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Abstract

The time-dependent Green's function boundary problem for a semi-infinite
circular perfectly conducting cone with periodical longitudinal slots is considered.
This geomeltry can be regarded as a model of conical slotted antennas. The solution
method employs Laplace inversion, the Kontorovich-Lebedev integral transforms and
the Riemann-Hilbert method. Representations for the scalar Green's functions for
some particular cases of the structure and time parameter are derived.

1. INTRODUCTION

The dyadic Green’s function is a very useful tool for solving boundary problems to
investigate electrodynamics characteristics of complex structures. Now the interest to
cones and slot structures has been raised up because of them applications at the
antennas techniques and radiolocaton. The transient boundary problem solution for an
isotropic cone is already associated with mathematical difficulties [1]. One should use
more complicated methods to solve the stationary problem for a cone with
longitudinal slots [2]. The purpose of this study is to find representations for the time-
dependent Green’s function for a perfectly conducting cone with periodical
longitudinal slots. The structure under consideration can be regarded as a suitable

model of a slotted cone antenna with controlled beams and field polarization.

2. PROBLEM STATEMENT AND METHOD

The structure under consideration is a semi-infinite circular perfectly conducting
cone with N slots cut along rulings (longitudinal slots). The geometry of the
configuration and the assumed spherical coordinate system r, 8,0 are shown in Fig.1.
In this coordinate system the cone is defined by an equation J=7y- The structure
period [ =27/ N and the slot width of the cone d are angular values. The slot width
is a value of the dihedral angle formed by planes those pass through the cone axis and

cone strip edges.
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Figure 1.

The time-dependent Green’s function G(7,7,¢,¢,) satisfies:

1) the partial differential equation

[A—%%}G(ﬁﬁ,r,to)=~5(F—ﬁ])§(t~:n), (1)
2) the boundary condition

G(F .7, t,t,)=0,at I=y, ()
3 the initial conditions

G= Ei_f 04 £.2a. 3

The solution for G(7,7,,t,t,) is written as the sum of a free-space field GO(F,E],I,!O)
and a scattered field G, (F,Fg,r,ro), due to the presence of the cone
G(}:’;‘Eﬂrfrﬂ) = GD(F";’E]‘{’IU)_F GI(F’P;]JIEIU) > (4)

Slt—t,~F -7|/c]

where GU(F,%JJ{;)= [ _ =
47:[:‘—!‘0!

2
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¢ is speed of light in the medium surrounding the cone. The time-dependent Green’s

function G(F,7,t,,) can be obtained via the Laplace inversion from the time-

harmonic Green’s function G* (F,FO,ID)

G" (F,Fg,fo) = j‘G(F,%,r,rﬁ)e’”dl,s >0 5)
4]

that satisfies the three-dimensional wave equation, the Dirichlet boundary condition,
radiation condition at r —> oo, singularity conditions at the tip and slot edges.

Accoding to (4),

G (7,7, 1.t,) = G (F T tote) + G (F Fostily), (6)
where
: . =77 "
G[)J(Faﬁ]:razo):ed.‘rn_'—_,—fa 7 e (7)
4ﬁt?‘ - ro] c

The method for solving the stationary boundary problem for G’ uses the

Kontorovich-Lebedev integral transforms

F(c)= Tf(ﬂ%}@dr.- (8)

Tesi _—-K*:(rﬁr)m, ©)

fr)= % JT sinh 77F (7) :

(=1

here K, (z) is the Macdonald function. The function G; can be represented in terms

of the Kontorovich-Lebedev transform (9), [3]

Gi = j !T?hrrfmzna o ke : J(}E’ )dr , (10)
. B e T(/2-m+i r) K, (qr)

Qoimirts e . . »
WA cashgr T(/2+m+ir) Jr

"lllu"'lw"(coc;‘g) ? ( cos & ) &< .90,
Lmr('g \9 ) {P_m ( COSS) -lp(coﬁg ) 19 2 ‘9

f2+it
Let’s express G, viathe Kontorovich-Lebedev integral (9), (10)

G' = -2—2 _[ sinh 7t i Bl Kfigr)d'r, (1)

T 0 m=—m

bl‘ i _a-" —T_.l‘l-l-r‘r(‘_ cos ‘90 )P—:}E+ff (COS y)’ ¥ £ '90 <7

mr mrt
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2

& m+ni
Llfl +Zx P l.l"2+rf( Cos 9) E{.‘rl-HlN]ip
mr e, N

] ! P"”P"r (+ cos y)

Xy nm, @re unknown coefficients, B (£ cos ) are associated Legendre functions, the
upper sign corresponds to 0 <9<y and the lower one to y <8<, l"(z) is a
gamma-function, m/N = v +my,~1/2<v <1/2, m, is the nearest integer to m/N . In

order to obtain function equations for determining x,,, one should apply the boundary

conditions and the continuity conditions for 8G; /69 in slots; as a result we have

> x,,e"? =e™® mdfl <|Ngp| <7, (12)
S04 s =0 ol <t a3
where
| I:n-r-v}:\" ! s e
N(n e v)ﬂ(l = ”) = ——m—(_ ) -coshzr - T(l"xz . I o +(n V)N) .
n ’ 4 T(/2+it—(n+v)N)
1

; (14)

P—(::";‘H)' (COS }/) —ﬁ:ﬂﬂ'f (_ COS;/)
sin®y
=0 LN n+ L
Emn [ Vi) J N(n+v)>>
Let’s introduce
|
ym,n = (_ 1)”‘”‘-’! M ' |_}1(1 aE Em,ﬂ )xnr,u »
ny,+v n
I_{S!JJH:. 1 ,W:j\qu)—M:
o oo Epn @

and reduce (12), (13) to the following equations
i H(1 - 5?:1,!1 )ym,nemw = LMUH y/| % E(E B d)/t’ ? (15)
n=—a 1
iym’”e"”‘” =ifJ; w(l-d)fi<|y|<x, (16)

with the complementary condition

i L'-”—l(l—amln Won = ol | (17)

e fo sl my, +v
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By using the Riemann-Hilbert problem method [4,5] for a unit circle arc we bring the

functional equations (15)-(17) to the system of linear algebraic equations for

coefficients y,, ,

Wl )y,,,ﬂ-wo(mz” i

(18)
2 Bla)-Blu)
() v P (- u)+ P, (— u)
+ |
ym,q qmnl (”)_]_ Z S| 5:.1: \ym 5 q =1 (i‘,{)—l—y ,0 ( ):}“I = 0, (19)
Vi) = ——[Pu_l ()P, () =P, () P, ()]

2(n—m)

el o 1 o Pv—i (u)
= p+v {PF ® B (=y+F (~u)[ = (u)]}

U= cos(f——jﬁ )
The matrix operator of the system (18), (19) is compact and it’s coefficients are

independent on parameter ¢ . For any problem parameters the system solution can be

obtained with the reduction method and for a partly transmitted cone
(v >>1,(1=d)/l << 1) with the iteration one too. The inversion of G I5

accomplished by procedure in [1]. It follows that

G] = 4?;? T}[f_ P :‘ ?‘n] i“ imgp .[2—“4 {}rl“r Bz (CO'Sh b)d’l’ (20)
a m= e

il '—I mel  —imey, '[c"lﬂh i
g =(-1)"" ™" 7 tanh 7T (/2 +m+ir)

—l."2+:r( Cos‘gn) l{2+rr(cos}')=

= ¥ i
LrE el il

coshb(f)= L f=t-1,

2rr,

here 77(z) is the Heaviside unit function.

B RESULTS
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Let’s consider a partly transmitted cone that is defined by existence of the limit

lim [- —1~_]_n(1 - d;’!)} =0>0.
N—pten j\‘f

dil=1

Such a surface can be regarded as a model of a cone antenna formed by a great

number of thin conductors. For the partly transmitted cone we obtain

G] = 2 2 ?;{F - e rD ] iemﬁ? _[hmr 5 —nl_r.n"l-i-r'f (COS '9) 7 P—]}'?,H’r (COSh b)df 3 0< '9 < 4 :(21)
Ty & n=-co 0
¢ [ ren)E o2 Phylcosy)
G o fo o imp h gy NIHEX P (-cos3)-P,., hbd
1 4:&?-»?0 T?Lr B ]HJ:ZQE 5{ " _H[}:H_f (_ COS}/) -L,_H.( COS8 ) 1;_+Jr(cOS ) T
y<@<m, (22)

h = gmr
"1+ 2mOll - €, )

In order to simplify (21), (22) we assume first that the source point is on the cone

axis (9, = 7,0, =0;m = 0). Then (21), (22) reduce to

& e 'f‘?[? I+ ] Izrhm‘ P (€0s7)P 0, (F 08y )P, (cOs Q)P (cOSh D)

dmrr, & iy B
0<8<y, (23)
} [ r+r \iuhar :
G, =- 47;0 = ”}ﬁ[ ;r [P_]m,__(cos y)] P s (- cO8 8)- P juic (cosh B)d7
y<@<m, (24)

D, =P . (cos 7’)1)—1;1“-: (~cos ;V) +20coshzr.
Applying the residue theorem to the integrals in (23), (24) one may derive series

representations for G, . It follows from (23)

Gj = - 3 }‘JJ P——l-"2+;.r (CGS;V)P—II.-"EMJ- (_ COS}’)P—I"E!-,U (COS S)Q—l,."'l-r.ﬂ (COSh b)’
2?’1?’3'0 y: i D e i e '
au
cf>r+rn,0<8<y, (26)

where O, (z) is the Legendre function, 4, are the positive roots of
D, =0. @7
In the case of the partly transmitted cone the boundary problem spectrum is defined

by the roots gz, of (27).
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20 cos e}

pi =t - — +0[g?), 28)
2 a [‘P—[I-"E-.—,u (COS }/)‘P—]}'Q'rp (— cos y)] p=e

P—1|'J2+a+(c05}’)=03 P —(_COS;V)ZO,

—lll,"'l+a
for O >>1
1 | O
lrgtityg [P (cosy) +0(07), j=012.. (29)

Taking into account the asymptoticbehaviour for the Legendre function O, (z),|z| >> 1
[6] one may approximate (26) by the leading term in the series for the long-time

response (I >>1)

R
Gi 52 < s P—!I.-'2+|u,, (COS y)P—ll.l"Z-r.u,, (_ cos }/)P—ll.-'hyn (COS S)Q—lﬁﬂ.r‘, ;i"‘ i
2nrry A 217y

d‘L.]' .HU
0<8<y, (30)

where g, is the smallest positive root of (27). For the special case of the partly

transmitted cone (Q >>1)

Hy :—1-+L+O(Q"l)

9 20
and
dE—LD;%, = ~27rQ[1 - é In(0.5sin )+ 00" )} , éﬁn{(}j siny) <<1.

Then we have

G e [Fa) 2 T ol Oy (31

5

4z°0

It should be noted that the nonstationary boundary problem spectrum is the same as

for the stationary boundary one [1].

4. CONCLUSIONS

Initial boundary value problem about constructing the time-dependent Green’s
function for a perfectly conducting cone with periodical longitudinal slots is
considered. For a partly transmitted cone and the cone with small angles the solutions

are expressed in simple closed forms. The boundary spectrum is investigated for
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special cases of the partly transmitted cone. It is shown that the nonstationary problem
spectrum is the same as for the stationary one. The slot influence is studied.

| REFERENCES

; ‘ [1] Chan K.-K., Felsen L.B. “Transient and time harmonic diffraction by a semi-
infinite cone”. [EEE Trans. Antennas Propagat., vol.AP-25, No.6,1977,
pp.802-806.

[2]  Doroshenko V.A., Sologub V.G. “Structure of radial magnetic dipole field
scattered by a cone with slots cut along generatricies”. Radiotekhhnika i
electronica (Rus.), vol.32, No.5, 1987, pp.1110-1112.

[3] Bateman H., Erdelyi A. Higher Transcendental Functions, vol.2. New York:
Me Graw-Hill Book Co., 1953, 296p.

[4]  Shestopalov V.P. “Summary equations in modern diffraction theory” (Rus.).
Naukova Dumka Publ., Kiev, 1983. 252p.

[5]  Doroshenko V.A. “Excitation of & cone with longitudinal slots by a magnetic
radial dipole” (Rus.). Radiotekhnika. Osnova Public., Kharkov, 1992, pp.54-
61.

[6] Bateman H., Erdelyi A. Higher Transcendental Functions, vol.1. New York:




