETCTBYIOIIMX
mddepeHnanpHpIX onepaTopoB. UNCICHHOE WHTErPHPOBAHKE BBIMOIHSUIOCH C MOMOIIBIO KBAaApaTypHBIX (HOpMyI
laycca ¢ 16 y3mamm, pemieHHe CHUCTEMBI JIMHEHHBIX anreOpandecKuX YpaBHEHH — MeTomoMm laycca, CHCTEMBI
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DOI 10.15588/1607-3274-2019-1-3



e-ISSN 1607-3274 PapioesnekTpoHnika, inpopmaTuka, ynpasainns. 2019. Ne 1.
p-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2019. Ne 1.

OOBIKHOBEHHBIX JAu(depeHInaIbHbIX ypaBHeHU — MeronoM Pynre-KyTTbl ¢ aBroMarndeckum BHIOOpOM Imara
HMHTETrpUpoBaHus. JI0Ka3aHO CyLIECTBOBAaHUE €AMHCTBEHHOTO PELICHHS MIOCTABJICHHBIX 3a/au.

Pe3yabTaThl. BeruncnuTenbHbIN 3KCIEPUMEHT NMPOBEICH I 33Ja4l TEYEHUS BSI3KOM HEC)KMMaeMOH JKUAKOCTH B
pa3NMYHBIX MPSIMOYTONBHBIX oOmacTax. IlpuBeneHsl rpaduku JNWHUKA YPOBHS JABJICHWS M BBHINOJHEH aHAIN3
MIOJTyYEHHBIX PE3yJITaTOB, KOTOPBIE XOPOIIO COINIACOBBIBAIOTCA C PE3yIbTaTaMU, MOJYyYEHHBIMU APYTUMH aBTOPAMHU.

BuiBoabl. [IpoBeneHHBIC BBIYUCINTENBHBIE HKCIIEPUMEHTH! MOKA3aJIM, YTO MPU YBEIWYEHHH BpeMEHH (QyHKIUS

TOKa,

BEKTOP CKOPOCTH H JPyTHE€ XapaKTEPUCTUKH TEUCHMS BBIXOJSIT B CTallMOHap,

YTO TOATBEPXKIACT

paboTOCOCOOHOCTH METOIOB. B anpHENIIEM IITaHUPYETCsl CPaBHEHHE METOAOB PELICHUS HETMHEHHBIX 3a/1a4.
KJIFOUEBBIE CJIOBA: ypaBHeHune HaBne-CToKca, CTallHOHAPHOE TEUCHHE, HECTAIIMOHAPHOE TECUCHUE, BA3Kas
KHUJKOCTh, (YHKIHMS TOKa, Mero] R-¢GyHKIMH, METOA MocienoBaTebHbIX NpUOMMKEeHUH, meton Putma, meron

T"anepkuHa.
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