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Abstract
An initial‐boundary value problem for the transient electromagnetic field in the presence
of a complicated‐shape scatterer is studied. The considered biconical zero‐thickness and
perfectly conducting surface with periodic longitudinal slots has many special cases, each
of which is of separate practical interest. A new analytical‐numerical technique is pre-
sented that is based on the Mehler–Fock integral transform and the method of analytical
regularisation. The source of excitation of the slotted bicone is a radial electric dipole with
an arbitrary time dependence on the field. The proposed method makes it possible to
obtain an analytical and numerical solution of the problem to carry out a qualitative and
numerical analysis, and to study the characteristic features of the main scattering. Due to
the use of the method, the initial‐boundary value problem is reduced to a Fredholm type
of the second kind system of linear algebraic equations (SLAE‐2). The dependences of
the condition number on the problem parameters and the estimation of the SLAE‐2
convergence with larger truncation orders are given. The far‐field radiation patterns
are plotted for various values of the problem parameters, the behaviour of the near field
at the apex of the slotted cone is studied, and the regime of the slot wave propagation is
analysed.

1 | INTRODUCTION

One of the urgent problems of the modern antenna technol-
ogy and radar is the design and sophistication of broadband
and ultra‐wideband radar and other microwave systems with
controlled patterns and polarisation of radiation. Two neces-
sary conditions for practical, frequency‐independent antennas
are formulated in [1]: the angle principle and the truncation
principle. The angle principle is based on the frequency inde-
pendence of antennas if they are entirely defined by angle
values. This is undoubted as, for the infinite frequency region
of operation (bandwidth) the antenna geometry should
be infinite. For a practical antenna (one of finite size) to ach-
ieve the frequency independence, the truncation principle must
be satisfied—thus, the antenna must consist of ‘active regions’.
An active region corresponds to the antenna part that has the
largest contribution to radiation at a particular frequency. Since
the region moves along the antenna as the frequency is
changed, the electric length and the performance of the

antenna can remain uniform over a broadband. A practical
biconical antenna has a geometry that differs from the ideal
cone—for instance, at the feeding point. Besides, the re-
flections occur at the drive point and the end of the antenna,
leading to radiated pulse distortions [1, 2]. Since in practice the
objects of finite dimensions are used, a reasonable question
arises about the limits of applicability of the results obtained in
the study of the scattering from semi‐infinite and infinite
structures.

The above points indicate that antennas using metal cones,
bicones, and angular sectors, the characteristic parameters of
which are angular ones, have wideband and ultra‐wideband
properties. In article [3], it is shown that under the axial exci-
tation of a linearly expanding perfectly electrically conducting
(PEC) slot antenna (e.g. conical angular sector and angular cut
in the PEC plane), if the source is near the apex of the cut, a
travelling wave propagating along the slot is identified. The
field of this wave determines the radiation pattern of the entire
antenna, provided that the longitudinal length of the antenna
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exceeds two wavelengths (in this case the end effects are
negligible). To improve the radiation characteristics and elim-
inate the effect of the end of the antenna, in [2] the application
of a resistive load to the surface of the conical PEC antenna is
proposed, where the excitation source is at the apex of the
cone.

Generally speaking, no universal full‐wave method has
been developed so far for studying the wave scattering from a
semi‐infinite PEC cone. Besides, the results of the analysis of
the time‐harmonic wave scattering from a semi‐infinite
impedance cone appeared relatively recently [4], and there is
no similar full‐wave analysis for a dielectric cone.

Research on the electromagnetic properties of various
conical and biconical PEC scatterers, including angular sec-
tors, has a long history [5–7] and, despite certain difficulties,
continues attracting the attention of researchers [8–23]. Such
objects are used as elements of aircraft fuselage and micro-
strip resonators [11, 24], array antennas, radiometers, sur-
veillance systems [23, 25, 26] etc. The presence of surface
singularities (tips, edges and slots) on such structures leads,
for example, to the appearance of specific wave forms in the
scattered fields. As it is known in ultra‐wideband radar, the
scattering of the probe pulse at certain individual local ele-
ments (scattering centres) largely represents the nature of the
total diffraction field. Under certain conditions, the scattering
from the edges and vortices of a complicated‐shape object
has the main contribution to the total and radar cross section
[22]. Therefore, knowledge of the field behaviour at the
vortices, spikes, and edges is important for the efficient
computation of the fields scattered from the objects with
surface singularities [11].

Evolution of the analysis of electromagnetic wave scat-
tering from isotropic and open conical structures can be split
into two lines of investigation depending on the time depen-
dence of the physical process. The first line is connected with
the time‐harmonic scattering investigation. Here, one of the
main methods has been the method of separation of variables.
This method is also known as the method of eigenfunctions or
the method of curvilinear coordinates and can be used for
solving the scattering problems associated with the conical
configurations of various geometries and surface properties
[10, 27]. The use of [10] and the fact that one of the coordinate
surfaces of the sphere‐conical coordinate system is a plane
angular sector enabled the authors of [15, 28] to derive the
solution of the scattering from a PEC quarter plane for a semi‐
infinite plane angular sector. Among the advantages of the
variables separation method, one can point to the convenience
of the field analysis near the cone or plain sector apex and
the derivation of an approximate solution in the case where the
source is placed near the apex. The latter case is important for
practical applications [3, 29]. The study of the field behaviour
at the apex of a solid PEC cone was published in [11, 30].
Because of the slow convergence, the solution in the form of
the eigenfunction series is not very suitable for numerical
analysis in the high‐frequency domain. The series representa-
tion as a contour integral allows to avoid such complications
[31]. In contrast, the approach proposed in [14] allows one to

obtain the field representations only in the high‐frequency
domain. It should be emphasised that the mathematical
apparatus of the Kontorovich–Lebedev integral transform is a
basic one in the full‐wave study of the time‐harmonic wave
scattering from both infinite and finite conical configurations
[31–33].

Empirical methods, which include the methods of physical
optics [34], geometric theory of diffraction, and the physical
theory of diffraction, were also used to study the scattering of
waves from finite circular and elliptical cones [17, 18]. Such
approaches are convenient when studying the scattering
properties of complicated geometry objects. However, it is
difficult to establish the limits of the applicability of the results
obtained by these methods in the shadow and transition zones.
This gap is partially bridged by the purely numerical methods
[35, 36]. However, even the use of powerful computers does
not remove certain problems here. The results obtained by
empirical, approximate and numerical methods require vali-
dation by comparison with the known results obtained by the
rigorous methods.

Rigorous numerical and numerical‐analytical solution
methods are the full‐wave methods, which have complete
mathematical grounding. They include the methods of
expansion in terms of the eigenfunctions of the Helmholtz
equation and integral transformations as well as the method of
analytical regularisation (MAR) [33, 37–40]. In the past years,
the MAR has been used to study a wide variety of time‐
harmonic scattering problems associated with PEC and
imperfect scatterers [41–53]. The main merit of the MAR is
that it ends up with the Fredholm second kind matrix equa-
tions, which have the convergence guaranteed by the Fredholm
theorems. Thanks to the convergence, the accuracy of nu-
merical solutions can be brought to machine precision. The
MAR occupies a special place in the analysis of the scattering
from the PEC conical and biconical scatterers, both infinite
[31] and finite, including truncated cones [33, 39, 47]. In [54],
the problem of elementary dipole excitation of an unbounded
biconical PEC structure with longitudinal periodic slots was
considered. As is known, the presence of slots on the surface
of the cone contributes to the expansion of the frequency
range of the corresponding realistic antenna [1]. To solve this
problem, the authors of [54] used the Kontorovich–Lebedev
integral transform in combination with the MAR, and an
analysis of the influence of longitudinal slots on the near and
far field was carried out.

The second line is related to the initial‐boundary value prob-
lem investigations in the time‐domain scattering [2, 20, 22, 35].
The authors of [22] analysed the features of the short pulse scat-
tering by a finite solid PEC cone under the assumption that the
scattered field can be represented as a superposition of pulses
scattered from the resolved scattering centres. In [20], the
travelling‐wave approach was applied to obtain approximate
analytical expressions for thinwireV‐antennas excited by arbitrary
time‐dependent currents. A conical monopole antenna was
considered in [2] as a pulse radiator. Here, the theoretical analysis
of the antenna characteristics was based on the finite‐difference
time‐domain (FDTD) method.
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Representations for the time‐dependent dyadic Green’s
functions for a PEC semi‐infinite isotropic PEC cone were
derived in [55]. The time‐dependent response due to a point
source in the presence of a semi‐infinite cone was found
through the Laplace inversion of the time‐harmonic Green’s
time‐dependent functions. This procedure can be used when
inverting, for example, the potentials or components of a
harmonic field, which are represented in the form of the
Kontorovich–Lebedev integrals. The result of the inversion is a
rigorous solution to the corresponding initial‐boundary value
problem for a cone or a bicone as well as for their particular
cases. The unbounded biconical PEC structure with periodic
slots, considered in [54], has a number of important special
cases that are interesting both for the antenna theory and for
practical applications. Among them, there are the models of
objects of natural origin, conical and biconical slotted antennas
and reflectors [2, 3, 7, 8, 12, 16, 20, 22], plane linearly tapered
and butterfly type slot antennas [23, 25, 26], and conical slotted
antennas located over the plane underlying surface [21].

As we will show in this work, due to the use of the
inversion procedure, the solution of the boundary value
problem for the biconical structure is transformed into
the solution of the initial‐boundary value problem, while the
apparatus of the integral transformations of Kontorovich–
Lebedev for the boundary problem is transformed into the
apparatus of the integral Mehler–Fock transformations [56, 57]
for the initial‐boundary value problem. Due to this, the solu-
tion of the initial‐boundary value problem can be derived
immediately in the time domain using the Mehler–Fock inte-
gral transforms. In this connection, a rigorous analytical‐
numerical method based on the use of the Mehler–Fock in-
tegral transformations in combination with the MAR has been
built and applied for the first time to study initial‐boundary
value problems associated with slotted conical geometry. The
use of the latter makes it possible to obtain both an asymptotic
analytical solution to the problem of an open conical structure
excitation in the time domain and to carry out a numerical
analysis of the scattering characteristics.

The rest of the study is arranged as follows: The statement
of the problem and the motivation behind using the Mehler–
Fock integral transform are given in Section 2. Approxima-
tions for the field in the case of a bicone with longitudinal slots
are obtained in Section 3. The dual series equations are con-
verted to a Fredholm second‐kind infinite matrix equation and
the field behaviour is analysed at the single slotted cone tip in
Section 4. Section 5 presents the far‐field patterns. Conclusions
are given in Section 6.

2 | PROBLEM STATEMENT. THE
MEHLER–FOCK INTEGRAL
TRANSFORMS IN INITIAL‐BOUNDARY
VALUE ELECTROMAGNETIC PROBLEMS

Consider the wave scattering problem for a zero‐thickness
PEC biconical structure, Σ¼ Σ1 [ Σ2, excited by elementary
dipoles (see Figure 1). This conical structure consists of two

semi‐infinite circular cones with a common axis and apex
(centre of the surface Σ) denoted as point О. The cones Σ1 and
Σ2 have equal number of periodic longitudinal slots, N . The
aperture angle of the Σj‐th cone ( j ¼ 1; 2) is 2γj , the angular
slot width is dj , and the period is l ¼ 2π=N . The value of the
slot width (angular size) is equal to the value of the dihedral
angle formed by the planes drawn through the axis of the cone
and the edges of the strips.

The spherical coordinate system r; θ;φ is considered. Each
of the cones Σj is defined by the equation θ ¼ γj in this co-
ordinate system. We will suppose that the φ¼ 0 plane cuts
through one of the Σ1 cone slot axes and the slot axes for the
cones Σ1 and Σ2 do not match.

The given current source is either an electric, χ ¼ 1, or a
magnetic, χ ¼ 2, elementary radial dipole with the moment

P
→ðχÞ

r ð r
→
; tÞ ¼M

→ ðχÞ
δ
�
r
→ − r→0

�
f ðt − t0Þ; ð1Þ

where point B0 with coordinates r
→

0 is the source point,
δð r→ − r

→
0Þ is a delta‐function, and the f ðt − t0Þ function de-

fines the source field time variation so that f ðt − t0Þ ≡ 0, if
t < t0 (i.e. the source turns on when t¼ t0). The conical
structure and the source are placed in a homogeneous,
isotropic stationary medium with permittivity ε and perme-

ability μ. The task is to find the electromagnetic field E
→
ð r
→
; tÞ,

H
→
ð r
→
; tÞ in the presence of the conical structure and the source.

This field should satisfy, at each moment of time, the following
equations and conditions:

1) Maxwell equations;
2) Initial condition;

E
→

≡ 0 ≡H
→
; if t ≤ t0 ð2Þ

F I GURE 1 Geometry of the slotted biconical surface excited by
elementary dipole
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3) Boundary condition on the conical surface Σ,

n
→
� E

→��
�
Σ
¼ 0; ð3Þ

where n
→

is the unit normal to the surface Σ;
4) Local energy finiteness condition and
5) Condition at infinity.

The conditions (2)–(5) guarantee the uniqueness of the
solution of the stated electromagnetic problem [4]. The field to
be found can be presented as a sum,

E
→
ð r
→
; tÞ ¼ E

→
0ð r
→
; tÞ þ E

→
1ð r
→
; tÞ; ð4Þ

H
→
ð r
→
; tÞ ¼H

→
0ð r
→
; tÞ þH

→
1ð r
→
; tÞ; ð5Þ

where E
→

0ð r
→
; tÞ and H

→
0ð r
→
; tÞ correspond to the source field,

while E
→

1ð r
→
; tÞ and H

→
1ð r
→
; tÞ characterise the field scattered

from the conical surface.
It is convenient to express the electromagnetic field com-

ponents via the electric υð1Þ (or magnetic υð2Þ) Debye potential
that satisfies the wave equation, initial conditions, boundary
conditions, and the condition of the local energy finiteness.

The Debye potential υðχÞð r→; tÞ can be presented in the
following form:

υðχÞð r→; tÞ ¼ υðχÞ0 ð r
→
; tÞ þ υðχÞ1 ð r

→
; tÞ; ð6Þ

where

υðχÞ0 ¼ −
MðχÞr

4πr0ε2−χμχ−1

1
R
f
�

t − t0 −
1
a
R
�

η
�

t − t0 −
1
a
R
�

ð7Þ

is the potential corresponding to the source field, υðχÞ1 ð r
→
; tÞ is

an unknown Debye’s potential that corresponds to the scat-
tered field, ηðξÞ is the Heaviside function and R¼

�
� r
→ − r

→
0
�
�.

We will use the Green’s function method [4] and therefore
define the Debye potential υðχÞð r→; tÞ according to the
expression,

υðχÞð r→; tÞ ¼
MðχÞr

r0ε2−χμχ−1 ∫
t−t0

0
GðχÞ
�
r
→ − r

→
0; z
�
f ðt − t0 − zÞdz; ð8Þ

where GðχÞð r
→
; tÞ is the Green’s function of the considered

initial‐boundary value problem that satisfies the following
conditions [4]:

1) Wave equation

�

Δ −
1
a2

∂2

∂t2

�

GðχÞð r
→
; tÞ ¼ −δ

�
r
→ − r

→
0
�
δðt − t0Þ; r

→ ∉ Σ; ð9Þ

where εμ¼ a−2;

2) Initial condition

GðχÞ ≡ 0 ≡
∂GðχÞ

∂t
; t ≤ t0; ð10Þ

3) Boundary condition

∂χ−1

∂nχ−1

�
∂GðχÞ

∂t

��
�
�
�
Σ
¼ 0; t ≥ t0; ð11Þ

n
→

is the unit normal vector to the surface Σ.

4) Condition of the local energy finiteness

∭
V

��
�
�
�
∂GðχÞ

∂t

�
�
�
�

2

þ j∇GðχÞj2
�

dV < ∞; ð12Þ

5) Condition at infinity

According to (6), the function GðχÞð r
→
; tÞ can be decom-

posed as follows:

GðχÞð r
→
; tÞ ¼G0ð r

→
; tÞ þGðχÞ1 ð r

→
; tÞ; ð13Þ

where G0ð r
→
; tÞ is the Green’s function of the free space,

G0ð r
→
; tÞ ¼

δ½t − t0 − R=a�
4πR

: ð14Þ

Thus, the solution of the electromagnetic scattering
problem formulated above reduces to finding the transient
Green’s function GðχÞ1 ð r

→
; tÞ that corresponds to the field

scattered from the slotted conical structure Σ.
TheGreen’s functionGðχÞð r

→
; tÞ can be transformed into the

Laplace transform domain using the standard definition [4],

~G
s;ðχÞ
¼ ~G

s;ðχÞ
ð r
→
Þ ¼ ∫

þ∞

0
GðχÞð r

→
; tÞe−stdt;Re s > 0: ð15Þ

Now, one should find function ~G
s;ð1Þ

that satisfies

1) Inhomogeneous Helmholtz equation

�
Δ − q2

�
~G
s;ðχÞ
ð r
→
Þ ¼ −e−st0δ

�
r
→ − r

→
0
�
; r
→ ∉ Σ0; q¼ s

�
a; ð16Þ

2) Boundary condition

∂χ−1

∂nχ−1
~G
s;ðχÞ
�
�
�
Σ
¼ 0; ð17Þ

3) Condition of local power finiteness
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4) Condition at infinity

At first, we set q > 0 for definiteness (later, we will
make analytical continuation in q into the complex half‐
plane Re q > 0ðRe s > 0Þ). Taking into account the unique-
ness of the solution of the stated problem and the prop-
erties of the Laplace transform, we can conclude that the

boundary value problem for the function ~G
s;ðχÞ

has a

unique solution as well. This function ~G
s;ðχÞ

satisfies the
Helmholtz equation off the slotted cone structure Σ and
the source point.

According to Equations (10), (11) and (13), function Gs;ð1Þ

should have the following form:

~G
s;ðχÞ
ð r
→
Þ ¼Gs

0ð r
→
Þ þ ~G

s;ðχÞ
1 ð r

→
Þ; ð18Þ

Gs
0ð r
→
Þ ¼ e−st0

e−qR

4πR
: ð19Þ

Function Gs
0ð r
→
Þ (13) can be presented in the

Kontorovich–Lebedev integral form as follows [22, 23]:

Gs
0ð r
→
Þ ¼

2
π2 ∫
þ∞

0
τshπτĜ

s
0
KiτðqrÞ

ffiffi
r
p dτ; ð20Þ

Ĝ
s
0 ¼

Xþ∞

m¼−∞
asmτU

ð0Þ
m;iτe

imφ; ð21Þ

Uð0Þm;iτðθ; θ0Þ ¼

8
><

>:

Pm−1=2þiτðcos θÞPm−1=2þiτð − cos θ0Þ; θ < θ0;

Pm−1=2þiτð − cos θÞPm−1=2þiτðcos θ0Þ; θ0 < θ;

ð22Þ

asmτ ¼
ð − 1Þm

4chπτ
e−imφ0e−st0

Kiτðqr0Þ
ffiffiffiffi
r0
p

Г
�
1
2 −mþ iτ

�

Г
�
1
2þmþ iτ

�
; ð23Þ

where KiτðqrÞ is the McDonald function and Pm−1=2þiτðcos θÞ
is the associated Legendre function of the first kind. The un-
known function Gs;ðχÞ

1 ð r
→
Þ from (12) can be also sought in the

form of the Kontorovich–Lebedev integral transforms,

Gs;ðχÞ
1 ð r

→
Þ ¼

2
π2 ∫
þ∞

0
τshπτ ~G

s;ðχÞ
1
KiτðqrÞ

ffiffi
r
p dτ; ð24Þ

~G
s;ðχÞ
1 ¼

Xþ∞

m¼−∞
bsmτU

ðχÞ
m;iτ; ð25Þ

where bsmτ are known coefficients.

For finding the unknown coefficients αðχÞm;n and ηðχÞm;n (βðχÞm;n
and ξðχÞm;n are expressed via αðχÞm;n, ηðχÞm;n ) we obtain the coupled
dual series equations of the following form:

Xþ∞

n¼−∞
zðχÞ;κm;n e

inNφ ¼ gðχÞ;mp;iτ ðγκÞe
im0Nφ; at strips of Σκ; κ ¼ 1; 2

ð27Þ

Xþ∞

n¼−∞
½Nðnþ νÞ�~ρðχÞ

jnj
n

�
1 − εðχÞn;κ

�

n
zðχÞ;1m;n

h
hðχÞ;ðnþνÞN
iτ ðπ − γ2;π − γ1Þ

iκ−1

−zðχÞ;2m;n

h
hðχÞ;ðnþνÞN
iτ ðγ1; γ2Þ

i2−κo
einNφ

¼ 0; at slots of;Σκ; ð28Þ

zðχÞ;κm;n ¼ δ1καðχÞm;n
dχ−1

dγχ−1
1

PðnþνÞN
−1=2þiτðcos γ1Þ

þ δ2κηðχÞm;n
dχ−1

dγχ−1
2

PðnþνÞN
−1=2þiτð − cos γ2Þ;

UðχÞm;iτ ¼

8
>>>>>>>><

>>>>>>>>:

Xþ∞

n¼−∞
αðχÞm;nP

mþnN
−1=2þiτðcos θÞeiðmþnNÞφ; 0 < θ < γ1;

Xþ∞

n¼−∞

h
βðχÞm;nP

mþnN
−1=2þiτðcos θÞ þ ξðχÞm;nP

mþnN
−1=2þiτð−cos θÞ

i
eiðmþnNÞφ; γ1 < θ < γ2;

Xþ∞

n¼−∞
ηðχÞm;nP

mþnN
−1=2þiτð−cos θÞeiðmþnNÞφ; γ2 < θ < π;

ð26Þ
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Ĉ ðχÞ;mþnNiτ
�
γκ; γj

�

¼

dχ−1

dγχ−1
κ
PmþnN−1=2þiτðcos γκÞ

dχ−1

dγχ−1
κ
PmþnN−1=2þiτð − cos γκÞ

dχ−1

dγχ−1
j
PmþnN−1=2þiτ

�
− cos γj

�

dχ−1

dγχ−1
j
PmþnN−1=2þiτ

�
cos γj

� ; ð30Þ

hðχÞ;miτ ðx; yÞ ¼
dχ−1

dxχ−1Pm−1=2þiτðcos xÞ
dχ−1

dyχ−1Pm−1=2þiτðcos yÞ
;

gðχÞ;mp;iτ ðθÞ ¼
1

b̂
ðχÞ;p
mτ
�
γp; θ0

�
dχ−1

dθχ−1U
ð0Þ
mτðθ; θ0Þ; ð31Þ

where m=N ¼m0 þ ν, m0 is the closest integer number to
m=N , −1=2 ≤ ν < 1=2,

δmn ¼
�
1;n¼m;
0;n ≠m: ð32Þ

The condition of local energy finiteness provides the lim-
itation according to which the unknown coefficients ~zðχÞ;jm;n

should belong to the Hilbert space ℓ2 of infinite sequences
with the scalar product,

X ⋅ Y ¼
Xþ∞

n¼−∞
ð1þ jnjÞ~ρðχÞXn �Yn; ð33Þ

where the line above the symbol means conjugation. Also,

Xþ∞

n¼−∞
ð1þ jnjÞρðχÞ

�
�
�
�~z
ðχÞ;j
m;n

�
�
�
�

2
<þ∞: ð34Þ

As the right‐hand part of Equation (27) does not depend
on parameter q and on the Nðnþ νÞ jnjn ð1 − εðχÞm;nÞ coefficients
that are defined in Equation (29) and included in the left hand
part of Equation (28), the coefficients zðχÞ;κm;n and the function
UðχÞm;iτ (26) are independent of parameter q.

Using the approach given in [23], the Green’s function
GðχÞ1 ð r

→
; tÞ (13) of the boundary value problem for the

considered cone with longitudinal slots can be uniquely pre-
sented in the form of the integral,

GðχÞ1 ð r
→
; tÞ ¼ ∫

þ∞

0
τthπτĜ

ðχÞ
1 P−1=2þiτ½chbðt − t0Þ�dτ; ð35Þ

where

Ĝ
ðχÞ
1 ¼ −

1
r

η
�
t − t0 −

r þ r0
a

�

∑
þ∞

m¼−∞
âmτU

ðχÞ
m;iτP

m
−1=2þiτð − cos θ0ÞPm−1=2þiτðcos γÞ; ð36Þ

âmτ ¼
1

4πr0
ð − 1Þme−imφ0

Γ
�
1
2 −mþ iτ

�

Γ
�
1
2þmþ iτ

�
; ð37Þ

chbðzÞ ¼
a2z2 − r2 − r20

2rr0
; b ∈

�
0;þ∞

�
; ð38Þ

The main idea behind this approach is to use the following
representation:

Kiτðqr0ÞKiτðqrÞ ¼
1
2

∫
þ∞

0
K0

�

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 þ r20 þ 2rr0ch~μ
q �

eiτ~μd~μ;

ð39Þ

K0ðqχ⌢Þ ¼ ∫
þ∞

χ⌢=a

e−sα
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

υ2 − χ⌢
2
=a2

q dα: ð40Þ

The Green’s function G0ð r
→
; tÞ can also be represented in a

form similar to Equation (35) with the aid of the Mehler–
Dirichlet integral transform, defined as follows:

F̂ðτÞ ¼ ∫
þ∞

0
shbFðbÞP−1=2þiτðchbÞdb; b ∈

�
0;þ∞

�
; ð41Þ

½Nðnþ νÞ�~ρðχÞ
jnj
n

�
1 − εðχÞn;κ

�
¼
ð − 1ÞðnþνÞNþχ−1chπτ

πðsin γκÞ
1−~ρðχÞ

Γð1=2þ iτ þ ðnþ νÞNÞ
Γð1=2þ iτ − ðnþ νÞNÞ

�
1

dχ−1

dγκ
χ−1P

ðnþνÞN
−1=2þiτðcos γκÞ

dχ−1

dγκ
χ−1P

ðnþνÞN
−1=2þiτð − cos γκÞ

1

1 − Ĉ
ðχÞ;ðnþνÞN
iτ ðγ1; γ2Þ

;

ð29Þ
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FðbÞ ¼ ∫
þ∞

0
τthπτF̂ðτÞP−1=2þiτðchbÞdτ: ð42Þ

It should be noted that for inverting Gs;ðχÞ
1 and repre-

senting GðχÞð r
→
; tÞ in the form of the Mehler–Fock integral

transforms (41), (42) [22, 23], one should use formulas (39)
and (40) each time. This procedure was used for the first
time in [4, 24], where the Green’s functions for the first and
second boundary value problems of the wave equation for a
PEC wedge and for a semi‐infinite circular isotropic PEC
cone were considered. In these works, where the Green’s
function representation was derived, it was necessary to
perform the inversion procedure. In the stationary problem
inversion, the kernel of the Kontorovich–Lebedev integral
transform gets inverted. As a result, the P−1=2þiτðchbÞ as a
kernel of the Mehler–Fock integral transform (41), (42) ap-
pears. Thus, the Mehler–Fock integral transform (41), (42) is
a generalisation of the Kontorovich–Lebedev integral
transforms,

ĝðτÞ ¼ ∫
þ∞

0
gðrÞ

KiτðqrÞ
ffiffi
r
p dr; ð43Þ

gðrÞ ¼
2
π2 ∫
þ∞

0
τshπτĝðτÞ

KiτðqrÞ
ffiffi
r
p dτ; ð44Þ

for the solution of the boundary value problems associated
with wedges and isotropic cones in the time domain. It is
also possible to extend the use of the Mehler–Fock trans-
forms to the solution of the problems with open conical
geometries, including conical structures with longitudinal
slots. Thus, the use of the Mehler–Fock integral transforms
(41), (42) makes it possible to obtain a solution without
applying the procedure of inversion of the stationary
problem solution.

Generally speaking, one can apply the approach presented
above, provided that the field dependence on time (including
harmonic one) is given.

Taking into account the representation (35) for the Green’s
function and (8), the Debye potential υðχÞ1 ð r

→
; tÞ from (6) can be

written as follows:

Φiτðt; rÞ ¼ ∫
rþr0
a

t−t0 f ðt − t0 − zÞP−1=2þiτðchbðzÞÞdz; ð46Þ

where b̂
ðχÞ
mτ are known coefficients.

The function UðχÞmτðθ;φÞ in Equations (26) and (45) de-
pends on the conical structure geometry, and the function
Φiτðt; rÞ (46) is completely defined by the source type.

3 | REPRESENTATIONS FOR THE
DEBYE POTENTIALS AND FIELD
APPROXIMATIONS

By using the relations between the Legendre functions of the
first P−i=2þiτðuÞ and second Q−i=2þiτðuÞkind [27], the potential
υðχÞ1 ð r

→
; tÞ (45) can be presented as

υðχÞ1 ð r
→
; tÞ ¼

aip̂χ

4π2rr20
η
�
t − t0 −

r þ r0
a

� Xþ∞

m¼−∞
ð − 1Þme−imφ0

� ∫
þ∞

0
τthπτ

Γð1=2 −mþ iτÞ
Γð1=2þmþ iτÞ

b̂
ðχÞ
mτU

ðχÞ
m;iτðθ;φÞ

�
Ψ
⌢
iτðt; rÞ − Ψ

⌢
−iτðt; rÞ

�
dτ; ð47Þ

Ψ
⌢
iτðt; rÞ ¼ ∫

rþr0
a

t−t0 f ðt − t0 − zÞQ−1=2þiτðchbðzÞÞdz: ð48Þ

Suppose now that the source is located at the axis (θ0 ¼ π)
of the slotted conical structure. Then, the representation for
(47) gets simpler,

υðχÞ1 ð r
→
; tÞ ¼

aip̂χ

4π2rr02
η
�
t − t0 −

r þ r0
a

�

� ∫
þ∞

0
τ
dχ−1

dγχ−1
2

P−1=2þiτðcos γ2ÞU
ðχÞ
0;iτðθ;φÞ

h
Ψ
⌢
iτðt; rÞ

−Ψ
⌢

−iτðt; rÞ
i
dτ: ð49Þ

The integral representations (45), (47), (49) are convenient
for the field analysis in the transition regions. In order to study
the spatial field distribution in the case of close location of the
source to the centre of the slotted conical structure (r0 <<1) and

υðχÞ1 ð r
!; tÞ ¼

aMðχÞr
4πrr02ε2−χμχ−1 η

�
t − t0 −

r þ r0
a

�

�
Xþ∞

m¼−∞
ð − 1Þme−imφ0 ∫

þ∞

0
τthπτ

Γð1=2 −mþ iτÞ
Γð1=2þmþ iτÞ

b̂
ðχÞ
mτU

ðχÞ
m;iτðθ;φÞΦiτðt; rÞdτ; ð45Þ
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near the conical structure origin (r < <1), one should use the
series representations for the potential υðχÞ1 ð r

→
; tÞ and the

field components. To derive them, we represent υðχÞ1 ð r
→
; tÞ as

follows:

υðχÞ1 ð r
!; tÞ ¼ −

aip̂χ

4π2rr02
η
�
t − t0 −

r þ r0
a

�

� ∫
þi∞

−i∞
μ̂
dχ−1

dγχ−1
2

P−1=2þμ̂ðcos γ2ÞU
ðχÞ
0;μ̂ðθ;φÞΨ

⌢
μ̂ðt; rÞdμ̂: ð50Þ

It should be noted that the function UðχÞ0;μ̂ðθ;φÞ has isolated
singularity points that represent simple poles located on the
Reμ̂ axis in the complex plain of the complex variable μ̂.
Therefore, this function can be represented in the form,

UðχÞ0;μ̂ðθ;φÞ ¼
ĝðχÞμ̂ ðθ;φÞ

Ĝ
ðχÞ
μ̂

: ð51Þ

After the closure of the integration contour (50) in the
right half plane (Re μ̂ > 0) of the complex plane of the variable
μ̂ and the application of the residue theorem, we obtain the

representations of the potential υðχÞð r→; tÞ for the full‐field E
→
,

H
→

in the form of the residue series over the integrand poles,

υðχÞð r→; tÞ ¼ −
ap̂χ

2πrr20
η
�
t − t0 −

r þ r0
a

�

�
Xþ∞

s¼o

^̂μ
ðχÞ
s

ĝðχÞμ̂
d
dμ̂Ĝ

ðχÞ
μ̂

j
μ̂¼^̂μ

ðχÞ
s

dχ−1

dγχ−1
2

P
−1
�
2þ^̂μ

ðχÞ
s
ðcos γ2ÞΨ

⌢
^̂μ
ðχÞ
s
ðt; rÞ;

ð52Þ

where ^̂μ
ðχÞ
s are simple zeros of the function Ĝμ̂ðχÞ involved into

(51), that is,

Ĝ
ðχÞ
μ̂ jμ̂¼^̂μ

ðχÞ
s
¼ 0: ð53Þ

It follows from Equation (52) that in the case of the axially
symmetric excitation (θ0 ¼ π), the spatial spectrum of the
considered initial‐boundary value problem is a set of the roots

in Equation (53). In this case, by the spectrum of eigenvalues,

we mean the set of poles ^̂μ
ðχÞ
s of the integrand. As a result, we

obtain a representation for the potential in the form of a series,
each term of which is a solution of the wave equation. As the
function UðχÞm;iτðθ;φÞ (26) depends on the considered conical
geometry, the spatial spectrums of the initial‐boundary prob-
lems for the corresponding particular conical structures

depend on their parameters. The spectrum f^̂μ
ðχÞ
s ðγ2; dÞg

þ∞
s¼0 of

the considered initial‐boundary value problem is a discrete
real‐valued monotonously increasing sequence, the minimum

element of which ^̂μ
ðχÞ
0 is larger than 0.5.

The representation (52) can be used to solve the problem
in the stabilised regime, that is aðt − t0Þ >>1 and
aðt − t0Þ > >r2 þ r20, in the case of f ðt − t0Þ ¼ δðt − t0Þ. It
should be noted that in order to study the field near the wave
front, aðt − t0Þ ¼ r þ r0, the expressions (47)–(50), and (52)
are impractical. The formulas for the wave front vicinity should
be derived directly from Equation (45), which can be repre-
sented as follows:

υðχÞ1 ð r
!; tÞ ¼

ap̂χ

4πrr02
η
�
t − t0 −

r þ r0
a

�

�
Xþ∞

m¼−∞
ð − 1Þme−imφ0 ∫

þ∞

0
τthπτ

Γð1=2 −mþ iτÞ
Γð1=2þmþ iτÞ

b̂
ðχÞ
mτU

ðχÞ
m;iτðθ;φÞP−1=2þiτðchbðt − t0ÞÞdτ; ð54Þ

where aðt − t0Þ − r þ r0 <<1 and

chbðt − t0Þ − 1¼
a2ðt − t0Þ2 − ðr þ r0Þ2

2rr0
<<1: ð55Þ

The asymptotic representation for υðχÞ1 ð r
→
; tÞ near the wave

front is obtained as

ξ̂¼
a2ðt − t0Þ2 − ðr þ r0Þ2

2rr0
< <1: ð57Þ

In the case of the excitation by the elementary radial
electric dipole (χ ¼ 1), the electric field components have the
following form:

υðχÞ1 ð r
→
; tÞ ¼

ap̂χ

4πrr02
η
�
t − t0 −

r þ r0
a

�
�

(
Xþ∞

m¼−∞
ð − 1Þme−imφ0 ∫

þ∞

0
τthπτ

Γð1=2 −mþ iτÞ
Γð1=2þmþ iτÞ

b̂f
ðχÞ
mτU

ðχÞ
m;iτdτ

−
1
2
ξ̂
Xþ∞

m¼−∞
ð − 1Þme−imφ0 ∫

þ∞

0
τ
�

τ2 þ
1
4

�

thπτ
Γð1=2 −mþ iτÞ
Γð1=2þmþ iτÞ

b̂
ðχÞ
mτU

ðχÞ
m;iτðθ;φÞdτ

)

þOðξ̂
2
Þ; ð56Þ
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Eθ;1 ¼
ap̂1

4πrr02
η
�
t − t0 −

r þ r0
a

�

�
Xþ∞

m¼−∞
ð − 1Þme−imφ0 ∫

þ∞

0
τthπτ

Γð1=2 −mþ iτÞ
Γð1=2þmþ iτÞ

b̂
ð1Þ
mτ

∂
∂θ

Uð1Þm;iτðθ;φÞ
∂
∂r
frΦiτðt; rÞgdτ; ð58Þ

Eφ;1 ¼
ap̂1

4πrr02 sin θ
η
�
t − t0 −

r þ r0
a

�

�
Xþ∞

m¼−∞
ð − 1Þme−imφ0 ∫

þ∞

0
τthπτ

Γð1=2 −mþ iτÞ
Γð1=2þmþ iτÞ

b̂
ð1Þ
mτ

∂
∂φ
Uð1Þm;iτðθ;φÞ

∂
∂r
frΦiτðt; rÞgdτ: ð59Þ

Assuming that the source is located at the cone axis
(θ0 ¼ π;m¼ 0), the components Eθ;1, Eφ;1 of the scattered
electric field can be represented in the form of a series over the
integrand poles of the right hand part of Equation (58),

Eθ;1 ¼ −
ap̂1

2πr2r02
η
�
t − t0 −

r þ r0
a

�Xþ∞

s¼o

^̂μ
ð1Þ
s

�

∂
∂θĝ
ð1Þ
μ̂

d
dμ̂Ĝμ̂ð1Þ

j
μ̂¼^̂μ

ð1Þ
s
P

−1
�
2þ^̂μ

ð1Þ
s
ðcos γ2Þ

∂
∂r

h
Ψ
⌢

^̂μ
ð1Þ
s
ðt; rÞ

i
;

ð60Þ

Eφ;1 ¼ −
ap̂1

2πr2r02 sin θ
η
�
t − t0 −

r þ r0
a

�Xþ∞

s¼o

^̂μ
ð1Þ
s

�

∂
∂φĝ
ð1Þ
μ̂

d
dμ̂Ĝ

ð1Þ
μ̂

j
μ̂¼^̂μ

ð1Þ
s
P

−1
�
2þ^̂μ

ð1Þ
s
ðcos γ2Þ

∂
∂r

h
Ψ
⌢

^̂μ
ð1Þ
s
ðt; rÞ

i
:

ð61Þ

If, additionally, the source is located near the centre
(r0 < <1, r0 < r) of the surface, the dominant term defining
the field in each of the aforementioned cases, where chb > >1,
can be selected from the series to study the field behaviour
near the centre. In this case, Equation (60) can be transformed
as follows:

hðz; r; r0Þ ¼
a2z2 þ r2 − r20ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2z2 − ðr þ r0Þ2
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2z2 − ðr − r0Þ2
q ; ð63Þ

provided that t − t0 > ðr þ r0Þ=a.
The summation in Equation (62) is made over the

numbers of the spectral values, the minimum of which, ^̂μ
ð1Þ
0 ,

is larger than 0.5 for all conical structure parameters. One of
the spatial spectrum features is the fact that its neighbour
values differ from each other almost by the unit. This
means that if r < <1 or r0 < <1, then the most significant
contribution to the series comes from the first term, cor-

responding to the minimum spectral value ^̂μ
ð1Þ
0 . The

amplitude of this term is large if r < <1 or r0 < <1, while
the absolute value of the second series term corresponding

to ^̂μ
ð1Þ
1 > 3=2 is much smaller than the first one. The third

series term is much smaller than the second, provided
r < <1 or r0 < <1 etc. Thus, if the condition r < <1 or
r0 < <1 is valid, it is enough to consider only the first term
of the series (62) to obtain the approximate solution. In the
particular case where χ ¼ 1, the following approximation for
Eθ;1 is obtained from Equation (62):

Eð0Þθ;1 ¼ −
ap̂1
2
ffiffiffi
π
p η

�
t − t0 −

r þ r0
a

�
r0−3

�
2þ^̂μ

ð1Þ
0 r−3

�
2þ^̂μ

ð1Þ
0

�
Γ
�
3
�
2þ ^̂μ

ð1Þ
0

�

Γ
�
^̂μ
ð1Þ
0

� P
−1
�
2þ^̂μ

ð1Þ
0
ðcos γ2Þ

�

∂
∂θ ĝ
ð1Þ
μ̂ ðθ;φÞ
d
dμ̂Ĝ

ð1Þ
μ̂

j
μ̂¼^̂μ

ð1Þ
0
F̂
ð1Þ
^̂μ
ð1Þ
0
ðt; r; r0Þ; ð64Þ

F̂
ð1Þ
^̂μ
ð1Þ
0
ðt; r; r0Þ ¼ ∫

t−t0

rþr0
a

f ðt − t0 − zÞ

ða2z2 − r2 − r20Þ
^̂μ
ð1Þ
0 þ1=2

hðz; r; r0Þdz: ð65Þ

Here, the electromagnetic field near the centre of the
conical surface behaves as follows:

�
�
�E
→��
� ∼ r−1þα

�
�
�H
→ ��
� ∼ rα; r <<1

E}
θ;1 ¼ −

ap̂1
2
ffiffiffi
π
p

Xþ∞

s¼o
ðrr0Þ−3

�
2þ^̂μ

ð1Þ
s
Γ
�
3
�
2þ ^̂μ

ð1Þ
s
�

Γ
�
^̂μ
ð1Þ
s
�

∂
∂θĝ
ð1Þ
μ̂ ðθ;φÞ
d
dμ̂Ĝ

ð1Þ
μ̂

j
μ̂¼^̂μ

ð1Þ
s
P

−1
�
2þ^̂μ

ð1Þ
s
ðcos γ2Þ

� ∫
t−t0

rþr0
a

f ðt − t0 − zÞ

ða2z2 − r2 − r20Þ
^̂μ
ð1Þ
s þ1=2

hðz; r; r0Þ
�

1þO
��

rr0
a2z2 − r2 − r20

�2��

dz; ð62Þ
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α¼ −1=2þ ^̂μ
ð1Þ
0 ; ^̂μ

ð1Þ
0 ¼min

s
^̂μ
ð1Þ
s : ð66Þ

In the case of the δ‐impulse, source Eð0Þθ;1 (64) takes the
form of

Eð0Þθ;1 ¼ −
ap̂1
2
ffiffiffi
π
p η

�
t − t0 −

r þ r0
a

�
r0−3

�
2þ^̂μ

ð1Þ
0 r−3

�
2þ^̂μ

ð1Þ
0

�
Γ
�
3
�
2þ ^̂μ

ð1Þ
0

�

Γ
�
^̂μ
ð1Þ
0

� P
−1
�
2þ^̂μ

ð1Þ
0
ðcos γ2Þ

�

∂
∂θ ĝ
ð1Þ
μ̂ ðθ;φÞ
d
dμ̂ Ĝ

ð1Þ
μ̂

j
μ̂¼^̂μ

ð1Þ
0

hðt − t0; r; r0Þ

ða2ðt − t0Þ2 − r2 − r20Þ
^̂μ
ð1Þ
0 þ1=2

:

ð67Þ

Provided that aðt − t0Þ > >1, that is, in the late‐time regime,
the expression for Eð0Þθ;1 can be obtained from Equation (67) as

Eð∗Þθ;1 ¼ −
ap̂1
2
ffiffiffi
π
p r0−3

�
2þ^̂μ

ð1Þ
0 r

−3
�
2þ^̂μ
ð1Þ

0

�

�
^̂μ
ð1Þ
0 þ 1=2

�

d
dμ̂Ĝ

ð1Þ
μ̂ jμ̂¼^̂μ

ð1Þ
0

Γ
�
^̂μ
ð1Þ
0 þ 1=2

�

Γ
�
^̂μ
ð1Þ
0

� P
−1
�
2þ^̂μ

ð1Þ
0
ðcos γ2Þ

�

∂
∂θ ĝ
ð1Þ
^̂μ
ð1Þ
0

ðθ;φÞ

ðaðt − t0ÞÞ2
^̂μ
ð1Þ
0 þ1

�
1þO

�
a−2ðt − t0Þ−2��

: ð68Þ

4 | CONE WITH PERIODIC
LONGITUDINAL SLOTS: THE
REGULARISATION METHOD

Consider the problem of elementary dipole excitation for a
single circular semi‐infinite zero‐thickness PEC cone
Σ1 : θ ¼ γ, γ1 ¼ γ, with N periodic longitudinal slots
ðl ¼ 2π=NÞ of the angular width d. In this case, the function
UðχÞm;iτðθ;φÞ from the integral representation of the potential

υðχÞ1 ð r
→
; tÞ (45) has the form,

UðχÞm;iτðθ;φÞ

¼
Xþ∞

n¼−∞
xðχÞm;nþm0

PmþnN−1=2þiτð�cos θÞ
dχ−1

dγχ−1
2
PmþnN−1=2þiτð�cos γÞ

eiðmþnNÞφ: ð69Þ

In Equation (33), the «þ» sign in the Legendre functions
corresponds to the 0 < θ < γ region, and the «−» sign corre-
sponds to the γ < θ < π region. The unknown coefficients
xðχÞm;nþm0

satisfy the following dual series equations:

Xþ∞

n¼−∞
xðχÞm;ne

inNφ ¼ eim0Nφ; on strips; ð70Þ

Xþ∞

n¼−∞
½Nðnþ νÞ�~ρðχÞ

jnj
n

�
1 − ε̂ðχÞn

�
xðχÞm;ne

inNφ

¼ 0; on slots; ð71Þ

½Nðnþ νÞ�~ρðχÞ
jnj
n

�
1 − ε̂ðχÞn

�

¼
ð − 1ÞðnþνÞ=Nþχ−1chπτ

πðsin γÞ1−~ρðχÞ

Γð1=2þ iτ þ ðnþ νÞNÞ
Γð1=2þ iτ − ðnþ νÞNÞ

�
1

dχ−1

dγχ−1P
ðnþνÞN
−1=2þiτðcos γÞ d

χ−1

dγχ−1P
ðnþνÞN
−1=2þiτð−cos γÞ

; ð72Þ

ε̂ðχÞn ¼O
�

sin 2 γ
N2ðnþ νÞ2

�

;Nðnþ νÞ > >1: ð73Þ

The dual‐series equations (70), (71) can be written in the
operator form as

AY ¼ B ð74Þ

where the operator A is a singular one; the singularity corre-
sponds to the growth with jnj→∞ weight in the left‐hand part
of Equation (71).

Thus, in order to build a mathematically convergent
numerical algorithm for the solution of Equation (74), a
regularisation procedure of this equation must be
developed.

The main idea behind this procedure is to present the
operator A in Equation (74) as a sum of the singular
operator A0, which has a bounded inverse operator A−1

0 and
an operator A1, which is a compact operator in the Hilbert
solutions’ space ℓ2,

A¼ A0 þ A1: ð75Þ

Here, A0 is the main part of A and A1 is its regular part
[37–40]. The form of operators A,A0 and A1 is defined by the
dual series equations in each case. In the wave scattering
problems associated with PEC zero‐thickness strip gratings
and open cylindrical and spherical screens, A0 corresponds to
the electrostatic part of the operator A, that is, A¼ A0 if
wavenumber k¼ 0.

After applying operatorA−1
0 to (74), we obtain a set of linear

algebraic equations of the second kind (SLAE‐2) for the un-
known coefficients fxðχÞm;ng

þ∞
n¼−∞ in the form of an operator

equation,

X ¼ A∗X þ B∗; ð76Þ

where A ∗¼A−1
0 A1 and B ∗¼A−1

0 B have the norms, bounded
in the space ℓ2.

In particular, in the case of a single cone with one slot
(θ0 ¼ π, N ¼ 1), excited by the elementary radial electric
dipole (χ ¼ 1), the unknown coefficients xð1Þn are the solutions
of the following SLAE‐2:
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xð1Þ0

�

Dð1Þiτ − ln
1 − u
2

�

þDð1Þiτ
Xþ∞

p¼1
ð − 1Þpxð1Þp εð1Þp

�
PpðuÞ þ P−pðuÞ

�
¼Dð1Þiτ ;

ð77Þ

ð − 1Þn
Dð1Þ;niτ

Dð1Þiτ
xð1Þ0 ½PnðuÞ þ P−nðuÞ� þ 2Dð1Þ;niτ ð − 1Þnþ1

Xþ∞

p¼1
ð − 1Þppxð1Þp εð1Þp

h
Vp−1
n−1ðuÞ þ V

p−1
−n−1ðuÞ

i

− 2xð1Þn ¼ 0;n¼ 1; 2; :::;

ð78Þ

where Dð1Þiτ ¼D
ð1Þ
iτ ðγÞ ¼

π
chπτP−1=2þiτðcos γÞP−1=2þiτð−cos γÞ,

Dð1Þ;niτ ¼Dð1Þ;niτ ðγÞ¼ ð − 1Þn
π

chπτ
Γð1=2þ iτ − nÞ
Γð1=2þ iτ þ nÞ

Pn−1=2þiτðcos γÞPn−1=2þiτð − cos γÞ;

ð79Þ

N
�
�n
�
�
�
1 − εð1Þn

�
¼
ð − 1ÞnNchπτ
π sin γ

Γð1=2þ iτ þ nNÞ
Γð1=2þ iτ − nNÞ

1

PnN−1=2þiτð − cos γÞPnN−1=2þiτðcos γÞ
−1;

ð80Þ

where u¼ −cosðd=2Þ.
The absolute values of Fourier coefficients xð1Þ0 , xð1Þ1 and

xð1Þ2 of the electromagnetic field components versus slot width
d are presented in Figure 2 for various values of integration
parameter τ and aperture angle γ. It should be noted that in the
case of the axially symmetric excitation of the isotropic zero‐
thickness PEC cone (i.e. in the absence of slots d ¼ 0), the
Fourier coefficient is xð1Þ0 ¼ 1 and xð1Þn ¼ 0 for all n ≠ 0.

The spatial spectrum of the initial‐boundary problem is
defined by the poles of the function Uð1Þ0;μ̂ðθ;φÞ (69). In this

case, the spectrum of the initial‐boundary problem f~μsg
þ∞
s¼0 is

defined by the poles of the xð1Þn coefficients,

xð1Þn ¼
Δð1Þ

~μ;n

Δ
~μ
ð1Þ ; ð81Þ

where Δð1Þiτ is the matrix determinant of the SLAE‐2 (77), (78).
The plots in Figure 3 show the first three spectral values

~μn, n¼ 0; 1; 2 as a function of slot width d for different values
of aperture angle γ.

Note that the values of the parameter α¼ −1=2þ~μð1Þ0 ,
~μð1Þ0 ¼min

s
~μð1Þs define the electromagnetic field behaviour near

the conical tip (
�
�
�E
→��
� ∼ r−1þα,

�
�
�H
→ ��
� ∼ rα, r < <1) and depend on

|x
0

(1)| |x
1

(1)|

|x
2

(1)| |x
0

(1)|

d=300

d=900

d=1500

d=2100

d=2700

d=3300

(a) (b)

(c) (d)

F I GURE 2 Dependences of the coefficients |xð1Þn | on the slot width d: (а) n¼ 0, (b) n¼ 1, (c) n¼ 2; on the cone aperture angle γ: (d) n¼ 0, τ ¼ 1

1370 - DOROSHENKO AND STOGNII



its aperture angle γ and on slot width d. The dependences of
parameter α on d are shown in Figure 4 for several values of γ.

Hence, finding the spectral values means solving the
determinantal equation,

Δ
~μ
ð1Þðd; γ;NÞ ¼ 0: ð82Þ

The electric field at the tip of a narrow isotropic cone
(γ < <1) has significant singularity, while the magnetic field goes
to zero. If the aperture angle increases, the electric field singu-
larity at the tip of the isotropic cone decreases and progressively
disappears if the cone turns into a plane (i.e. if γ ¼ π=2).

A comparison of the field singularities for the isotropic
cone and the cone with longitudinal slots, of the same aperture
angle γ, shows that the presence of the slot makes the electric
field singularity stronger. The magnetic field goes to zero at the
cone tip, although the rate of decay is smaller than for the
isotropic cone. If the slot is very wide, d > 240°, aperture angle
γ has little effect on the field singularity.

d 0 d 0

d 0

(a) (b)

(c)

F I GURE 3 The dependencies of (а) ~μ0, (b) ~μ1, and (c) ~μ2 on slot width d for different values of aperture angle γ

F I GURE 4 Parameter α as a function of slot width d for different
cone aperture angle values, γ
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In the case of the source location close to the cone tip
(r0 < <1),spectral value ~μ0 (Figure 3а defines the field
amplitude.

5 | FIELDS PATTERNS. ANALYTICAL
SOLUTIONS

In the case of the pulse excitation of a cone with one slot
(t0 ¼ 0, χ ¼ 2, θ0 ¼ π, f ðtÞ ¼ δðtÞ; N ¼ 1) (see Figure 5), the
time‐space dependence of the H1θ field component is given by

H1;θð r
→
; tÞ ¼

aMðχÞr
4πrr02ε2−χμχ−1 η

�
t −

r þ r0
a

� Xþ∞

n¼−∞
einφ

� ∫
þ∞

0
τthπτb̂

ð2Þ
0τ

�
Xþ∞

n¼−∞
xð2Þ0;n

d
dθP

n
−1=2þiτð−cos θÞ

d
dγP

n
−1=2þiτð−cos γÞ

∂
∂r
P−1=2þiτ½chbðt; rÞ�dτ; γ

< θ < π:
ð83Þ

The system of linear equations for the Fourier coefficients
xð2Þm;n (further, xð2Þm;n ¼ x

ð2Þ
n ), in the case of the axially symmetric

excitation of a single cone with one longitudinal slot Σ2, has
the following form:

xð2Þ0

�

−~A
ð2Þ;0
iτ þ ln

½1 − uð2Þ�
2

�

þ
Xþ∞

p¼1
xð2Þp

ε̂ð2Þp
p
�
Pp
�
uð2Þ
�

þ P−p
�
uð2Þ
��
¼ ln
½1 − uð2Þ�

2
;

ð84Þ

xð2Þ0

�
Pn
�
uð2Þ
�
þ P−n

�
uð2Þ
��
þ 2

Xþ∞

p¼1
xð2Þp ε̂ ð2Þp

h
Vp−1
n−1

�
uð2Þ
�

þVp−1
−n−1

�
uð2Þ
��

− 2xð2Þn ¼ Pn
�
uð2Þ
�
þ P−n

�
uð2Þ
�
;

n ≠ 0: ð85Þ

As a criterion for the obtained solution convergence to the
accurate solution (84), (85), the condition number can be used,

νA ¼
�
�
�
�À
�
�
�
� ⋅
�
�
�
�À

−1�
�
�
�; ð86Þ

where A
⌣

is the matrix of the A
⌣
X ¼ B

⌣
system. The condition

number dependences for the SLAE‐2 (84), (85) on slot width
d2 are given in Figure 6.

To illustrate the convergence speed, the relative truncation
error of the SLAE‐2 (84), (85) by the norm of the ℓ2 space,
can be used. Using the formula XL ¼ fx

ð2Þ;L
n g, this error can be

defined as

eðLÞ ¼

�
�
�
�XL − XLþ1

�
�jl2�

�
�
�XL
�
�jl2

: ð87Þ

Figure 7 illustrates the dependences of the relative trun-
cation error on the truncation order L for four values of slot
width d2.

As is visible, a variation in slot width d2 has no sizeable
effect on the truncation error. In contrast, integration param-
eter τ is more important.

It can be seen in Figure 7 that it is enough to take 30
equations in the SLAE‐2 (84), (85) if the integration parameter
is τ ¼ 20, in order to obtain the solution with the relative error
eðLÞ ≤ 10−3.

The dependence of H1θ on parameter ξ¼ at=
ðr þ r0Þ, ξ > 1 in the azimuth plane is given in Figure 8

F I GURE 5 Cone with one longitudinal slot d2, γ2 is the cone aperture
angle. The field source is located at point B0 on the cone axis

F I GURE 6 Condition number νA of the SLAE dependence on slot
width d2 for different values of integration parameter τ, γ2 ¼ 22; 50
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for fixed values of r, r0, a, θ, γ, d and θ > 2γ,
t > ðr þ r0Þ=a.

The minimum value, visible in the angular diagram, is
explained by the slot effect because φ¼ 00 is the angular
position of the slot centre.

The normalised far‐field angular patterns in the azimuth
plain that is orthogonal to the single‐slot cone axis (N ¼ 1;

θ0 ¼ π; kr0 ¼ 1; γ2 ¼ :22:50; θ ¼ 600) are shown in Figure 9.
Note that the plain φ¼ 00 passes through the slot midpoint.

In the case of the time‐harmonic excitation of a slotted
PEC cone (t0 ¼ 0, χ ¼ 2, θ0 ¼ π, f ðtÞ ¼ eiawt; a¼�1) (see
Appendix B), we have

where Φiτðt; rÞ ¼ 2
πa

ffiffiffiffiffiffi
rr0
p

eiaωtKiτðqr0ÞKiτðqrÞ, KiτðqrÞ is
the McDonald function.

F I GURE 8 The dependence of |H1θ| on the
azimuth angle for various values of time parameter ξ;
r0=r¼ 0:5, γ ¼ π=8, d¼ π=6

F I GURE 9 Diagrams of the normalised field distribution in the
azimuth plain of the wave zone depending on slot width d2
(N ¼ 1; θ0 ¼ 1800; kr0 ¼ 1; γ2 ¼ :22:50; θ ¼ 600, ksi = 1.05)

d
2
=300

d
2
=900

d
2
=1500

d
2
=2400

F I GURE 7 Relative error in the unknown coefficients xð2Þn versus the
truncation order L of the SLAE‐2 for different values of slot width d2; the
integration parameter is τ ¼ 20 and the cone angle is γ2 ¼ π=8

υðχÞ1 ð r
!; tÞ ¼

aMðχÞr
4πrr02ε2−χμχ−1 η

�
t − t0 −

r þ r0
a

�

�
Xþ∞

m¼−∞
ð − 1Þme−imφ0 ∫

þ∞

0
τthπτ

Γð1=2 −mþ iτÞ
Γð1=2þmþ iτÞ

b̂
ðχÞ
mτU

ðχÞ
m;iτðθ;φÞΦiτðt; rÞdτ; ð88Þ
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For the cone with N narrow slots, representation (88) is
transformed (far from the slots) into the form (θ0 ¼ π,
d2=l < <1, ð1 − uð2ÞÞ < <1),

υð2Þ;kn1 ¼ υð2Þ1isotr: −
N

ln½ 1−uð2Þ
2 �

∫
∞

0
a∗ð2Þ
iτ
KiτðqrÞ

ffiffi
r
p

�
Fiτ∗

Δð2Þ;kniτ

Að2Þ;0iτ P−1=2þiτð − cos θÞdτ

þ −
N

ln½ 1−uð2Þ
2 �

∫
∞

0
a∗ð2Þ
iτ
KiτðqrÞ

ffiffi
r
p

F�iτ
Δð2Þ;kniτ

Að2Þ;0iτ

�
X

n≠0

1

1 − jnjn ε̂
ð2Þ

n;2V
n−1
n−1ðu2Þ

PnN−1=2þiτð − cos θÞ
d
dγ2
PnN−1=2þiτð − cos γ2Þ

einNφdτ þ Оð1 − u2Þ; γ2 < θ < π; ð89Þ

Δð2Þ;kniτ ¼ Fiτ ∗ −
1

ln½ 1−uð2Þ
2 �

;

Fiτ ∗ ¼
1

Að2Þ;0iτ −N−1P

p≠0
jpj−1ε̂

ð2Þ

p;2

ð90Þ

Δð2Þ;bcniτ ¼ ~Fiτ ∗ −
N

ln½ 1−uð2Þ
2 �

ð91Þ

a∗ð2Þ
iτ ¼

p̂2
2π2r0

τthπτ
Kiτðqr0Þ

ffiffiffiffi
r0
p

d
dγ2
P−1=2þiτðcos γ2Þ

d
dγ2
P−1=2þiτð − cos γ2Þ

;

~Fiτ ∗ ¼
1

~A
∗ð2Þ
iτ − 1

N
P

p≠0

1
jpj~ε
ð2Þ
p;2

;
ð92Þ

~A
∗ð2Þ
iτ ¼ Að2Þ;0iτ

1

1 − Ĉ
ð2Þ
iτ ðγ1; γ2Þ

; uð2Þ ¼ cosðπd2=lÞ; ð93Þ

Að2Þ;0iτ ¼ −
chπτ
πsin 2γ2

1
d
dγ2
P−1=2þiτðcos γ2Þ d

dγ2
P−1=2þiτð − cos γ2Þ

ð94Þ

The first term υð2Þ1isotr:in the representation (90) corresponds
to the Debye potential for the isotropic cone Σ2 [31].

The spatial spectrum is the set of roots of the equations
with small right‐hand parts,

πsin 2γ2
cos π~μ

ð~μ2 − 1=4Þ2P−1
−1=2þ~μðcos γ2ÞP

−1
−1=2þ~μð − cos γ2Þ ¼

N
ln12½1 − uð2Þ�

;

ð95Þ

n d
dγ2
P−nN

−1=2þ~μ
ðcos γ2Þ ddγ2

P−nN
−1=2þ~μ

ð − cos γ2Þ

d
dγ2
P−nN

−1=2þ~μ
ðcos γ2Þ d

dγ2
P−nN

−1=2þ~μ
ð − cos γ2Þ þ nN

ð−1ÞnN cos π~μ
πsin 2γ2

Γð1=2þ~μ−nNÞ
Γð1=2þ~μþnNÞ

¼
1
2
�
1 − uð2Þ

�
:

ð96Þ

All of those are located near the roots (see Appen-
dix C) of equation d

dγ2
P−1=2þμð�cos γ2Þ ¼ 0, which corre-

sponds to the case of the axially symmetric excitation of
the isotropic PEC cone by the on‐axis radial magnetic
dipole (θ0 ¼ π).

The expression for υð2Þisotr:, corresponding to the full field,
has the following form:

υð2Þisotr:¼
bð2Þisotr:
cos 2γ2

2

sinðkr<Þ

kr20r
e−ikr>

þ
bð2Þ∗isotr:
r0

ffiffiffiffiffiffi
rr0
p

Xþ∞

n¼1

α1−
n

cos πα1−
n
Jα1−

n
ðkr<ÞH

ð2Þ
α1−
n
ðkr>Þ

�
P−1

−1=2þα1−
n
ðcos γ2Þ

d
dγP

−1
−1=2þ~μ

ð − cos γ2Þ
�
�
�
�
~μ¼α1−

n

P−1=2þα1−
n
ð − cos θÞ;

γ2 < θ < π;
ð97Þ

sinðkr<Þe−ikr> ¼

�
sin kre−ikr0 ; r < r0;
e−ikr sin kr0; r > r0 ;

where bð2Þisotr: and bð2Þ∗isotr: are known coefficients. Correspond-
ing to the ~μ¼ 1=2 eigenvalue, which does not make any
contribution to the field, the narrow slot’s presence causes a
perturbation in the spatial spectrum of the isotropic cone
and the value ~μ¼ 1=2 in particular. As a result, a guided
wave corresponding to the ζкн∗

1 spectral value occurs in the
scattering by the cone with a narrow slot field. The repre-
sentation for one of the full‐field components is provided
below:

where

hζкн∗
1

2 ðθ;φÞ ¼ c1 þ 2
sin γ2
sin θ

cNðcos Nφ − cNÞ
1 − 2cN cos Nφþ c2N

;

where cN ¼

 

cot θ
2

cot γ2
2

!N

, f ∗ð−1Þ
α1−
m

are known functions.
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The summand

bζkn1
tan γ2

2

2sin 2γ2 1
N ln 1−uð2Þ

2

�
kr0
2

�−3=2þζkn1 sin kr0
r0

hζkn1
2 ðθ;φÞ

e−ikr

r
; ð99Þ

in formula (98) corresponds to ζkn1 (see Appendix, C3).
It represents the wave propagating from the cone apex for
r0 < r (the travelling slot wave) and the standing wave e (98),
if r < r0. The terms corresponding to the eigenvalues
located near the roots of d

dγ2
P−nN

−1=2þ~μ
ð�cos γ2Þ ¼ 0, nN ≥ 1 and

d
dγ2
P−1

−1=2þ~μðcos γ2Þ ¼ 0 have the order Oðln−2ð1 − uð2ÞÞÞ or

higher; therefore, they are not present in the representations
(98), since they are defined with the accuracy of this same
order. Thus, the considered terms of decompositions (98)

correspond to eigenvalues ζkn1 and ~~μ
1−
n .

Provided that the structure is excited by the magnetic radial
dipole, the magnetic field behaviour near the isotropic cone
apex is characterised by the term ðkrÞ−3=2þβðγÞ, where
βðγÞ ¼min βn > 3=2. This means that in this case the field has
no singularity near the apex. The slots cause a perturbation in
the isotropic cone spatial spectrum; so the terms corre-
sponding to the slots enter the result\ in addition to the term
representing the scattering by the isotropic cone field. In this
case, the disturbed eigenvalue μ¼ 1=2 contributes to the
scattered field. As a result, a singularity of the order of
ðkrÞ−3=2þζкн∗

1 appears in the cone with a narrow slot apex.

6 | CONCLUSIONS

We have studied, in the full‐wave formulation, the problem
of time‐domain elementary dipole excitation of a zero‐
thickness PEC slotted biconical structure. Our analytical‐
numerical method is based on using the Mehler–Fock in-
tegral transform in combination with the method of
analytical regularisation. We have derived the representations
of the Debye potentials and the field components in the
form of the Melher–Fock integrals and the series, which
are convenient for studying the field in the transition re-
gions, near the wave front, and in the approximation of the
dipole location close to the complex cone tip. It has been
shown that the spatial spectrum of the considered initial‐
boundary value problem depends only on the geometric
parameters of the open conical structure and the minimum
spectral value determines the behaviour of the electromag-
netic field near the corner point (the apex of the cone or
the centre of a slotted conical surface). The effect of the
longitudinal slots on the spatial spectrum and structure of
the field has been studied.

As for the wave‐physics effects, we have found that the
singularity of the electromagnetic field at the tip of a PEC cone
with a longitudinal slot can be stronger than that at the tip of a
solid PEC cone. We have also found simple approximations
for the components of the field scattered by the considered
conical surface for the dipole location close to the complex
cone tip and near the wave front. The electromagnetic field

H1θ ¼
bð2Þ∗isotr:
rr0

ffiffiffiffi
r0
p

Xþ∞

m¼1

�
kr0
2

�~
~μ
1−

m −α1−
m α1−

m

h�
α1−
m
�2 − 1

.
4
i

cos πα1−
m

Jα1−
m
ðkr0Þ

d
dr

� ffiffi
r
p

H ð2Þα1−
m
ðkrÞ

�

�
P−1

−1=2þ~μðcos γ2Þ
d
d~μ
P−1

−1=2þ~μ
ð − cos γ2Þ

�
�
�
�
�
�
�
�
~μ¼α1−

m

⋅ P−1
−1=2þα1−

m
ð − cos θÞ þ

bζkn1
tan

γ2
2

2sin 2γ2
N

ln
1 − uð2Þ

2

�
kr0
2

�−3=2þζkn1 sin kr0
r0

hζkn1
2 ðθ;φÞ

e−ikr

r

þ
1

sin 2γ2
1
N

ln
1 − uð2Þ

2

b∗ð2Þ
1

rr0
ffiffiffiffi
r0
p

8
>><

>>:

Xþ∞

m¼1

�
kr0
2

�~
~μ
1−

m −α1−
m ~μJ

~μðkr0Þ
�
d
d~μ
P−1

−1=2þ~μð − cos γ2Þ
�2

�
�
�
�
�
�
�
�
~μ¼α1−

m

�
d
dr

h ffiffi
r
p

H ð2Þα1−
m
ðkrÞ

i
P−1

−1=2þα1−
m
ð − cos θÞf ∗ð−1Þ

α1−
m

þ 2
Xþ∞

n¼1
cos nNφ

Xþ∞

m¼1

�
kr0
2

�~
~μ
1−

m −α1−
m

�Jα1−
m
ðkr0Þ

~μ
d
dr
� ffiffi
r
p

H
~μ
ð2ÞðkrÞ

�

d
d~μ
P−1

−1=2þ~μ
ð − cos γ2Þ

d
dθP

−nN
−1=2þ~μ

ð − cos θÞ
d
dγ2
P−nN

−1=2þ~μ
ð − cos γ2Þ

�
�
�
�
�
�
�
�
~μ¼α1−

m

9
>>>=

>>>;

þO
�
ln−2� 1 − uð2Þ

��
; r0 < r; γ2 < θ < π; ð98Þ
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patterns depending on the time and the distance to the
observation point have been presented.

As noted in the introduction, such conical and biconical
structures with longitudinal slots are broadband structures.
We believe that the appearance of additional slots with
different widths will expand the range of capabilities of the
corresponding antenna even further. The study of the
problems of excitation of such structures can be carried out
using the approach proposed in the work. The computed
radiation patterns provide sufficient information about the
far field (sectors of the highest and the lowest radiation) and
this can be used, in particular, when solving the problems of
electromagnetic compatibility. In the case where the source
is located close to the tip, the regime of waves travelling
along the slots or conical sectors has been identified and is
of practical interest. When a cone with a narrow longitudinal
slot is excited by a radial magnetic dipole (current loop), a
slot wave appears in the scattered field. Its field has a strong
singularity and modifies the field behaviour at the apex
relative to what is observed on a solid cone. Therefore,
slotted cones can find their applications in the measuring
probes of diagnostic and control devices. Besides, in the
case where the source is located near the tip, it is the field
of this wave that has the main contribution to the antenna
far‐field radiation pattern.

Additionally, as it is the PEC scatterers that display the
strongest field singularities [37–40], the method presented here
can be used to solve the problem of pulsed excitation of
imperfectly conducting (impedance, resistive and thin‐dielec-
tric) cones and bicones with longitudinal slots, where the field
singularities are the same or weaker.

We believe that these results can be useful in the electro-
magnetic design of wide‐band conical and biconical antennas
and near‐field probes.
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APPENDIX A
In this appendix, the Debye’s potential υðχÞ0 for the electric
(χ ¼ 1) and magnetic (χ ¼ 2) radial dipoles with the moment

P
→ðχÞ
ð r
→
; tÞ ¼M

→ ðχÞ

r e
→
rδ
�

r
→ − r

→
0

�

f ðt − t0Þ ðA:1Þ

and the current density

j
→ðχÞ
ð r
→
; tÞ ¼

�
jðχÞr ; 0; 0

�
ðA:2Þ

are derived.
These potentials have to satisfy the wave equation,

�

Δ −
1
a2

∂2

∂t2

�

υðχÞ0 ð r
→
; tÞ ¼ −F̂

ðχÞ
ð r
→
; tÞ; ðA:3Þ

F̂
ðχÞ
ð r
→
; tÞ ¼

1
ε2−χμχ−1r

MðχÞr δ
�
r
→ − r

→
0
�
f ðt − t0Þ; ðA:4Þ

where

Δ ~W¼
1
r2

∂
∂r

 

r2
∂ ~W
∂r

!

þ
1

r2 sin θ
∂
∂θ

 

sin θ
∂ ~W
∂θ

!

þ
1

r2sin 2 θ
∂2 ~W
∂φ2 :

ðA:5Þ

The solution of the equation (А.1) is found by means of
the Green’s function,

Gð r
→
; r
→
; t; t0Þ ¼

δðt − t0 − j r→ − r
→
j=aÞ

4πj r
→ − r

→
j

ðA:6Þ

Then the integral representation for the solution of (А.3)
appears as follows:

υðχÞ0 ð r
→
; tÞ ¼ − ∫

þ∞

−∞
dt0∫

Ω
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ðχÞ
ð r
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ð r
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→
:

ðA:7Þ
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The integration in (А.3) is made over the entire space Ω.
Taking into account (А.4) and (А.7), we have

υðχÞ0 ð r
→
; tÞ ¼ −

MðχÞr
4πr0ε2−χμχ−1

1
R
f
�

t − t0 −
1
a
R
�

η
�

t − t0 −
1
a
R
�

;

ðA:8Þ

where R¼
�
� r
→ − r

→
0
�
�.

APPENDIX B
In this appendix, we derive the representation for the Debye’s
potential υðχÞ1 ð r

→
Þ, corresponding to the scattered field in the

case of the open biconical structure shown in Figure 1 and
excited by a harmonic source, in the stabilised regime, at
t − t0 > >1. The integral representation for the Debye’s po-
tential of the non‐stationary problem contains the time
parameter in the following function:

η
�
t − t0 −

r þ r0
a

�
Φiτðt; rÞ: ðB:1Þ

We transform Φiτðt; rÞ so that it becomes convenient to
pass to the stabilised (i.e. large‐time) regime. The following
expression should be taken into account:

P−1=2þiτðchαÞ ¼
ffiffiffi
2
p

π
∫
α

0

cos xy
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
chα − chy
p dy ðB:2Þ

provided that t0 ¼ 0, we obtain that
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where
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After the integration order changes in (B.3), we obtain the
following representation for Φiτðt; rÞ:
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As a result of the passing in (B.5) to the stabilised regime
(t > >1), we get
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Taking into account the fact that
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we obtain from (B.6) the representation for function Φiτðt; rÞ
in the stabilised regime,

Φiτðt; rÞ ¼
2
πa

ffiffiffiffiffiffi
rr0
p

eiςωtKiτðqr0ÞKiτðqrÞ; ðB:9Þ

where KiτðqrÞ is the McDonald function. Taking into account
(B.9), one obtains representation (87).

APPENDIX C
The spatial spectrum is a set of roots of the equations with
small right‐hand parts as follows:
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The roots of equation (C.2) have the following form:
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