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INTRODUCTION

Based on concepts developed in [1, 2], we have
applied for the first time the Kontorovich-Lebedev
integral transformation to solve the first and second
boundary value problems for Helmholtz equations with
the three-dimensional unclosed biconic geometry. This
has allowed us to lower the dimension of the equations
and to obtain the solution of the electrodynamic prob-
lem in the frequency region [3]. In the present paper, we
propose and substantiate a novel method for solving
boundary value problems for the wave equation in
wedge-like and conic regions. The method is based on
the use of the Meler—Fock transformation [4] combined
with the method of singular integral equations of pair
summator equations [5]. The employment of this trans-
formation to solving boundary value electrodynamic
problems in the time region for unclosed conic struc-
tures makes it possible to find an analytical solution and
to perform the qualitative analysis of their scattering
properties.

FORMULATION OF THE PROBLEM

We consider the problem of wave diffraction on an
unbounded thin conic structure X consisting of two

cones X, and 22[ b= ui L }ZJ-) with a common vertex
and axis, opening angles 2y, and with N slots periodi-
cally cut along the generatrices and having the angular

width d; (j = 1, 2), respectively (Fig. 1). The structure

2
period is = % , and d, are the values of dihedral angles

formed by the intersection of planes that contain the
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cone axis and slot edges. There is also a point field
source located at the point M(ry). The field generated
by the source varies in accordance with a law given by
the function f(r— #,) (the source is switched on at the
time instant #;). We now introduce the spherical coordi-
nate system r, 0, @ with the origin at the vertex of the
conic structure. In this system, each of the cones is
determined by the equation X;: 6 = v;. It is necessary to
determine the potential vV¥(r, r) that satisfies at every
instant of time the following conditions:

the wave equation

2
(A— lz J )um(r, 1) = —F¥(r, 1),

a’or )
re X, ry,
. tx)
Fo(r, 1) = —8(r—r)f(t-15);
the initial condition
oo (1)
) _n_0U
=0= g e 2
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the boundary condition
=1 (0
a_(au_j = 0; 3)
an*~ '\ dt Jly
the Founded-ei~rgy condition
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JH[B" + |V lay < o, @
] gt /

Here, the superscript % = 1, 2 determines the type of the
source surface. According to [6, 7], the boundary value
problem given by Egs. (1)—(4) has a unique solution.
We represent the potential v™¥X(r, £) as

0¥ (r, 1) = v’ (1) + v (r, 1),
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where

oM = — i f[x—r —lR) (r—r —lR)
Y T dprR " a N g )

The source potential v\* (r, 1) is the desired Debye
potential that corresponds to the ficld excited by the
source, N(E) is the Heaviside step [unction, and R =
Jr—ryl.

GREEN’s FUNCTION
AND THE MELER-FOCK INTEGRAL
TRANSFORMATIONS

We express the potential V™ (r, 1) in terms of the
Green'’s function and use it to solve the boundary value
problem given by Eqs. (1)—(4):

=1

) bix) )
U('“(l',!) = J G"”(r—ru,z),f'(r—rﬂ—z)dz. (3)
4]

Ty

The Green’s function is

G¥(r, 1) = Gy(r, 1)+ GP(r, 1), (6)
where
R
] 6|:f—fu—5_!'
Golr, )= ———

is the Green’s function of the free space, satisfying
wave equation (1) having the &-shaped right-hand side,
initial condition (2), boundary condition (3), and
boundedness condition (4). We seek the potential
u(,y“) (r, t) in the form of (5), whereas the initial problem

is reduced to finding the function G (f’"’ (r, ) for the com-
plicated conic structure X. To this end, we use the
Laplace transformation for the function G*¥(r, 1) with
respect to the time parameter

6 = 6" Vg) .= _[G“’(r,x)e"""dr, Res > 0. (7)
0

We find the image G* " that must satisfy the following
requirements:

the inhomogeneous Helmholtz equation

(A= @G P(r) = —¢ “8(r—1y),

z (8)
ré E{), ., 4 = =;
b o
the boundary condition
T
G =@y ©)
an*!
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Fig. 1. Structure geometry.

the principle of the ultimate absorption;,
and the bounded-energy condition.

We assume that ¢ > 0. Then, we perform the analyti-
cal extension in finite formulas. In accordance with (6),
we write G* U in the form

G"*(r) = Gy(r) + G ™(r),
where

=gk + sty

e
Ga(r) = E—H = T%j’fsinh?‘t’té};
0

Kr‘z(q?‘)

F

drt,

oo
= =5 FF0) imp
GU - E " O:‘m":Um":e ?

m=—es

oy "
P— 2 ,_,-.E(COSG)P_ L"?+."T(_COSBU),

8<6
U0, 0y) = ? J (10)
PTwz Lir(=COSO) P, (08 0),
6,<6,
{
- I' s m+ ET)
a-‘ _ (_1 ) Kft(({rn) Kz ; Q--i(.vfn+m(9“)
" " 4coshmt [ :

T

F[% +m+ i-r]



562 DOROSHENKO e1 al.

Here, K;,(gr) is the modified Bessel function of the sec-

ond kind; P”,,, . (cos6) is the associated Legendre
function of the first kind; and I'(z) is the gamma func-
tion. To solve problem (8), (9), we exploit the integral
Kontorovich-Lebedev representation:

e K.
0 = [sn=4y, (an
0 'Jr
g(r) = ——T'Esmhﬂ:'tg{’t) ”(‘” (12)
ﬁ.

We now represent G","‘ 2 (r) in the form of (12). In this
case, we have

5, [I]Kf'(q})

dat; 13
ﬁt (13)

G ¥ (r) = —J‘csmhmG

> U6, 9),

n = —ee

Gstl) =

(14)
e P 12 4 12(=CO8B) P2 o, j(COSY,),

mr =Uime

Y2 < 6g;

4o

-\[;] oAy ifm+ N
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n=—ee
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b —

mt T\ n=—we

[} pom +nN i+ aNip
+ E:"””P 2+ ﬂ( COSG) I(’ H
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Yi<0<7;

sy} m +ni i{m+nN)Q
z 0P (—cosB)e™ 0,
n=—o

Y, <8 <.

A0 A g 20
Here, 8%, B, &, and Con are unknown coeffi-
cients independent of the parameter ¢g. Based on the
results of [3, 8], one can show that the Green’s function

GL’” (r, 1) (6) (x =0, 1) can be represented (in a unique
manner) as the integral

+oa

GE}}(I‘,I) = JTlaUhTTTé:cIJP. 1n+in(coshb)dt, (16)

0

where
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. B I ( ])me.-r'urw\-, 2 (18)
mt — 4?’E?‘g ] . ’
]"(7, +m+ IT)
2 SN
a(l-ty) —r —r
coshb = (-t ®, be [0, +=).

2rry

The integral representation of type (16) is a version
of the Meler-Fock integral representation [4], which
can be written in the form

W(h) = jrtanh:t'r‘i’('r)P_HEH-T(COShb)a’T, (19)
0
where

-

¢ = _[ sinhbW(b)P_

i

(coshb)db, be [0,+c).

(20)

+iT

The Green's function thx) (r, 1) (6) for a complicated
conic structure X can be found by using integral trans-
formations (19), (20), representations (17), (18),
boundary condition (3), and the conjugation condition
in slots. As a result, we arrive at two coupled sets of
functional equations for the determination of unknown

coefficients of the function U2 (15). The form of these

sets is presented in [3, 9], and their solution can be
obtained employing the method of singular integral
equations or the method of the Riemann—Hilbert prob-
lem [3, 5]. We present expressions describing the
Debye potentials in certain particular cases of a compli-
cated conic structure and the function f(1 — 1,).

(A). S
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Fig. 2. Dependence of the function p,(Q, v, 72) on the filling parameter O for difterent angles v;: 12 = g .
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Here, u; = LOS( ] , ¢ = iok, k is the wave number;

2y .
are the known coefficients; the
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functions V'~ (1) are defined in [10]; and v\2,, are
the potentials for the solid cone Z, [11]. Representa-
tion (21) is valid far from the slots.

(B). flt—10)=8(t-1p),x=1.8=7

The conic structure X consists of a solid cone 2, and
a semitransparent cone Z,. The latter is determined by
the existence of the limit

) nd,
Q= NlLr[L[ Nlnu)s ZIJ
doff =1
Uﬁ” R T](I—IU \IQ tp_u,.(YI* Y2)

XP_ipy (-c0s0)0_ 1,y (coshd), v,<6<m, (22)
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Yu(Yi:Y2) = - 3
Tfro
P—JI2+;1(CUSY2)
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LLCOSTILL
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d
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_ TEP 112+ u(=COSY3) A0

E B If7+u( —CosY,) p =

Y!rﬂ_YE) (23)

+2Qcosmp, V, =0,

Ha

where Q_y, (coshb) is the Legendre function of the
sccond kind. Representation (22) is obtained from (16)
as a result of the expansion of the integral (after the pas-
sage in (16) to integration over the imaginary axis U =
iT) into a series in terms of residues of the integrand in
its simple poles [1,(Q. v, V). in which are contained the
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roots of Eq. (23). Figure 2 exhibits the values 1, |, as

functions of the filling parameter Q for ¥, = T—g and dif-

oo

ferent angles y,. The sequence of values {p,},, is
monotonically increasing. The least of the values
determines the field behavior near the structure vertex
and the field spatial distribution in the case when the
source is closely located to the vertex.

Thus, we have proposed and substantiated a method
for solving boundary value problems of diffraction in
the time region for complicated three-dimensional
unclosed conic structures. The method constitutes a
generalization of the results reported by the authors in
[3, 9] as applied to solving problems of wave diffrac-
tion on unclosed perfectly conducting bicones in the
frequency region. This approach can also be used in
solving time-dependent problems of wave diffraction
on three-dimensional impedance structures of conic
geometry.
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