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3AT'AJIBHA XAPAKTEPUCTHUKA POBOTH

AkTyanbHicTb Temu. Ha cydacHomy erami iHTepec 10 €()EKTUBHOTO
pO3B'sI3aHHs 3a7a4 po3MilleHHs TpuBUMIpHUX (3D) 06’ekTiB cTpiMko 3poctae. Lle
MOSICHIOETHCS HAJI3BUYANHOIO CKJIAJHICTIO METO/IIB iIXHBOTO PO3B'SI3aHHS Ta MIUPOKUM
CHEKTPOM MPAKTUYHHUX 3aCTOCYBaHb, Y TOMY YHCIII B TAKUX BaXXJIMBUX Taly3siX HayKd
Ta TEXHIKU. aJUTUBHI TEXHOJIOTIi (PO3MIIICHHS ACKUIBKOX MOJIeJieH 13 3a0e3eUeHHIM
IIUIBHOTO 3aloOBHEHHSI ychoro o0' emy  pobouoi kamepu 3D mpunTepa, mio
BUKOPHUCTOBYE SLS TEeXHOJOTiI0): MPOMHUCIIOBI TEXHOJIOTII (YIakoBKa MPOMHCIOBUX
MarepiaiiB; 3amadi TaKyBaHHS B HAHOTEXHOJIOTISIX IMJI Yac MOJEITIOBAHHS
MIKPOCTPYKTYpU MaTepiaiiB); aepoOKOCMIUHA raiy3b (KOMIOHYBaHHSI MPWIAIB Ta
oOJaZHaHHS; MOJENIOBAaHHS CTPYKTYp pakeTHHUX TalliB); MaTepiaJo3HaBCTBO
(makyBaHHA TpaHyJl Ta IX YHIUIbHEHHS; B3a€MOJISl YAacTHHOK MDX CO0010;
MOJICIIOBAHHS CTPYKTYp O€TOHY, MICKY, BYI'ULIs, HOPUCTUX BUOYXOBUX PEUYOBHH Ta
TBEpAMX MaTepiaiiB); XIMIYHA MPOMHUCIOBICTh (MAKyBaHHS  KaTalli3aTOPIB;
MOJICITIOBaHHST a0COpOIlii Ta3y); JOCIIHKEHHS 3 OXOPOHHM JOBKULLISA Ta HEsJIepHA
eHepreTvka (po3MilieHHsI 00'€KTIB y 30HaX MIJABUIICHOTO PU3UKY); JOCIIIKEHHS 3
EHEPreTUKH (PO3MIIICHHS MOBITPSIHUX €HEPreTUUHUX YCTAHOBOK).

OcTtanH1 M'STh POKIB Yy 3apyOikKHIN JiTepaTypi 3'IBISIOTHCS MyOJIiKAaIli, B IKHX
PO3IIIIA0THCS MPAKTUYHI 33]1a41, 110 3BOJATHCS JJO ONTUMI3allIMHKUX 33/1a4 YITAKOBKH
TPUBUMIPHUX OO'€KTIB, IO alPOKCMMOBaH1 OaraTorpaHHUKaMH 3 Harepe] 3aJaHOr0
TouHicTIO. OCKUIbKM 3adaul € NP-ckimagHumu, MiJa 4ac iX po3B’s3aHHS 3a3BUYal
BUKOPUCTOBYIOTHCSI €BPUCTUYHI METOIU. JlesiKi TOCIIITHUKY MPONOHYIOTh MiIXOAH Ha
OCHOBI MaTeMaTUYHOI'0 MOJICJIFOBAHHS 1 3arajibHUX Mpoleayp ontuMizaiii. OgHak, sk
MPaBUJIO, PO3TIISAIOTECS OPIEHTOBAHI OaratorpaHHUKU (200 JT03BOJISIIOTHCS JIMILIES
JUCKPETHI MOBOPOTH OAraTorpaHHUKIB), a B IKOCTI KOHTEMHEpa BUKOPHUCTOBYIOTHCS
kyooinu. Kpim Toro, icHyro4l MareMaTuyHi MOJIeJli HE BPaxOBYIOTh BaXKJIMBI IS
NpPakTHKA OOMEXEHHS Ha MiHIMaJbHO JOMYCTHMI BIJICTaHI MK 00’€KTamMu Ta
oOMeKeHHs OajlaHCy.

VY 3B'I3Ky 3 MM HAyKOBOTO Ta MPaKTUYHOIO 3HAUEHHS HalyBae mpobiema
CTBOPCHHSI  IHTENEKTyaJIbHUX  1H(QOpPMAIIHHUX  TEXHOJOTIA  PO3B'S3aHHS
ONTUMI3AIIIMHUX 3a/ay YHNaKOBKM HEOMyKJIMX OaraTOrpaHHUKIB, IO JOMYCKalOTh
HenepepBHI O00epTaHHS 1 TpaHCHALIl, 3 ypaxyBaHHSIM MIHIMaJbHO JOMYCTUMHUX
BiJIcTaHEl Ta OOMEXeHb OanaHCy, B JOBUIbHI OMYKJII KOHTEMHEPU MIHIMAIBHOIO
o0'emy, 1o mnoTrpedye po3pOOKH: KOHCTPYKTHMBHUX 3acO0IB MaTeMaTHYHOTO 1
KOMITIOTEPHOT'O MOJICJIFOBaHHS OOMEKEHb PO3MIIICHHS; HOBUX MAaTEMaTUYHUX
MojieNiel y BUTIISIAL 33]1a4 HEMIHIHOTO MpOorpaMyBaHHs; €(EKTUBHUX METO/IB MOUTYKY
JOIYCTUMUX Ta JIOKAJIBHO ONITUMAJIbHUX PO3B’SA3KIB 13 3acTocyBaHHAM cydacHuX NLP-
coiBepiB  (mporpaMHOro 3a0e3MedYeHHs JJIs  PO3B’SI3aHHSA 3aJad  HETHIHHOTrO
porpamMmyBaHHs).

3B’A30k Ppo0OTH 3 HAYKOBMMH MpOrpaMaMu, IUIAaHAMH, TeMaMHU.
Huceprartiiiina poOora BukoHaHa B mepiox 3 2015 p. mo 2018 p. y Bigaim
MaTEMaTHYHOTO MOJICIIOBAHHS 1 ONTUMAIBHOIO MPOEKTYBaHHA [HCTUTYTY mpoliem
MamuHOoOyayBaHHs iM. A.M. Iligropporo HAH VYkpainu BiamoBimHO 10 TUIaHIB
HAyKOBO-TEXHIYHUX POOIT 3 AepkOromKeTHHX TeM «CTBOpPEHHS I1HTEIEKTyalbHUX
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iHQOpMAIIHHUX TEXHOJIOTIM pO3B’SA3aHHS ONTHMI3AlIMHUX 3a7ad  PO3MIIIECHHS
00'eKTIB JOBUILHUX mpocTopoBuX Gopm» (2012-2016 pp. Ne JIP 0112U002488),
«Po3pobka MareMaTHyHUX Mojelied Ta KOMITIOTEPHHX TEXHOJIOTIH pO3B'sI3aHHS
ONTUMIZAIIMHUX 3a/7lad KOMIIOHYBaHHs TpUBUMIpHUX 00'exTiBy (2017-2018 pp.
Ne JIP 0117U000877), B sikux 3400yBay OyB OJHUM 13 CITIBBUKOHABIIIB.

Meta Ta 3aaaui aociaigkeHnss. Mera poOOTH — MiABUILECHHS €(EKTUBHOCTI
pPO3B'sI3aHHS  ONTUMIZAIMHUX  3a/lad  ONTUMAJIbHOI  YMAKOBKU  JOBUIBHUX
0araTorpaHHUKIB LUISIXOM PO3POOKH KOHCTPYKTHBHHMX 3acO0IB MaTeMaTHUYHOTO 1
KOMITFOTEPHOTO MOJICTTIOBaHHS, HOBHX MAaTEMAaTUYHUX Mojeleld Ta e()EeKTUBHUX
METO/IIB JIOKAJIbHOT OnTuMi3alii 13 3actocyBaHHsAM cydacHuX NLP-comnBepis.

JI1st AOCSITHEHHS 111€1 METH TTOCTaBJIEH1 TaKl HAyKOBI 3aj1ayi:

— chopmymoBaTH 3aaqy ONITHMAJTBHOT YITaKOBKHU HeonyKIux
bacamoepannuxic (OPP — Optimal Polytopes Packing) y onykiomy xommeiinepi,
IpaHUllsl IKOTO (POPMYETHCS 32 IOMOMOTOI0 C(PepUuHUX, UITTHAPUIHUX, STINTUIHUX
MOBEPXOHb Ta TUIOLIMHU, 3 YPaXyBaHHSIM MIHIMAIbHO OONYCMUMUX GIOCMAHel Ta
oomedcenns banancy (8IOXUNEHHS yeHmpa mMac cucmemu 6i0 3a0aHOl Mo4Ku).

—  po3poOuTH 3acO0U MATEMATUYHOTO MOJCIIOBAHHS 0OMENHCEeHb POIMILYEHHS
(HenmepeTnH OaraTOrpaHHUKIB Ta iX BKJIIOYEHHS B KOHTEWHEpP 3 YypaxXyBaHHAM
MIHIMaJIbHO JOIYCTHMHX BIJCTaHEW) 3 BHKOPUCTaHHAM MeToay Phi-QyHKIi.
dopmainizyBaTh 0oMmedHceHHs: OANAHCY .

— moOynyBaTH MaTemMaTHyHy Mozenb 3amadi OPP y Burmami 3amadi
HeNMiHiHOTO nporpamyBanHs. [lo0ynyBaT OCHOBHI peasizallii MaTeMaTUHIHOI MOJIEi
3amaui OPP 3anexHo Big GopMu KOHTEHWHEpa (nmpsamuti Kpy2oeuti YuiiHop, Ky0oio,
KYJsl, ONYKIUll 6azamocparHux, enincoio); oOMEKeHb Ha MIHIMAJbHO JIOIYCTHMI
BiACTaHl (He 3a0ami, 3a0aHi MidC KONCHOW NaApor 0A2amocpaHHUKis, 3a0aHi MIdiC
bacamoepannuxamu i OGOKOBOK NOBEPXHer) KOHmelHepa); BUTIAAY (QyHKIIT i
(mMempuuni xapaxmepucmuxu Konmeinepa).

— po3pobuTH cTparterito po3B’s3aHHs 3a1a4i OPP Ha ocHOBI 0coOIMBOCTEH ii
MaTEeMaTUYHOI MOJEIII.

—  PO3pPOOUTH METOIW TIONMIYKY JOMYyCTUMHUX Ta JIOKAJIbHO ONTHMAaTbHHUX
PO3B’SI3KIB JIJIsT OCHOBHHX peatizarmiit 3ampadi OPP.

— CTBOPHTH MporpamHe 3a0e3MeueHHs I PO3B’ I3aHHS OCHOBHUX peaizariit
3anauyl OPP.

O6’ekm  OocniddcenHs — TIPOLlEC ONTHUMI3alli  YHNAKOBKM  HEOMYKJIHMX
0ararorpaHHUKIB B KOHTEHHEPl1 3 ypaxyBaHHSIM oOMediceHb OANAHCy Ta 0OMedHCeHb
PO3MiueHH s, BKIIIOUYAIYH MIHIMAJIBHO JIOMYCTHUMI BiJICTaHI.

IIpeomem docnioxcenns — 3aco0M MaTeMaTUIHOTO MOJICJIFOBAHHSI, MAaTEeMaTUYH1
MOJIEJTi 1 METOIHM PO3B’sA3aHHS 33]1a4 ONTHUMAJILHOT YITAKOBKH OaraTOrpaHHHKIB.

Memoou Oocnioxcennsi. B poO0OTi 3aCTOCOBYIOTHCS aHAJTITUYHA TEOMETPIs Ta
GyHKIiOHANBHMIA aHai3 Juis noOymou Phi-¢yHKmii, nceBronopmanizoBanux phi-
¢GyHkin, kBasi phi-yHKIINA Ta ICEBIOHOPMAaTi30BaHUX KBa3i Phi-QyHKIiNA; MeToaH
T€OMETPUYHOTO MPOCKTYBAHHS JJIA MTOOY0BU MaTeMaTUYHUX MOJIENIEH Ta pO3POOKH
METO/IIB MOITYKY JOIMMYCTUMHUX CTAPTOBUX TOUYOK 1 METO/IIB JJOKATBHOI OMTHMI3aIii JjIst
3anaqi OPP.
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HaykoBa HOBH3HA OTPMMAHUX Pe3YJIbTATIB MMOJISITAE Y TAKOMY:

a) HaOyB MOJAJIBIIOT0 PO3BUTKY MeToa Phi-GyHKIIii: Brepie modymaoBaui phi-
@DyHKyii, ncesdonopmanizosani  phi-ghyukyii, keazi  phi-pynxyii  ma
Nnces0OHOPMANi308aHi Keasi phi-@ynKkyii sIK 3acO0M MaTEMaTUYHOTO MOJCITIOBAHHS
oomedncenv posmiwgenns g 3anadi OPP, mo no3Bossie onucaTd B aHAIITUYHOMY
BUIJISI/II: HETIEPETUH JOBUIBHUX OaraTOrpaHHUKIB; BKJIIOYEHHsS OaraTOrpaHHUKIB B
ONMYKJIUKH  KOTEHHEp; MIHIMAIBHO  JOMYCTHMI  BIJACTaHI MDK  JOBUIBHUMH
OaraTorpaHHUKaMH Ta MK O0araTorpaHHUKaMu Ta TPAHULICIO KOHTEHHEPA;

0) Bnepmie moOyaoBaHa MaTeMaTHdHa Mozenb 3amadi OPP y Burmsanmi 3amadi
HEJIIHIHHOTO TporpaMyBaHHs (III0 BKJIIOYA€E BCi TI00albHO ONTHMAbHI PO3B’SI3KH)
JUISl HEONyKJIMX OaraTOrpaHHUKIB B OMNYKJIOMY KOHTEHHEpi, TrpaHUls SKOIro
(opMy€eThCS 3a TOMOMOrol0 chepuyHUX, HHIIHIAPUYHHUX, ETINTUYHUX TOBEPXOHb Ta
IUIOIIMHNA 3 YypaxyBaHHSAM OOMEXEHb PpO3MIIICHHS Ta OOMEXKEHb OanaHcy, IO
no3Bosisie BuKoprctoByBatu cydacHi NLP-consepu;

B) BIIEpIlIe MOOY0BaHA MaTeMaTHYHAa MOJICIb 33a4i KJIacTePiHry HEOMyKIUX
oararorpannukis (OPC — Optimal Polytopes Clustering) B cdepuuniii, KyOoinHiii Ta
WTIHAPUYHINA 00J1acTAX MIHIMAJIBHOTO 00’ €My, IO JO3BOJISIE TeHEpYBaTH €(hEeKTUBHI
JIOITYCTHUMI CTapTOB1 TOYKHU JJIs TIOLITYKY JIOKAJIbHUX eKcTpemMyMiB 3aadi OPP;

r) HaOyJIU TOJAIBIIOr0 PO3BUTKY METOJU PO3B’sI3aHHS 3a/1a4 FCOMETPUIHOTO
IIPOEKTYBaHHS: 3alpPONOHOBAaHA cTpaTeris po3B’si3anHsa 3aaadi OPP Tta po3pobieni
e(eKTUBHI METOAM [JIi OCHOBHUX 1I peanizaiiid, ki Ha BIAMIHY BIJl ICHYIOUHX
MIJIXO/IB. BPaXxOBYIOTh OJHOYACHO HenepepsHi mpanciayii Ta obepmanus 00’ €KTIB,
MIHIMANbHO OONYyCMUMI 8IOCMAHI 1 0OMedCceHHs Oalancy; NO3BOJSIOThH OTPUMYBATH
JIOKQJIbHO ONMTHUMAaJbHI po3B’s3ku s 3amau OPP, mo € xpamumu 3a 3Ha4eHHSIM
1iIboBoiI (yHKIIT (opiBHSAHO 3 benchmark instances — BizoMuMu OmyOJIKOBAHHMH
pe3yJibTaTamu).

I[IpakTuyHe 3HA4YeHHSl OJep:KAHUX pe3yabTariB. HaykoBi pe3ynbTaTn
JTUCepTaIlifHOT POOOTH € IMOJATBIIUM PO3BUTKOM MAaTeMaTHYHOTO MOJEIIOBAHHS 1
OOYHUCITIOBAILHUX METO/AIB B TE€OMETPUYHOMY TPOEKTYBAaHHI: CTBOPEHO HOBI
MaTreMaTuyHl MojeNi Ta po3po0jeHo e(EeKTUBHI METOAu I PO3B’SI3aHHS
ONTHUMI3allIMHKUX 3a7]a4 YIMaKOBKHU JOBIILHUX 0araTorpaHHUKIB, 110 MAOTh IIUPOKUN
CHEKTpP 3aCTOCYBaHb B TPIOPUTETHUX OOJACTAX HAYKA 1 TEXHIKH (BKIIOYAIOYH
aIUTUBHI TEXHOJIOTiI, KOCMIUHY IHXKEHEpil0, MaTepialoZHaBCTBO, JIOTICTHKY,
MIHEpaJOrio, MEIUIMHY, HAHOTEXHOJIOT1i, pOOOTOTEXHIKY, CUCTEMHU PO3II3HABAHHS
o0pa3iB, aBiaOyayBaHHs, MAITMHOOYIyBaHHS) .

CBiTOBUH piBEHb CTBOPEHHMX 3acO0IB MAaTeMaTMYHOIO MOJENIIOBAaHHA Ta
€(eKTUBHICTh  3aIPOMOHOBAHUX  METOMIB  MIATBEPIKYEThCS  HaWKpAILIUMU
pe3yibTaTaMy  OOYHCTIOBAIBHUX EKCIEPUMEHTIB, MOPIBHAHO 13 3apyOlLKHUMHU
aHaJIOTaMHU.

Po3pobnennii mporpamMHMii MOAYyJdb ONTHUMI3allli yMAKOBKU JOBUIBHHUX
HEOpPIEHTOBAHUX OaraTorpaHHMKIB 3aCTOCOBYETbCA Ha Kadeapl «IpHUKIaTHOTO
MaTepiaio3HaBCTBa Ta O0poOku MaTepianiB» HalioHanbHOTO  yHIBEPCUTETY
«JIpBiBCbKA TOJIITEXHIKA» [Js PO3B’S3aHHS 3aJadl ONTUMAIBHOTO 3alOBHEHHS
3aJlaHOTO 00’ €My YaCTHHKaMH HechepuuHoi hopMu.
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Otpumano nucta miaTpuMku Bin G. Fasano — mpoBiTHOTO BYEHOTO Ta
crieriaiicTa B 00J1acTi MaTeMaTHYHOTO MOJICJIFOBAHHSI Ta ONTUMI3aIli cucteM (Systems
modeling and optimization) eBpomneiicbkoi kommanii «Thales Alenia Space»
(https://www.thalesgroup.com/en), B sikoMy 3a3HAa4€HO BaKJIUBICTH OTPUMAHUX B
po0OOTI pe3yibTaTiB JJIs PO3B’sA3aHHS ONTUMI3allIMHUX 3a7a4 KOMIIOHOBKHM B rajys3i
PAKETHO-KOCMIYHOTO MAaIllIMHOOY1yBaHHSI.

3anpornoHoBaHi B poOOTI 3acobu, Mojeni, METOAM Ta MPOrpaMHi MOIYJi
BrukopucToByioThcst B TOB «Cloud Worksy mist po3s’si3aHHs 3amad onTumizaiii
nporecy 3D-apyKy, 1m0 BUKOpHUCTOBYE SLS TeXHONOTI0, a TaKOX ISl PO3B’ SI3aHHS
3a/lady ONTHMAJIBHOTO TAKyBaHHS BaHTaXIB y JOBUIPHUX KOHTEWHEpax y Tamysi
JIOTICTUKH.

3anponoHOBaHI  3aco0M  MaTreMaTWYyHOTO MojemtoBaHHs 3agad  OPP
BIIPOBA/KEH1 B HABUAJIBHUU Mpolec Y XapKiBCbKOMY HalllOHAJbHOMY YHIBEPCHUTETI
pPamIoeNeKTPOHIKM B Kypcax: «MaTemMaTH4HEe Ta KOMIT IOTEpHE MOJCIIIOBAHHS B
CUCTEMax MITPUMKHU MPUUHATTA PillIeHbY, « MOIeTIOBaHHS T€OMETPUUHUX 00’ €KTIBY.

OcoOuctuii  BHecOK 3100yBaya. YCl OCHOBHI HAayKOBI pe3yJbTaTH
TUcepTallifHOl poOOTH OTpUMaHI OCOOMCTO aBTOpOM. Y poOOTaxX, HAlKMCAHUX B
CIIIBaBTOPCTBI, JUCEPTAHTOBI HaJeKaTh Taki pe3ynbratu: [1, 6, 8, 12, 13, 20] — kBasi
phi-byHkIii 1 mceBmoHOpMami3oBaHi kBaszi  phi-QpyHKIIi A HEOMyKIHX
OaraTorpaHHHUKIB, 1110 JOITYCKAIOTh HeIlepepBHi oOepranus; [2, 4, 5, 7, 8, 15-20] — NLP
MaTeMaTU4yHl MOJIeJIl 3ajay YIMaKOBKM HEOMyKJIWX OaraTOrpaHHHUKIB B OIYKJIHX
KOHTCIHepax i3 ypaxyBaHHsAM oOMexeHb Oanmancy; [3, 5, 6] — NLP monens 3amadi
KJIACTEPUHTY TNapu HEOMyKJIMUX OaraTorpaHHUKIB B c@epuyHiid, KyOOimHii Ta
MWTHIPUYHIA 00JacTsIX MiHiMaimbHOro 00’emy; [9-11, 14] — NLP mogeni; meron
PO3B’s3aHHS, 10 BKJIFOYAE AITOPUTM MOOYIOBU JOTTYCTUMOI CTAPTOBOI TOYKU, METO/T
JEKOMITO3ULIT JJIg 3aJad  yNaKOBKH JOBUIBHMX OaraTOrpaHHUKIB; pe3yJlbTaTH
YUCJIOBUX €KCIIEpUMEHTIB 1Jisi 3a1a4ui OPP y KOHTelHepax, 1o MalTh GopMy Ky,
napaseneninesa, HuiiHapa, OMyKJIOro OararorpaHHuka, eincoima, omykIioi o01acTi,
YTBOPEHOI EPETUHOM JIBOX KYJIb.

Anpobania pe3yabTtaTiB  aucepramii. OCHOBHI  pe3yiabTaTH POOOTH
JIOTIOBIIAJIUCH 1 OTPUMAIM CXBaJICHHS Ha MDKHAPOJHHUX KOH(MEPEHINIIX 1 HaAYKOBHX
ceMiHapax: KoHdepeHIii wMonoaux yueHux 1 (PaxiBmiB «CydacHi mpobiemu
MamuHoOyayBanHs» [[IMam im. A.M. [linropuoro HAH Ykpaiau (XapkiB, Ykpaina,
2015, 2016, 2018 pp.); 5-iif mixHapoAHili HaykoBii KoH(epeHuli «MaremaTuuHe
MOJIENIIOBaHHS, onTuUMi3allis 1 iHdopmarliitni Texnonorii» (Kumunis, Monaosa, 2016
p.); 5-iff MibKHapoIHIN HaykoBO-TexHIUHIA KoH(DepeHmii «IHpopmarliitHi cucremu i
texHoJorii» (KobneBo, VYkpaina, 2016 p.); MDKHApOAHIA HayKOBO-IPAKTHUYHIM
koHpepeHIii «lHdopmariiitHi TexHOJIOTIT 1 KOMI'IOTepHE MojaenoBaHHs» (IBaHO-
@®pankiBcbk — fApemua, Ykpaina, 2016 p.); XIII mixkHapoaHiil HAyKOBO-IPaKTHYHIMI
KoH(epeHiii «KMaTemaTuyHe Ta MporpaMHe 3a0e3MeYeHHs IHTEIEKTYyaTbHUX CUCTEMY
(duimpomnerpoBebk, Ykpaina, 2016 p.); XIII miknHapomHiii HayKOBO-IIPaKTHUYHIN
koH(pepeHuii «TeopeTnyHi 1 NpUKIAAHI aCMEKTH MOOYJOBH MPOTPAMHUX CHUCTEM)
(KuiB, Vkpaina, 2016 poky); 7-iifi wmibkHapomHii koH(pepenmii «JlomaTok
iH(MOpMAIIHHUX 1 KOMYHIKAI[IHHAX TEXHOJOTIA 1 CTATUCTUKU B €KOHOMIII 1 OCBITI»
(Codis, boarapis, 2017 p.); MDKHAPOTHOMY  MOJIOAIXKHOMY  (dopymi
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«Panioenextponika 1 monmoabp B XXI cromitti» (XapkiB, Ykpaina, 2017 p.); XXX
MDKHapoaHii  koH(pepeHiii  «IIpobGiremMu  yxBaJleHHS  pIilllEeHb B  yMOBax
HeBU3HaueHocT» (Binmpaioc, Jluta, 2017 p.); 14-if MikHapoaHIM KOHGEpEHIIiT
«ESICUP meeting» (JIbex, benbris, 2017 p.); 15-iif mixkHapoaHiil koHdepeHIii
«ESICUP meeting» (3otepmeep, Hinepanau, 2018 p.); ceminapax XapKiBCbKO1 CEKITIT
HayxoBoi pasu 3 npodnemu «Kidepretrka» (Xapkis, Ykpaina, 2017, 2018 pp.); ceminapi
BIJIJIUTY METOIB HeTJIaakoi ontumizarii, [HctutyTy KibepHetuku iMm. B.M. ['mymikoBa
HAH VYxkpainu (Kuis, Ykpaina, 2018 p.).

Iyoaikanii. 3a Temoro aucepraiii onyosikoBaHi 20 HaykoBi poOOTH, Y TOMY
qucyi 6 craTei B HAyKOBHUX CIIEIIali30BaHUX BUJAHHSX, SIK1 BXOATh 10 niepeniky JJAK
MOH VYkpainu (3 Hux 2 — 1o HaykomerpuuHoi 6a3u SCOPUS) ta 2 HaykoBi CTarTi y
TeXHIYHUX BHUJAHHAX YKpainu; 12 Te3 momoBigeld Ha MDKHAPOJHUX HAYKOBUX
KOH(epeHLIsIX.

Crtpykrypa Ta o0car aucepramii. Jluceprailis MICTUTh BCTYI, 5 PO3JLIIB,
BHUCHOBKHU 10 po0OOTi, 4 nomatku, 62 puCyHKH, 2 TaOJIHUIll Ta COIUCOK BUKOPHUCTAHUX
mxepen 31 211 naiiMenyBaHb Ha 22 ctopinkax. [loBHmit oOcsr AucepTarlii CTaHOBUTH
210 cropinku, 3 HUX 145 CTOPIHOK OCHOBHOTO TEKCTY.

OCHOBHUMH 3MICT POBOTH

VY BcTyni OOTpyHTOBaHA aKTyallbHICTh TEMHU JUCEpTaIlii, ChOpMyIbOBaH1 MeTa 1
3aaul  JIOCHIJKEHHS, BKa3yeThCS 00’€KT, MpeaMerT 1 MEeTOAW JOCTIIHKCHHS,
BU3HAYAETHCSI HayKOBAa HOBM3HA 1 MPaKTUYHA 3HAYYIIICTh OTPUMAHUX PE3YyJIbTaTiB,
HaBEJICHO BIJIOMOCTI PO IyOJTiKaIlii 3a TEMOIO JHMCEpPTAIiiHOI poOOTH 1 ampoOballiro
Pe3yJbTaTIB JOCIIIKCHHS.

IHepmmii po3ain nucepTallii MICTUTh OTJISLT POOIT, MPUCBSIYEHUX MPAKTUYHUM
3aCTOCYBaHHAM yHakoBkM 3D 00’€KTiB B CydacHHUX OO0NacTsIX HAayKd Ta TEXHIKH,
30KpeMa B QJUTHUBHUX TEXHOJOTISAX, MAaTEepPiaJIO3HABCTBI, JIOTICTHUII, KOCMIYHOMY
MalMHOOYAyBaHHI Ta OPTONEINYHIN XIpyprii.

HaykoBoro Tta mnpakTU4HOro 3Ha4YeHHS HalOyBae mpobiemMa CTBOPEHHS
IHTEJeKTyaIbHUX 1H(GOPMAIITHUX TEXHOJOT1M PO3B'A3aHHS ONTHUMI3ALIAHUX 3a7a4
ynakoBKM 3D 00’€KTiB Ha OCHOBI KOHCTPYKTHMBHHUX 3aC00IB MaTE€MaTUYHOTO Ta
KOMIT'FOTEPHOTO  MOJCIIOBaHHS, CyJacHuX METOMIB ONTUMIi3alii, [0 JIETKO
ANANTYIOTECS IS KOHKPETHAX TEXHOJIOTTYHUX TIporieciB. CTBOPEHHIO KOMITIOTEPHHIX
TEXHOJIOTIM B 00JIacTi ONTUMi3aIlli, CHUCTEMHOTO0 aHami3y 1 MaTeMaTHYHOTO
MOJICITIOBAHHS, MaTEeMaTUYHOI KIOGpHETHKH, OOUYMCIIOBAIILHOI ~ MaTEMAaTHKH,
MareMatuyHoTo 3a0e3medeHHss EOM 1 aBTOMaTH30BaHMX CHUCTEM KEPYBaHHS Ta
0o0OpoOKM JaHWX, IITYYHOTO IHTEJIEKTY TMPHUCBSIYECHI poOOTH 0OaraTh0X BIAOMHX
yKpaiHChbkuX BueHHMX, 30kpeMa [.B. Ceprienka, C.I.JIamka, A.l IlleBuenka,
€.M. KucenvoBoi, 0.B. Kpaka, JI.®. I'ynauunpkoro, ILI. Creuroka, B.II. lwuia,
P.I1. basunesnua, I1.1. Bigroxka.

Mixnaponna opramnizaiiis ESICUP (http://paginas.fe.up.pt/~esicup/) noeanye
POBIIHUX YUYEHUX CBITY, SIKI IOCTIIKYIOTh METOJM PO3B'SI3aHHS 3a]]a4 MaKyBaHHS Ta
po3kporo. Cepen nux Bennell J., Kendall G. (Benuka Bpuranis), Pinter J. (CIIA),
OliveiralJ., Gomes M. (ITopryrams), BirginE. (bpasunis), Wascher G.,
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Scheithauer G., Bortfeldt A. (Himeuumna), Fasano G. (Itamis), Alvarez-Valdes R.
(Icnawnist), Hifi M. (®panmist), Imahori S. (SImownist), Egeblad J., Pisinger D. ([lanis),
Ikonen I. (®iansupis), S.X. Li, J. Zhao (Kuraii).

VY po3niuni HaBEAEHO OS] JKEpeN JITepaTrypH, SKI HPHUCBSYEHI 3ajadyam
ONTUMAJIbHOI YMAaKOBKU TPUBUMIPHUX OO’€KTIB, CTHCJIO BHUKIAJAETHCS MeETa
nmyOJTiKallii, 0COOJIMBOCTI 3alPOIIOHOBAHUX MOJIEJIEH Ta aJrOPUTMIB.

AHaJli3 HaAyKOBOI JIITEpaTypH 3a TEMOIO JIUCEpTaIlii MoKa3ap, M0 Y OUIbIIOCTI
poOIT 6araTorpaHHUKH MEPEBAKHO € OMYKIUMHU, 10 TOTO K MMOBOPOTU PO3MIIILYBaHUX
OaraTorpaHHUKIB a00 HE JO3BOJSIOTHCSA, 00 MOXKYTh OyTH 3/1HCHEH] TIJIbKU 3 TEBHUM
IUCKPETHUM KpPOKOM. SIK KOHTEMHEpPH pO3IISAAI0THCS, SIK MpaBWio, KyOoimau.
Mertononorii po3B’si3aHHs 3a3BUYall BAKOPUCTOBYIOTh €BPUCTHKH.

Cnin 3a3Ha4MTH, IO OCTaHHI M'SITh POKIB Y 3apyO1XKHIM JIITEpaTypi 3'IBISIIOTHCA
nyOJikamii, B SKHX pO3IJSAAlOTbCd MPaKTUYHI 3aj1ayl, [0 3BOIATHCA 1O
ONITUMI3AIIITHUX 33]a4 YIIaKOBKH JOBUIbHMX OaratorpanHukis (3D irregular packing
problems), cepen sxux ciiz 3a3HauuT podoTH Martinez A. (2016), Fasano G. (2015),
Korte A.C.G. (2013), Liu X. (2015), Smeets B. (2015), BepxorypoBa M.A. (2014),
Luiz J.P. Araujo (2018).

HaliMeHIl JoCHiKEHUMH € 3a7adl  YINAaKOBKHA JOBUIBHUX  HEOITYKIIHUX
0araTorpaHHUKIB B OIYKJIUX KOHTEHHEPAX, sIKI pa30M 3 HEMEPEPBHUMH TPAHCIIAIISIMU
JIOMYCKAIOTh HEMEpPEepBHI TMOBOPOTH 0OaraTorpaHHUKIB, BPaXOBYIOTh MIHIMAJIbHO
JOIYCTUMI BIICTaHI Ta 0OMEXXEHHs OallaHCy.

VY pamkax HaykoBoi mkosu FO. I'. CtosiHa po3poOiil 3aco0iB MaTeMaTUYHOTO
MOJICTIIOBaHHS, MATEMAaTHYHUX MOJEJNICH Ta METOMAIB PO3B’sI3aHHS 3a/1a4 YIIAaKOBKU Ta
PO3KPOI0 TIPUCBSIYEHO PpOOOTH OaraThoX #oro yuHiB, y ToMmy uyuciai M. L. ',
B. M Komsxk, C. 4. SIxosnea, O. O. €Emuga, M. B. Hosoxunosoi, T. €. PomaHoBo1,
O. B. Ilankparoga, I. B. I'pebennika, B. M. Ilamyka, I'. M. fcpkoBa, A. M. Uyras.

OnTuMizalliiHuM 3a7layaM yIaKkOBKH 0araToOKyTHUKIB Ta OaraTOrpaHHUKIB
npucssaeHo nyoikarii FO. I'. Crosiaa, M. 1. I'isa, B. M. Komsik, M. B. HoBoxuioBoi,
T. €. Pomanosoi, O. B. ITaukpatoBa, A. M Uyras, O.B. Kapramosa, M.B. 3noTHuka.

B ocHoBi nocmikerb € meroa phi-QyHKIIN, SKUM € HalOUIbII MOTYKHUM
3acO00M aHAJITUYHOTO MOJICITIOBAHHS BiTHOIICHh TE€OMETPUUHUX 00'€KTIB, OCKUTBKH
el MeToJ J03BOJIAE€ ONKCYBaTH ONTHUMI3alliiHI 3ajadl yIIaKOBKU Yy BUTIIAII 3a7ad
HEeJHIHHOTO mporpamyBaHHsa. Ha meit wac moOymoBaHi phi-QyHKIT A HESIKUX
npoctopoBux ¢Gopm opieHToBaHuX 3D 00'ekTiB Ta kBa3l phi-QyHKII 11 JEIKUX
npocTopoBux Gopm HeopieHToBaHUX 3D 00'ekTiB. OHAK, TOOYTyBaTH HOpMATi30BaH1
(nceBmonopmanizoBani) phi-gyHkii HaBITH JUISI  OMYKJIUMX HEOPIEHTOBAHUX
OaraTorpaHHUKIB HE BAAJIOCS.

Cni 3a3HAUUTH, 10 YUCIO 3MIHHUX B ICHYIOUMX MaTEMaTUYHHUX MOJEIISX
ONTUMIZAIIMHUX 3a/1a4 YITAKOBKH, SIK IPABUJIO, HACTUILKU BEJIUKE, 10 YCKIATHIOE (a
1HOJIl pOOUTH HEMOXKITUBUM) Oe3nocepenHe BuKopuctanus cydacaux NLP-conBepis.

Tomy BUHUKae HEOOXIAHICTH: B CTBOPEHHI HOBUX 3aCO0IB MAaTeMaTUYHOTO Ta
KOMIT'FOTEPHOT'0 MOJICNIIOBaHHS 0OMEXEHb pOBMiI_HeHH}I JOBUTBHUX 6araTorpaHHHKiB
IO JIOTYCKAIOTh HenepepBHl TpaHCHALIi 1 TOBOPOTH (3 BuKOpHUCTaHHSIM KBa3i phi-
GyHKIIN 1 HCCBI[OHOpMEUIlBOBaHI/IX kBa3l phi- (pyHKuu/I) B no6yz[031 TOYHOI
MaTeMaTHYHOI MOJIEN, SIKa BPaXxOBYE MIHIMAJILHO JOMYCTUMI BiJICTaH1 MK 00’ €KTaMH
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Ta oOMexeHHs OanaHcy (y BUIJISAL 3a7adi HENIHIKHOTO IporpaMyBaHHs, 00JacTb
JOITYCTUMHUX PO3B'S3KIB SIKOT OMHCYETHCS CHUCTEMOIO HEPIBHOCTEW 3 TJIaJKUMU
GyHKIISIMK); B po3p00Ili ePEKTUBHUX METOJIB PO3B’S3aHHS 3 OIIHKOIO CKJIAIHOCTI,
110 € JIHIMHOIO J0 KIJILKOCT1 6ararorpaHHUKIB.

Y npyromy po3aijii quceprariiii GOpMYITIOIOTECS OCHOBHI IMOJIOKEHHS (B paMKax
TEeOpii TEOMETPUYHOTO IMPOEKTYBAaHHS), HEOOXAHI U1 MOOYIOBH KOHCTPYKTUBHUX
3ac00IB  MAaTeMaTHYHOIO 1 KOMI'IOTEPHOTO MOJICIIOBAHHS  BIJHOIIEHb MIX
TCOMETPUYHUMHU 00'€KTaMH, 10 BHHHUKAIOTH B 3aJa4aX ONTUMAJIBLHOTO PO3MIMICHHS
noBUTbHUX phi-00'exTiB (30KpeMa, OGaraTorpaHHUKIB). Po3rismaroTecs moHATTS phi-
¢ynkmii,  nceBmoHopMamizoBaHoi  phi-¢yskmii, kBa3i  phi-dyskmii  Ta
MICEBIOHOPMAJII30BAHOI KBa3l phi-QyHKIli, HABOAATHCS iX OCHOBHI BIACTHUBOCTI.
OOrpyHTOBY€ETBCSI HEOOX1IHICTh MOOYJOBU pI3HUX KiaciB phi-QpyHkuii 1 kBasi phi-
(GyHKLIA, HEOOXITHUX J1J1s1 TOOYAOBH MaTeMaTUYHUX MOJENEN 3a/1ay ONTUMAJIbHOIO
PO3MIIIEHHST JTOBUIBHUX (OMYyKJIWX 1 HEOMYKJIMX) OaraTOrpaHHMKIB 3 ypaXyBaHHAM
0oOMe>KeHb Ha MIHIMAJILHO JIONYCTUMI BiZICTaH1 Ta 00OMeXeHb OanaHcy. BusHavaroTbcs
TUTIA KOHTEHHEPIB, OMUCYIOThCA OararorpaHHUKH, SK OO0'€KTH PO3MIIICHHS,
BU3HAYAIOTHCS OOMEKEHHS po3MillleHHs1 Ta OanaHcy. DOpMyIOe€ThCs MOCTaHOBKA
0a30B0i 3a7a41 ONTHUMAaILHOI YIIAaKOBKU JOBUIbHUX OaraTOrpaHHHKIB.

Posrisgaerbes 3aa4a ynakoBKU B TaKii MOCTAHOBIL.

Koumeiinepu. Hexait Q(p)={(X,V,z, p)e R3: Y(x,V¥,z,p) >0} Busnauae
OMYKJIUA KOHTEWHEp 31 3MIHHMUMH METPUYHUMHU XapaKTEPUCTHKAMU [, 3aJlaHuil B
cucremi koopauHat OXYZ, ne Y(X, Y, z, p)=min{¥;(X, ¥,z p),t=L...,nn}, a
Gynxuii W (X, Y, z, p) € naudepenuiiioBanumy, t=1,..., Ng.

Posmiwyeani 06'ekmu. 3amano HaOlp, B 3arajbHOMY BHUIIQJKy HEOMYKIIHX
OaratorpaHHUKIB Qq, geldy, In=12,...,N}. B mexax 1poro AOCIIKEHHS

BBa)kaeMo, mo Maca M q KOXHOrO OaraTorpaHHuKa Qq BigoMma.

[TonoxxeHHss Ta oOpi€HTAIlS KOXXHOTO OararorpaHHHUKa Qq BHM3HAYAETHCA
BekTopoM Uy = (Vq, 0) Horo sminnuX mapameTpis posmiuienns, e Vg = (Xq, Yq: Zq)
— BEKTOP TpaHCIiLii, 04 = (61 02, 93) — BEKTOp MapaMeTpiB 0OepTaHHS, o, 02, 6‘3
— xytu Ennepa.

bararorpaHHuK, NOBEPHYTHI HA KyTH oL, 02, 63 1 TPaHCIbOBAHUI Ha BEKTOP
Vq , TO3HAYAETHCA Yepes3 Qq (uq ) :{ Pq € R3: Pg=Vq+M (Gq ) pg, pg € @8 } , e
Ug=(vq, 0gq), Qg BH3HAYA€ HETMOBEPHYTHI | HETPAHCIILOBAHUH GaraTorpaHHuK Q
. M (Oq) — CTaHAapTHA MATPUIISI TTIOBOPOTY

Obmedncenns. Mix KOXKHOIO Mapor0 OararorpaHHUKIB Qq 1 Qg, g<geldy.,

TaKox K i Mix Oaratorpanankom Qq, g € Jy, Ta rpaHuLEIo KOHTEHHEpa Q) MOXKYTb

OyTH 3a/aHi MiHIMaIBHO JOMYCTHMI BIACTaHI pgg > 01 py >0.

OOMexeHHs po3MillieHHs (arrangement constraints) BKIrO4arOTh:
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a) 0OMeKeHHsI Ha MiHIMaJIBHO JomyctuMi Bifcradi (distance constraints) mix
GaraTorpaHHUKaMU Qg Ta Qg

diSt(Qq(uq)’Qg(ug))qug’ q<g€~]|\|,ﬂe
dist(Qq(Uq), Qq(Ug))=  min  p(a,b);

aqu ,bng

abo oOMexeHHs HerepeTHHy (Non-overlapping constraints) (y pasi SKmo oOMeKeHHs
Ha MIHIMAJIBHO JOITYCTUMI BiJICTaHI MiXK OaraTorpaHHUKaMu He 3ajaHi), Y BUTJISIII

intQq(ug) NintQg(ug) =<, q<gedy;

0) oomexxeHHst BkitoueHHs (distance containment constraints) 3 ypaxyBaHHIM
JOMYCTUMUX BiJICTaHEH

dist(Qq(Uq). Q) =pg. gedy, @ =R3\intQ;

abo oOMexeHHsI BKIIFOYeHHs (containment constraints) (y pasi skmo oOMeXeHHs Ha
MIHIMAJIBHO JOIYCTUMI BiICTaHi Mk OaraToOrpaHHUKOM Ta I'PAHUIICI0 KOHTEHHEpa He
3a/iaHi), y BUTJISI1

Qqug) cQ&intQqug) NQ =D, qedy.

Kpim Toro, MoxxyTh OyTH 3aaHi oOMexeHHs Oanancy (equilibrium constraints)
SIK BI/IXMJIEHHS IIEHTPA MaC CUCTEMHU Q¢ (kouTeiinep ()(P) 3 ynakoBaHUMH B HLOMY

Gararorpanxnkamu (uq) , 0 €Jy ) Bix3amanoi Touku Pe=(Xg, Ye, Zg), IO HE MAE

MEPCBUIIYBATH 3aJaHOI'0 JOITYCTUMOI'O 3HAUYCHH:, Y BI/IFJ'IHI[i

p(p, u) =min{uq (p, u), pa(p, u), pa(p,u)}=0, (1)
e
pa (P, u) =min{—(Xs — X¢) + AXg, (Xs — Xg) + AXe},
Ho(p,u) =min{—(ys — Ye) + A¥e, (Y5 — Ye) + AV},
na(pu) =min{—(zs — z¢) + Aze, (25 — Z¢) + AZe},

xszqziI , ys—qzil , Zszq:,t ,
2 Mg 2 Myq 2. Mg
9= q=1 0=

ae u=(Ug,...,Ug, ..., UN);
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Xs, Y5, Zg — KoOpauHATH LEHTpa Mac Og CHCTEMH Qy;
AXq, Ay, AZy — IOITYCTHMI BIIXUIICHHS Bl KOOPAUHAT Xg, Yo, Zg TOUKH P ;
Xq» Yq+ Zq — UCHTP Mac HEOIyKIIOro OararorpaHHuKa Qq (uq) .

@yukyii yini. PosrmanatoTbes pi3HI BUIW (QYHKIINA 1T, SKi 3aleXaTh Bix
napaMeTpiB PO3MIIIEHHsI 0araTOTpaHHHKIB 1 3MIHHHX METPUYHUX XapaKTEPUCTHUK
KoHTeiHepa (), 30Kpema, MiHIMaIbHUN 00’€M, MiHIMyM KoeQillieHTa TOMOTETIi,
MiHIMyM METPUYHOI XapaKTEPUCTUKHA KOHTEHHEpa.

basosa 3aoaua onmumanvnoi ynaxosku 6azcamoepannuxie (3amada OPP)
chopMyIhrOBaHA TAKUM YHHOM:

YmaxkyBatd 3ajaHuii HaOlp HOBiTbHUX OaratorpaHHHKiB Qq(Uq) dely,

BCEpEANHI onykioro KonreiHepa Q(p), 3 ypaxyBaHHSIM MiHIMAJIBHO JOIIYCTHMHX

BiJIcTaHel 1 0OMeXeHb OanaHcy, Tak, o0 QYHKIIIS 1Tl 1ocsTalla EKCTPEMYMY.

Takoxx B IboMy po3Aisl ¢(hOPMYJIBOBAHO 3a7jauy ONTUMAIbHOIO KIACTEPUHTY
JOBIIbHUX OaraTorpaHHukiB (3amada OPC), sk okpemuil BUnagok 3agadi OPP, ska
TMOJISITAa€ B TOIIYKY MiHIMaJIbHOI OXOIUTFOI0Y01 000sI0HKH (110 Mae ¢dopmy KyOoina,
KyJii a00 MUIIHIPA) AJIs TapH TOBUILHUX OaraTOrpaHHMKIB, 10 HE MEPETUHAIOTHCS.

Tperiii po3ain npucBsyeHuit 3acobaM MaTEeMaTMYHOTO MOJEIIIOBaHHS
oOMexeHb po3mimieHHs B 3a1a4i OPP 3 Bukopuctanasm metoay phi-QyHKITHA.

Jlnst MozenntoBaHHSL 0OMEXEHb PO3MILIECHHS (HEMEepeTUH 00'€KTIB, BKIOYEHHS
00'€KTIB B OMYKJIHMH KOHTCWHEP, OOMEKEHb Ha MiHIMAJIbHO IOIYCTHMI BiJCTaHi),
noOy0oBaH1 MnceBAOHOpMai3oBaHl phi-QyHKIIi 1 nceBaoHOpMali3oBaHi KBasi phi-
(GyHKUIT 711 HEOMYKJIUX OaraTorpaHHUKIB, @ TAKOX JJI HEOMYKJINX 0araTorpaHHHKIB
1 JIOTIOBHEHb J0 KOHTEHHEpiB, 110 MaloTh (popMy mapaienemninena , Ky, NPSIMOro
KPyroBOTO LWJIHApPA, €JIICcoifga, OMyKJIOro OararorpaHHUKa 1 JOBUIBHOI OIMYKJIO1
00JacTi, 0OMEXEHOI IMIHAPUYHOI, ETINTUYHOI, CHEPUYHOI0 MOBEPXHSIMH abo
TUTOLITUHAMMU.

n
q
Hexait Q g (Uq) = U Ki(ug), ne K;j(ug) —onyknuit 6ararorpannux, 3ajaHui
i= 1
BEPIIMHAMHU pk —(pxk pyk, pzk) k=1...,m;, ne

pi(k =Xq +(sin e}q Ccos 63 +CO0S 9}4 COS eg sin 93)- p)?k +
ol cinn3 1 2 3y 0 1 ainn2y. 10
+(—sin 6 sin 6y +cos B cos B COS B) - Pyy + (—COs B sin OF) - P,
i 1 3 . 1 2 . 3 0
Pyk =Y q+(C0s O cos Oy —sin 6 cos O sin ) - pyy +
1eina3 _cinnl 2 3y 0 ol cina2y. n0
+(—cos Gq sin eq —sin Gq CoS eq cos eq)- Pyk + (sin Gq sin Gq)- pzk’

pizk =24 +(sin eé sin 63)- pf(’k +(sin 63 Ccos 63)- pSk + (cos 95)- p?k,

pE =(p Sk’ pgk, p(z)k) — KOOpJIMHATH BEPIIMH HETPAHCIbOBAHOI'O Ta HEIIOBEPTAHOI'O

OaraTorpaHHUKa Qg .
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TBepmxenns 1. OyHKIlIS BUTTSTY

&% (g, p)=min{® s g, p),. " (Ug. )} @)

€ IICeBOHOPMAaIi30BaHO0 phi-pyHKLi€Er0 11 Heonykioro Oaratorpanunka Qo (Ug) 1

*
o0’ekta Q) , 1e

- K * ~ K *
" (ug, p) =" (g, p)-p, (3)
o Ki® (uq, P) — HOpMai3oBaHa phi-QyHKIs 1715 00'€KTiB Ki(uq) 1 Q*(p),
HKiQ —min{¥,(p!, p),t=1 k=1.. m
(uq, p)=min{¥:(py, p),t=1...,nqn, k=1,...,m;}.

Burisin koxuoi Gyskiii Wi ( p|'(, P) 3anexuTh Bix popmu KoHTElHEpa 2.

TakuMm 9HuHOM, oo (Uq, p)ZO@diSt(@q(uq),Q*(p))qu.

Teepoocenns 2. OYHKINIS BUTIISTY
@/gq (Ug, Ug, Ugg) =min{dij(Uq, Ug, Uj), i=1...,ng, j=1,...,ng} (4)

€ TICEBJIOHOPMAJII30BaHOI KBa3l phi-QyHKINIE€IO AJIT HEOMyKIUX OararorpaHHUKIB
Qqug) 1 Qg(ug), ne ugg = (Ui, i=1...,ng, j=1...,ng),

-, , : KiPii , KiPi* ,
@5 (Ug, Ug, uij) =min{® Y (ug, ujj), @ 1Y (ug, Ujj)}—0.5p44 (5)

— InceBIOHOpMani3oBaHa KBasi phi-dyHkuis it o6’exrie Kj(ug) =Qq(ug) i
Ki(ug) cQyqlUg),

KiPii : iy . KiPi : i
® U, ui)= min wi(pl)i® Y (ug,ui)= min (—yii(pl)),
(Ug. uij) 1<k<m, vij (Pk) ( g IJ) 1§k§mj( \Vlj(pk))

Pij Z{(X, Y, Z):\Ilij(X, Y, Z)ZOLij 'X+l3ij y+’y|J 'Z+aij 20},Pij*:R3\int Pij'
o =sin Gﬁ B=-sin eilj -cos@izj, y:COSGilj -coseizj, Ui; :(eilj,e?j,aij).
Toni

rlr};xﬁ)’qg (UgsUg,Ugg) 20 = dist(Qq(Ug). Qg (Ug)) Zpgq.
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D (Ug, Ug, Ugg) 20=>dist(Qq(Ug), Qg (Ug)) 2 pgg-

[ToGynoBaHo MareMaTH4yHy MoJelb 0a30BOi 3a1adi ONTUMAIBHOI YHIaKOBKH
JTOBUILHUX OaraTorpaHHUKIB B OINYKJIOMY KOHTeWHepi. Hapeaeno ii ocHOBHI
BracTuBocTi. [loOynoBaHO MaTeMaTHUHy MOJENb 3ajadi KJIACTEPUHTY HEOIyKIUX
6araTorpanHukiB. HaBeneHo mpukiag moOyaoBH MaTeMaTHYHOI MOJENI Uil Tapu
0araTorpaHHUKIB.

Matrematuuny moaens 3agadi OPP cgopmynpoBaHO Tak:

min  F(u), (6)
uewW cR®
W:{ueRG:(D’ij(uai,uaj,ugiaj)zo, (i, j) €&, -
Dj(uy,, P)20,i€ly, n(u)=0,8(u) >0},
ne u=(c,1)eR°;
c=(p,uUg,Up,...,UN);
P — BEKTOp 3MIHHMX METPUYHHUX XapaKTEPUCTUK KOHTeitHepa €2 ;
Ua, =(Va; 104, ) =(Xa , Ya, » Za, ,Gla_ ,62_ ,Gg_) — BEKTOp 3MIHHHUX IapaMeTpiB
| | 1

PO3MIIIIEHHS Ki(uai)c(@q(uq), iel,,qeldy;

a; — KOMIOHEeHTa Bekropa a=(ay,...,a,), 8j €Jn.i€l,;

E={(, J),aj #aj,i<j=L...,n} — iHIeKCHa MHOXUHA, L0 BKJIFOYAE IHACKCHU I1ap
OaraTorpaHHUKIB Ki(uai)CQq(uq) Ta Kj(uaj)cQg(ug);

'™ — BekTOp fAoMaTKOBUX 3MiHHMX, M=card(Z);

T= (u’l, ., u

u's =(6%,0%°, £%) — Bexrop momaTKOBHX 3MiHHMX KBa3i phi-(yHKuii BurmATy (5),
s=1...,m:

c =| p| + 6N + 3m — yuco 3MiHHUX 3a1a4i;

Ci)'i ju a;+Ua; u;iaj ) — IceBJIOHOpMalTi30oBaHa KBa3i phi-QyHKITiS BUTIIALY (5) 11s
5 : : T = S .
00’€KTIB Ki(uai) i Kj(uaj) , aj,ajedy, 1, )eE, uéiaj =u'>,s=1...,m;
@; (u a; p) — nceBmoHopMaiizoBana phi-¢yukimis Buriasimy (3) mias 00’€kTiB
Ki(uai) 1 Q ’
F(u) — dysKuis wimi, BUrssg SKoi 3a1€XUTh Big GOpMU KOHTEHHEpA, HAITPUKIIA
F(u)=I-w-h, skuio xoureitnep mae Gpopmy ky6oina, F(U) =r, sximo koHTeliHEp Ma€e
dopmy kymi, F(U) =\, ko xoHTeitHep Mae hopMy eltincoina, HuIHIpa, OMyKIoTro

OaraTorpaHHuKa, JOBLIBHOT OMYKJI0i 00J1aCTI;
1(Uu) >0 — cucrema obmexens Oanancy (1);
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d(u)>0 — cucrema I0HATKOBUX OOMEKEHb, IO MOKYTh OYTH HakKjaleHi Ha

METPUYHI XapaKTEPUCTHUKU KOHTEWHepa Ta /ab0 Ha mapaMeTpud PO3MILCHHS
OaraTorpaHHUKIB.

Matemarnuna moxenb (6) — (7) € HEOmyKJIOI HEIepepBHOIO 3aJ1aucio
HEJTIHIMHOTO MpOrpaMyBaHHs, IO BKJIIOYAE BCl INIOOAIBHO ONTHMAaNbHI PO3B’SI3KH
3amaui OPP; 061acTh TOMyCTUMHUX PO3B’SI3KiB (/) OMUCYETHCSI CHCTEMOIO HEPIBHOCTEH
3 IIaAKUMU QYHKITISIMHU.

B yvomy pos3oini makooic HagedeHo mameMmMamuyHy MoOelb  3a0aui
onmumanvro2o kiacmepuney (OPC), y BUTIsAA1 331341 HEIHIKHOTO MPOrpaMyBaHHS.

Y yeTBepTOMY PO3AiJi pO3IIIAIAETHCS CTpaTeTia po3B’si3anHs 3aga4i OPP, ska
I'PYHTYETHCS HA METO[1 MYJIbTUCTAPTY. 3aPONOHOBAHO METO/] TOOYIOBH JOIMMYCTUMUX
ctaproBux To4ok. HaBomuthes onric Meroay nexkomnosuilii POLYDEC s momyky
JIOKaJbHUX EKTPEMyMiB, IO J103BoJIsA€ 3BecTH 3anauyy OPP, ska mae OIliHKY uucia

: . : : 2 : .. ey
HepiBHoCcTEN 1 posmiprocti O(N°), mo mocmimoBHOCTI Mmim3amad HeMiHIAHOTO
IporpaMyBaHHsI 3 OI[IHKOIO YKMC/Ia HEMiHIHHUX HepiBHOCTEH i po3miprocTi O(N).
Cmpameeis po3eé’sizanns 3adaui OPP. Ctpareris po3s’s3anHs 3ana4i (6) — (7)
BKJIIOYA€ B ce0€ TaKi eTamnu.
0 . .
Eran 1. Byayemo wmuHOoxuHy {g }X BEKTOPIB JIOIYCTUMHUX IapamMeTpiB

pO3MilEHHS (uf , ug . uﬁ) Garatorpannnkie Qg ,0eJy, posMilleHuX B

kouteitwepi Q°(p®) B 3amaui (6) — (7) i3 ypaxyBaHHAM OOMEKEHHs OalaHCy
0,0
u(p~,u”)=0.
Eran 2. [llykaemo nokanbHuii MiHiMyM 3azadi (6) — (7), cTapTyrouu 3 KOXKHOT
TOYKH MHOYXHHHU {go}x , OTpMMaHoi Ha eTari 1.

Etan 3. Bubupaemo kpainuii 31 3HaiiIeHUX Ha eTarll 2 JTOKAJIbHUX MIHIMYMIB, K
JIOKAJIbHO ONTUMAJIBHUN PO3B’ 130K 3aaadi (6) — (7).

Memoo nobyoosu donycmumux cmapmosux mo4ok. J{ns mouryky A0myCTUMUX
napaMmeTpiB pO3MIlIEHHS 0araTorpaHHUKIB MPOMOHYETHCS METOJ, SKUH BKIIOYA€E B
cebe Taki KpOKHU:

, . . 0 .
Kpox 1. BubGupaemo mocuTh BeIWKi MOYATKOBI po3Mipu P~ KOHTEHEpa QO,

JUISL TOTO, 1100 3IMCHUTH PO3MIIIECHHS KYJIb Sq paaiyca Iy, ONMHUCAHUX HABKOJO

q 1
HEOMyKIux OararorpanHukiB Q, € Jy, BCepeauHi KOHTeiHepa o,
. 0,0 .0
Kpok 2. I'enepyemo muoxuny N Bunankoso BuGpanux uentpis (Xq, Yq Zq)
KyITb BeepeauHi konTeiinepa Q.
Kpoxk 3. Po3B’s13yeM0 TOMOMIXKHY 3a7[a9y HETIHIHHOTO MPOTrpaMyBaHHs BUTIISTY

max 3,
VEWB

S
Wg ={veR3N*:p"d I(vq,Vg,B)20,g<gely,
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&)ng*(vq,ﬁ)zo,qeJN,l—BZO,Bzo,u(v)zo},

ne V= (X1, Y1, 20,0 XNs YN ZN6 B)
o SaSg (Vg Vg, B) — ncesnonopmanizosana phi-pyHkuis anst 06'extiB S i Sg;
S q — Ky paniyca f3 I
S g — Kyms paziyca f3 Iy

= 540 . . . . RS
® (Vq,B) — ICeBIOHOpMaIi3oBaHa phi-QyHKIs 11t 00'ekTiB Sy 1 Q.

* .
['mobanbunii  Makcumym B =1  rapaHTye pO3MIIIEHHS  HEOIMyKIUX

OaraTorpaHHUKIB BCEpEIMHI KOHTEWHepa ad. OTpuMyeMO TOUYKY TJ00aJIbHOTO

* * * * * * * *
makcumymy Vo =(Xq, Y1, 21, XNo YN ZNGB )
Kpox 4. ®opmyeMo BEKTOp JOMYyCTUMHUX I[apaMeTpiB  PO3MIIICHHS
0 0

. 0 0 0 ,,0 0,0
OararorpaHHuKiB Uj,..., Ug, - UNS MPUIYCKAIOYH, WO Uy = (Xq, Yq: Zg> Gq),
0 ,,0 ,0y_/v* * 5% 0 .
(Xq: Yq»2q) =(Xq: Yq+ Zq) » @ O — BEKTOp BUIIaAKOBO 3r€HEPOBAHUX KYTIB [IOBOPOTY

Gararorpanuukis Qg ,q e Jy . 'enepyemo Bekrop go :(po,uf,..., ug,..., uR')

Kpok 5. ®opMyeMO J0MyCTHMY CTAPTOBY TOUKY U 0_ (go, 7:0) 3azaui (6) — (7).

s mouryky BekTopa 70 PO3B’SI3y€EMO 3a/1a4y BUTJISAY:

max o,
(U'S, )W,

nie
’ ’ 4. 2y 0 0 ’
W, ={('®, o) e R : @j; (uai,uaj,u Y—a>0,s=1...,m},

aeRY,U'S =(0%°,0%% £°%), 3a dikcoBaHUX MapaMeTpiB (ugi : ugj ), V(i, j) e &

Memoo POLYDEC. B oCHOBI 1IbOTO METOJy JICKHUTH iTepalliiiHa Mpoueaypa,
171es IKOI ToJIsiTa€ B TaKOMY: JUJIS JOMYCTHMOI cTapToBoi Touku 3agaui OPP s
KOXHOTO ONYKJIOro OararorpaHHuka, 1o (opMye HEONyKJIuid OaraTorpaHHUK,
OyanyeTbcsl CUCTEMa IIECTH JIHIMHMUX €-HEPIBHOCTEH, SIKa TapaHTye HAaJEeKHICTb
OIyKJIOTO OaraTOrpaHHUKA 1HIMBIIyaJIbHOMY KyOIYHOMY €-KOHTEMHEpY; Ha KOXKHIN
iTeparlii B 00JaCTh JOMYCTUMUX PO3B’SA3KIB Mi3aa4l HETIHIHHOTO MPOTpaMyBaHHS
BKJIFOYA€THCSI CHUCTEMa €-HEPIBHOCTEW Il BCIX OMYKJIMX OaraTOrpaHHUKIB Ta
NICeBJIOHOpPMaNTi3oBani  kBa3i  Phi-QyHKmii TUTBKM Ui THX Map  OMYKIUX
OaraTorpaHHHUKIB, IO € «E-CyCimammy», 1 ceBAoHOpMaltizoBaHi Phi-QyHKIil st Tux
ONMyKJIUX OararorpaHHMKiB, 4YMi IHAUBIAYaJdbHI KOHTEMHEPH MEPETUHAIOTHCS 3
IpaHuUIero KoHTelHepa. TakuM ynHoM, Ha K -if iTepallii po3B’a3y€ThCs Taka Imij3azaya
HEJIIHIMHOTO MpOorpamMyBaHHS:
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min ) F(uwk), (8)
uWkechRG °k

A ks
®;(Up, . P)20,i€E5, @5 (U, )20,i=1,...,1,

f(p P, )20, n(uy, , p* )20}, (9)

~k . . . . .
A€ =1 — IHACKCHA MHOXHWHA, IO MICTUTb 1HACKCHU IIap 6aI‘aTOFpaHHHK1B Ki(U ai) 1

K ~k
i Q5 /o (k

Kj(Ua.), ans sxux (pQ V(v __1),v(k__1))<0:>intQ=< Nint QK = ;
i aj aj ]

K . ~k - : : y : :
Qj i Qf —inausinyansHi e-kontelinepy OaratorpanHukis Ki(ug ) i K j(uaj),

aj,ajedy,(, j)eE;

Elé — IHJIEKCHAa MHO)XMHA, IO MICTUTh IHIEKCH OaraTtorpaHHukiB K; (uai ),
. -~ oko* _ . . *
ajedy, lel,, nmma  sxkux CDQ'QS(VS_( 1))<O<:>|n'[Q=(ﬂlnth‘é =,
|

Qlé* o lC) S(g), S(€) — xyna paniyca €

oy =3(m-card (Ek )) — uncno Bunanenux Ha K -i irepanii 104aTKOBUX 3MiHHHX
y BIJINOBIJTHUX NICEBJIOHOPMAJTI30BAHUX KBas3l phi-byHKIisX,
c—oy =|p|+6N +card (Ei(), card (Ei() nopsaky (O(n));

f (p(k_l), £) >0 — oGMekeHHs Ha po3Mipu kouTeitnepa QX Ha K -if itepanii.
Touka nokanpHOrO MiHiIMyMy min3amadi (8) — (9) Ha ocTaHHi¥ iTeparii
ONITUMI3AIIIHOT IPOIEAYPH € TOUKOIO JOKaITbHOTO MiHIMyMy 3ana4i OPP.
[TosutuHicTh MeTogy POLYDEC mnonsirae B TOMy, 110 B OUIBIIIOCTI BUTAIKIB
aHAII3YEThCS 3HAYHO MEHIIA KIJIBKICTh Map OaraTOrpaHHMKIB, HIK M, OCKUIbKU IS
KO>KHOT'O 0araTorpaHHMKa 31MCHIOEThCS MePEeBipKa TITLKU HOTO « € -CYCIJIIBY.
Taxum guroM, Meto aekommosuiii POLYDEC no3Bomse 3Bectu 3amauy (6) —

. . . 2\ . . 2 .
(7) 3 Benukoro kinbkictio HepiBrOcTel O(N“) 1 Bemmkoro posmipricTio O(N) obnacri

JTOMYCTUMUX PO3B’SI3K1B BUTIISLY (7) 10 MOCIIIOBHOCTI M1/13a7a4 MEHIIIO1 PO3MIPHOCTI
O(n) 3i 3HauHO MeHIIMM YuCIOM HediHiMHuMX HepiHocTeit O(N), ne n — wymcio
OMYKJINX OaraTorpaHHUKIB, M0 (HOPMYIOTh HEOITYKJII OaraTOrpaHHUKH.

Ha pucynky 1 HaBenmena uTIOCTpallisl 1TEpaTUBHOI MPOLEAYpPH, IO peani3ye
meton POLYDEC, nnst po3B’s3aHHs 3a7a4l YIAaKOBKU HEOMYKINX OaraTrorpaHHUKIB B
WTIHAPI, Je U 0) BIJINOBIAA€ CTapTOBIMA TOYIN, U @ , u @ 1a u® — noxamero
ONTHMAaJILHUM po3B’si3kaM mia3anad (8) — (9) Ha meprriii, Apyriid Ta TpeTii iTepalisx,
u"=u® e Toukoro nokansHOro MiHiMyMy 3axaui (6) — (7).
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*
u® u =u®
Pucynox 1 — Po3milieHHsI HEONMyKIuX OaraTorpaHHUKIB B IMJIIHAPI, IO BIAMOBIIA€
. . *
nocmizosrocti gomyerumux todok u(®, u® u@ ¢ =y®

Y n’saToMy po3aijii HaBOAATHCA Pe3yabTaTH 0OUNCIIOBATIHLHIX EKCIIEPHUMEHTIB,
OTPUMAHUX B XOJ[1 TECTYBaHHS PO3pPOOJICHUX 3aC00IB MATEMATUYHOTO MOJICJTFOBAHHSI,
noOyJJOBaHUX MaTeMaTUYHHX MOJENEH, 3ampOlOHOBAHUX METOJIB Ta aJrOPUTMIB
po3B’sizanHs. [IpoBeeHO TOpPIBHSHHS pe3yibTaTiB po3B’s3aHHA 3amad OPP 3
KpalmuMHu  omyoJikoBaHuMmu pesynbtatramu  (benchmark instances). Haseaeno
pe3yNbTaTH €KCIIEPUMEHTIB, IO MiATBEPKYIOTh eekTuBHicTh MeTony POLYDEC.
Ha pucynky 2 300pakeHe JOKaJIbHO ONTHMAaJIbHE PO3MIIIEHHS 0araTrorpaHHUKIB B
MIHIMQJIBHUX OXOTUTIOIOUUX 00sacTsx B 3a1a4i OPC. EkxcniepuMeHTH MPOBOAUIIUCS HA
komm'torepi AMD Athlon 64 X2 5200+. [Inst po3s’si3aHHsA 3aga4 HEIIHIHHOTO
MporpamMyBaHHSI BHKOPUCTOBYEThCs Oi0mioteka I[POPT, sxa 3HaxomauThes Y
BIIKPUTOMY JOCTYIII Ha HEKOMEPLIMHUX PEMO3UTOPISAX MPOrpaMHOro 3a0e3MeueHHs
(muB. https://projects.coin-or.org/lpopt).

Pucynok 2 — JlokanbHO ONTUMaJIbHE PO3MIIIIEHHs OaraTorpaHHuKiB B 3agaui OPC

Ha pucynky 3 300pakeHi NOpHUKIaAd JIOKAJbHO ONTUMAJIBHUX YIaKOBOK
0araTorpaHHUKIB B ONYKJIMX KOHTeHHepax (y TOMY YMCIi y KyJi, HHJIIHAPI, KyOoii,
JIIICOI T Ta OMYKJIOMY OaraTorpaHHuKy) ais 3aaadi OPP.

llopieuanus pesynomamie pobomu 3 GI0OMUMU CEIMOBUMU AHATIOSAMU.
BukoHaHo TOpIBHSHHSA pPE3yJNbTATIB JTAHOTO JOCTI/DKCHHS Ta BIJIOMHUX AaHAJIOTIB.


https://projects.coin-or.org/Ipopt
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OTpuMaHOo HalKpale 3Ha4eHHs [1IJI0BO1 (QYHKIIII.

VY tabnuii 1 HaBeaeHI pe3ysIbTaTH MOPIBHAHHS JUIS PUKJIA/IB, MOJaHuX B [1*].
JIJist KO’KHOTO MPUKJIaay MIHIMaIbHUNA 00’ €M KOHTEHHEpa, 3HAIeHUI METO0M, 110
3apONOHOBAHUI B 1LIbOMY JOCITIPKCHHI, BUSBISETbCS MEHINE, HIXK HalKpalmi
PO3B’S30K, 3aIIpOIOHOBaHUM B [17*].

JUist  KOKHOTO 3 TMPUKIAIIB PO3TJISAAIOTECS OaraTorpaHHUKH,
iH(popMallis 00 SKUX HaBeACHa B poOoTi [2*].

BUXI1IHA

Pucynok 3 — JlokanpHO ONTHMalIbHI YITAKOBKM OaraTorpaHHuKiB B 3aaa4i OPP

Tabnuus 1 — [TopiBHAHHS pe3yNbTaTIB sl IPUKIIAJIB, HaBeJCHHUX B [1*]

06,€M )
} } B —— Yac ?omyKy 96 eM Yac I;IOH_IyKy
Haiixpamu | Haiikpamm sa pO3B’sI3Ky 3a | 3HaWICHUH 3a pO3B’s3Ky 3a
3anaua i o0’eM 3 i yac 3 JIOITIOMOT OO JIOIIOMOIOX0 JIOIIOMOTOX0
[1*] [ | “Cgpars | FSPAR | [P+ 2]+
POLYDEC POLYDEC POLYDEC POLYDEC
20 3 [2*] 32550 26202.1 27432.64 34313.34 28106.64 5360.67
303 [2*] 48300 53741.5 41646.17 35289.34 40277.19 33008.89
40 3 [2*] 61950 99952.0 53158.88 201501.5 55988.46 195051.51
50 3 [2*] 77280 125210.6 68214.56 215144.55 61630.68 270654.84
36 3 [2*] 12480 9637.5 10461.67 23023.12 — -

* — JomycTUMa CTapTOBa TOYKA, 3HalIeHa 3a qoroMororo FSPA;
** — qomycTMMa CTapToBa TOYKa, 3HalJeHa 3a JIOMOMOIOI0 aJlrOpUTMY,
3aIpOIOHOBAHOIO B [2*].

[1*] Xiao Liu, Jia-min Liu, An-xi Cao, Zhuang-le Yao HAPE3D — a new constructive algorithm for the 3D irregular
packing problem // Frontiers of Information Technology & Electronic Engineering. 2015. Ne 16 (5). P. 380—390.

[2*] Stoyan Y.G., Gil N.l., Pankratov A. [et al.] Packing Non-Convex Polytopes into a Parallelepiped (Electronic
resource) //  Technische  Universitat Dresden. 2004. Mode of access:  http://www.math.tu-
dresden.de/~scheith/ ABSTRACTS/PREPRINTS/04-non-conv.pdf


http://www.math.tu-dresden.de/~scheith/ABSTRACTS/PREPRINTS/04-non-conv.pdf
http://www.math.tu-dresden.de/~scheith/ABSTRACTS/PREPRINTS/04-non-conv.pdf
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Posrnspatoreecss  OOuUMCIIOBATbHI  €KCIIEPUMEHTH, IO  MiATBEPIKYIOTh
edextuBHicTh MeTOTy POLYDEC.

[IpoBeneHo TOpPIBHSHHS pPE3yJbTATiB PO3B’SI3aHHS PI3HUX 33/7a4 YIAKOBKH
JOBIIBHUX OaraTorpaHHUKIB 3 3aCTOCYBaHHSAM Ta 0€3 3aCTOCYBaHHS METOIY
POLYDEC.

Pe3ynbTaT 11010 MOPIBHSHHS HaBEJEHO y Ta0. 2.

Tabmunss 2 — Pesynbratu aHamizy €QEKTUBHOCTI METONY JAEKOMITO3HUIIIT
POLYDEC
Cepepuiii uac Ywucino 3MIHHUX Yuco HepiBHOCTEH
o0unciacHs (¢)
3az[aqa I3 bes I3 bes I3 bes
34CTOCYBAHHAM 3aCTOCYBAHHS 34CTOCYBAHHAM 34CTOCYBAHHA 34CTOCYBAHHAM 34CTOCYBAHHA
POLYDEC | POLYDEC | POLYDEC | POLYDEC | POLYDEC | POLYDEC
N=10 283 1380 626 1791 3086 7934
N=20 4980.74 | 75026.31 1334 7471 8028 30916
N=30 | 35289.34 - 2817 17334 16047 69336

Ha pucynky 4 300paxkeH1 giarpaMu, siKi UTIOCTPYIOTh PE3YJIbTaTH MOPIBHIHHS
HaBeJeHl, B Ta0auIl 2.

CepegHi yac obumcneHs (c) Y1cno 3amiHHMX

80000 20000

60000 15000

40000 10000

20000 5000 I

0 — [ 0 v - []

N=10 N=20 N=30 N=10 N=20 N=30
W3 POLYDEC mbBe3POLYDEC H3 POLYDEC mbBe3 POLYDEC

Yuncno HepiBHOCTEMN

80000

60000
40000
20000 I
, = [l

N=10 N=20 N=30

M3 POLYDEC mbes POLYDEC

Pucynok 4 — Pe3ynbpTatu mopiBHSIHHS pO3B’SI3aHHA PI3HUX 337124 YIIAKOBKH

TOBUTFHUX OaraTOTpaHHMKIB 3 3aCTOCYBaHHSIM Ta 0€3 3aCTOCYBaHHS METOIY
POLYDEC
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JlomaTku gucepramii MICTATh: JOBIAKY PO BHUKOPUCTAHHS MPOTPaAMHOTO
MOJIYJIS ONTUMI3aIlll YITaKOBKH JOBUILHUX HEOPIEHTOBAHMX OaraTOTPaHHMKIB, JIMCTA
miarpumkn Big Giorgio Fasano — mpoBiAHOrO BUYEHOro Ta CIEMialicTa B raiysi
MaTEMaTHYHOTO MOJICITIOBAaHHS Ta ONTHMI3allii CHUCTEM €BPOICHCHKOI KOMIIaHii
«Thales Alenia Space», akT po BIPOBAXKEHHS 3alIPOINIOHOBAHUX B POOOTI 3ac00iB,
Mojiesiel, MeToiB Ta mporpaMuux moayiei B IT kommanii TOB «Cloud Worksy, akrt
PO BIIPOBA/DKCHHS B HABYAJIBHUN TIPOIEC, OMUC iHTEepdeicy i MOXIMBOCTCH
fgociiaaunbkoi mporpamu «Concave Demoy», TOYkM JOKaJIbHUX EKCTPEMYMIB JUIS
MIPUKJIAIB HABEJICHUX Y PO3ALII 5.

BUCHOBKHA

VY aucepranii po3B’sA3aHO Ba)XJHMBY HAyKOBY 3a/ladyy ONTHUMAJIbHOI YIaKOBKH
HEOMyKJINX OaraTorpaHHUKIB Ha OCHOBI OTPUMAaHUX HOBUX (PyHIaMEHTAJIbHUX,
TEOPETUYHO OOTPYHTOBAHUX PE3YJIbTATIB, BKIIOYAIOYM CTBOPEHHS KOHCTPYKTHBHHUX
3ac001B MaTeMaTUYHOI'O MOJIEJIIOBaHHs, MOOYI0OBY HOBUX MaTeMaTHUYHUX MOJEJEH,
PO3pOOKY €(heKTHUBHUX METOJIIB PO3B’ I3aHHS.

OCHOBH1 HAyKOBI Pe3yJIbTaTU JUCEPTAIIii:

a) HaOyB IMOJAJIBIIIOTO PO3BUTKY MeTO | Phi-pyHKIIii: Briepiie mooyaosaui phi-
@dyHKyi, ncesdonopmanizosani  phi-ghyukyii, keazi  phi-pynxyii  ma
Nnce80OHOPMANi308aHi Keasi phi-gynkyii sk 3ac00M MaTEMAaTUYHOTO MOJCITIOBAHHS
oomedicenv posmiuenns g 3agadi OPP, mo mo3Boiisie omucaTé B aHATITUYHOMY
BUIJISI/II: HETEPETUH JOBUIBHMX OaraTorpaHHUKIB; BKJIIOYEHHS OaraTOrpaHHUKIB B
OMYKJIUW  KOTEWHEp; MIHIMAJIbHO  JOMYCTHMI  BIJACTaHI MDK  JOBUIbHHUMH
OararorpaHHMKamMud Ta MDK OararorpaHHUKaMud Ta TPaHUILED KOHTEHHepa.
dopmaitizoBaHO 0OMedceHHs Oanancy y BUTIIAI CUCTEMH HEJIHIMHUX HEPIBHOCTEH 3
TIAAKAMH QYHKITISMA

0) Bmepiie moOymoBaHa MaTeMaTH4Ha Mojeib 3amadi OPP y Burmsiai 3amadi
HEJTIHIMHOTO MporpaMmyBaHHs (III0 BKJIIOYA€E BCl II00AIbHO OMTHUMAJIbHI PO3B’SI3KH)
IUIA  HEONMyKJIUX OaraTorpaHHUKIB B OIYKJIOMY KOHTEWHEpl, TpaHULS SKOTO
dbopMyeThCS 32 TOMTOMOTOI0 C(hepUIHUX, MIIIHIPUIHHUX, STINTUIHUX MTOBEPXOHb Ta
IJIONIMHNA 3 YypaxyBaHHSM OOMEXKEHb PO3MIIICHHS Ta OOMEXEHb OanaHcy, IO
103BoJIsie BUKopuctoByBatu cydacHi NLP-congepu;

B) BIleplIe MOOy0BaHa MaTeMaTUyHa MOJIETb 3a]a4l KJIaCTEPIHTy HEOMMyKIIUX
oararorpannaukiB (OPC — Optimal Polytopes Clustering) B cdepuuHiii, KyOoiqHii Ta
MUITIHAPUYHINA 00J1aCTAX MIHIMAJIBHOTO 00’ €My, IO A03BOJISIE T€éHEpYBaTH €(hEeKTUBHI
JOIYCTUMI CTapTOB1 TOUKH JJISl IOLITYKY JIOKAJIbHUX eKcTpeMyMiB 3a1adui OPP;

) HaOyJ M MOJANBIIOr0 PO3BUTKY METOAM PO3B’SI3aHHA 3a/1ad T€OMETPUIHOTO
MPOCKTYBAaHHS: 3alPOIIOHOBaHa cTpaTeris po3B’s3anHHs 3anadi OPP ta po3pob6neni
edeKTUBHI METOJAW JUIsi OCHOBHHUX 11 peami3alliii, fiki Ha BiIIMIHY BiJ ICHYIOUHUX
MiXO/AIB. BPaXOBYIOTh OJAHOYACHO Henepepeni mpauciayii Ta obepmanus 00’ €KTIB,
MIHIMANbHO donycmumi 8i0cmani 1 oomedcenHs Oanaucy; N03BOJISAIOTh OTPUMYBATU
JIOKQJIbHO ONTHUMAaJbHI po3B’sa3ku i 3agau OPP, mo € xpamumu 3a 3HaYeHHSIM
ipoBoI (GyHKIT (TopiBHSHO 3 benchmark instances — BigoMuMu OmyOTIKOBAaHHUMH
pe3ynbTaTamu).
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1) CTBOPEHO TIpOorpaMHe 3a0e3MeUeHHs JIJIs pO3B’s3aHHS OCHOBHHUX pealli3arlii
3agaul OPP;

€) CTBOPEHO MPOTpaMHUNA MOAYJIb AJid po3B’si3aHHs 3ana4i OPC.

€) BUKOHAHO IMOPIBHSAHHS PE3yJbTAaTiB YUCIOBUX CKCIICPUMEHTIB Ta BiJIOMHX
CBITOBUX aHaJIOTiB, OTPMMAHO HaMKpall 3Ha4YeHHS HUIbOBOI (YHKINI /I yCiX, Ta
MOKpAIIEHO Yac PO3B’s3aHHS — I 0ararboX TECTOBUX MPHUKIAAiB. BukoHaHO aHami3
edextuBHOCTI MeToay nekommo3uiii POLYDEC.

OTpumaHi HayKOBI pe3yJbTaTH SBISIIOTH COOOIO MOJANBIIAA PO3BUTOK TEOPii
MaTeMaTUYHOTO MOJCIIOBAHHA 1 OOYMCIIOBAIILHUX METOIIB B TCOMETPUUYHOMY
MPOEKTYBaHHI.
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AHOTANIIA

Crosn 10.€. MaremaTuuHe MOJICNIIOBAaHHSA Ta METOAW PO3B’SI3aHHS
ONTUMIZAIIMHUX 3a/Ja4 YNaKOBKM JOBUIbHMX OaratorpaHHukiB. — KpamidikamiitHa
HayKOBa Mpallsl Ha MpaBax PyKOIHUCY.

Hucepraitiss Ha 3100yTTS HAYKOBOTO CTYIEHS KaHAMJAaTa TEXHIYHUX HAyK 3a
cunemianpHicTIO 01.05.02 — «MarematuydHe MOJIEIIOBAHHS Ta OOYKCIIIOBAJIBLHI
Metonm». — IHcTUTYT TpobiieM MmammHOOyayBanHs iM. A.M. Ilizropuoro HAH
VYkpainu, XapkiBCbKHI HaIllOHAJBHUN YHIBEpCUTET pasaioenekrponiku MOH
VYkpaian, Xapkis, 2019.

B nmwuceptamii po3rismaeTbes 3adada ONTUMAIBHOT YIAKOBKU JIOBUIBHUX
0araTorpaHHUKIB B OIYKJIOMY KOHTEHHEp1, TPAHMIIS SIKOTO YTBOPEHA C(HEPUUHUMU,
MWTHIPUYHAMY, CNINTAYHAMH TOBEPXHSMU Ta IUIOMIMHAMU. baratorpaHHUKH
JIOIyCKAalOTh HEMNepepBHI 0O0epTaHHS Ta TpaHCHALil. BpaxoByloTbcs oOMeXeHHS Ha
MIHIMAQJILHO JIOMyCTHMI BiACTaHi Ta OOMEXeHHs OanaHCy. 3ajlaya Ha3UBAETHCA
3amaueto OPP (Optimal Polytopes Packing). PoGora mpucBsueHa po3po0iii 3aco0iB
MaTEeMaTUYHOTO Ta KOMII IOTEPHOTO MOJEIIOBAHHS, MaTeMAaTUYHUX MOJENed Ta
METO/I1B po3B’s3aHHs 3a1a4i OPP.

Po3po6iieHi KOHCTPYKTHBHI 3aCO0M MaTeMaTUYHOTO MOJEIIOBAHHS OOMEKEHb
posmimieHHs 3agadi OPP y BHIUIAAlI HOBUX KJaciB ICEeBIOHOpMaiizoBaHux phi-
GyHKUIA 711 MOJENIOBaHHSI OOMEKEHb BKJIIOYEHHS JOBUIBHUX OaraTOrpaHHUKIB Y
JOBUIHLHUI OMYKJIUN KOHTEHHED 3 ypaxXyBaHHSAM MIHIMAJIbHO AOMYCTUMUX BIACTaHEH 1
TMICEBIOHOPMAJTIZ0BaHMX KBa3i Phi-QyHKITiH 11 MOICTFOBAaHHS OOMEKEHb HETIEPETUHY
JOBUIBHUX OaraTOrpaHHMKIB 3 ypaXyBaHHSIM MIHIMaJbHO IOMYCTUMUX BiJICTaHEH.

[ToObynoBaHo Ta MOCHTIHKEHO MaTeMaTHYHy Mojeib 3amadi OPP, y Burmsmi
3a7a4i HEJIIHIHHOTO TpoTrpaMyBaHHs. 3aJIe)KHO BiJ BUNIALY (QYHKINT muti (MeTpu4Hi
XapaKTEPUCTHKH KOHTEeHHEPY YK KoedilieHT roMoTeTii), popmu KoHTelHepa (psaMuit
KPYyroBUi LWJIHAP, KyOOin, KyJjis, ONYKJIWM OaraTorpaHHUK, OBIIbHA OIMYKJIA
00J1aCTh, eNIICOoin), pi3HUX KOMOIHAIH 00MeKeHb (MIHIMAIBHO JAOMYCTUMI BiJICTaHi
Ta 00MEKEeHHs OalaHCy) PO3IIITHYTO OCHOBHI peanizaiii 3agaui OPP. 3anpomnoHoBano
cTparerito po3B’si3Ky 3azaui OPP, ska 3acHOBaHAa Ha METOAl MYJIBTUCTApTy.
Po3po6ieno edexTuBHI MeToAM MNOOYIOBU JOMYCTUMHUX CTapTOBHUX TOYOK  Ta
JIOKaJIbHOI onTuMi3alii (MeTo 1eKoMIo3uIlil) 3 BukopucTanasm cosepa [IPOPT mis
MOIIIYKY JIOKAJIbBHUX €KCTPEMYMIB B MMi/1337a4ax HEMIHIHOTO NporpaMyBaHHs.

3anmpornoHOBaHi METOJIW JI03BOJISIIOTH 3HAXOJUTH JIOKAJIbHO ONTUMAJIbHI
po3p’si3ku 3anaul OPP, naiikpami 3a 3HaueHHSM IUIbOBOI (DyHKIII (MOPIBHSHO 3
BIIOMUMHU OMYOJIIKOBAHMMH pe3yJbTaTaMK) Ta BIIEpUIE OTPUMATH PO3B’SI3KU IS
JOBUIBHUX OMYKJINX KOHTEUHEPIB.

OTpuMaHi pe3yJbTaTH BHUKOPHUCTOBYIOTHCS Y HABYAIBHOMY MPOIIECI.
Pe3ynbpratu naHOrO MOCHIIKEHHS MOXYTh MaTH 3acTOCYyBaHHS, HANpUKIad, B
aIUTUBHUX TEXHOJIOT15IX, MaTepiaJo3HaBCTBI, JOTICTHIII, KOCMIYHOMY
MaIIMHOOY/IyBaHH1, OPTONEeINYHIHN Xipyprii.

KiarouoBi  ciaoBa:  ymakoBka, ONyKJIl — KOHTEHHEpH, HEOpIEHTOBAHI
0araTorpaHHUKH, JOMYCTUMI BiJIcTaHi, oOMexeHHs OanaHcy, kBasi phi-QyHKIII],
MaTeMaTUYHE MOJEIIOBAHHS, HEAIHIMHA ONTUMI3ALlisl, METO JEKOMIIO3HUIII].
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Croan HO. E. MaremaTtuueckoe MOJEIUPOBAHHE M METOAbl PELICHHUS
ONTUMHU3ALMOHHBIX 33724  YMAaKOBKM  IPOU3BOJBHBIX MHOTOTPAHHUKOB. —
KBanudukanronnas HayyHast paboTa Ha mpaBax PYKOIHCH.

Juccepranys Ha COUCKAaHUE YUYEHOW CTEIICHU KaHAUAAaTa TEXHUYECKUX HAYK I10
crennanbHOocTH 01.05.02 — «MartemaTnueckoe MOAEIUPOBAHUE U BBIYMCIUTEIBHBIC
MeToab». — MHcTHTYT mpobiiem MammHoctpoeHuss um. A. H. Iloaropnoro HAH
VYkpannbl, XapbKOBCKHM HalWOHAIbHBIA YHUBEPCUTET paauodyieKTpoHukn MOH
VYkpaunsl, Xapbkos, 2019.

B nmucceprammu  paccMaTpuBaeTCs  3a/aya  ONTUMAJIBHOM  YIaKOBKHU
MPOU3BOJIBHBIX MHOTOTPAHHMKOB B BBINIYKJIOM KOHTEHHEpEe, TpaHUIla KOTOPOTO
dbopmupyercs chepudeCKUMU, HWIMHAPUUESCKUMHU, HJUTUNTUYECKUMHU TOBEPXHOCTIMHU
U IUIOCKOCTAMHU. MHOTOTpaHHUKM JONYCKAalOT HEMPEPBIBHBIE BpalICHUS W
TPAHCISLUU. Y YUTHIBAIOTCSI OTPAaHUYEHUS HA MUHUMAJIBHO JIOIYCTUMBIE PACCTOSIHUS
¥ orpaHuveHus OayaHca. 3amaya HaswbiBaeTcs 3amaueiit OPP (Optimal Polytopes
Packing). PaGora mocBsimieHa pa3pabOTKE CPEACTB MaTEMaTHYeCKOro U
KOMITBIOTEPHOTO MOJEIMPOBAHUS, MATEMATUUECKUX MOJEJEH U METOJIOB PEIICHUS
3anauu OPP.

Pa3paboTanbl KOHCTPYKTHBHBIE CpEJCTBA MAaTEMAaTHYECKOTO0 MOJEIUPOBAHUS
orpaHWYeHWN  pasmenieHuss 3amaun  OPP B BuAe  HOBBIX  KJIacCOB
MICEBAOHOPMAJIM30BAHHBIX  phi-QyHKIMI I MOJEIMPOBAHUS  OrpaHUUYEHUMN
BKJIFOYEHHUSI TIPOU3BOJIbHBIX MHOTOIPAHHUKOB B BBINMYKJIbIA KOHTEHHEP C Y4ETOM
MUHUMAJIBHO JOMYCTUMBIX PACCTOSHUN W IICEBIOHOPMAIM30BaHHBIX KBazu Phi-
byHKIUN I MOJACIMPOBAHUST OTPAHMYCHUN HEMepeceueHusl MpPOU3BOJIbHBIX
MHOTOTPAHHHUKOB C Y4ETOM MUHUMAJILHO JIOMTYCTUMBIX PACCTOSIHUM.

[TocTpoeHa u uccienoBaHa MaTremMaTudeckas Mojeiab 3aaaun OPP B Bujie 3amaun
HEJIMHEHMHOro TmporpamMmupoBanus. B 3aBucuMocTd OT BHaa GYHKIUHA TETH
(MeTpuUuecKre XapaKTEPUCTHUKU KOHTEHepa Wi KO PHUITMEHT TOMOTETHH), (POPMBI
KOHTeWHepa (MpsMON KPYyroBOW IMUIMHAP, KyOOUI, 1Iap, BHIMYKJIBIA MHOTOTPAaHHUK,
JJUTATICOU, TPOW3BOJIbHAS  BBIMYKJIAas 00JIaCTh), PA3JIMYHBIX  KOMOWHAIIHIA
OTpaHUYCHUN (MUHUMAIBHO JIONMYyCTHMBIC PACCTOSHUS W OTpaHUYEHUs OanaHca)
paccMaTpeHbl OCHOBHbIE peanu3anuu 3anaun OPP. [Ipennoxkena cTpaTerus pereHus
3anaun OPP, ocHOBaHHas Ha MeToJe MyJbTuUcCTapTa. Pa3paboTtanbl 3¢ (deKTUBHBIE
METOJbl TIOCTPOEHHUSI JOMYCTUMBIX CTAPTOBBIX TOUEK M JIOKAJIHLHOW ONTUMH3ALUU
(MeToxa eKOMIO3UIIMK) ¢ uchoJib3oBanueM coiisepa IPOPT s moucka JoKambHBIX
AKCTPEMYMOB B I0/[33/1auax HEJIUHEHHOTO MPOrpaMMHUPOBAHUSI.

[IpennoxxeHHble METOIbI TO3BOJISIIOT HAXOJIUTh JIOKAJIbHO ONTHUMAaJIbHbIC
pemienus 3anayu OPP, nydiiyde no 3Ha4eHHUIO LeaeBOd (yHKIMH (110 CPAaBHEHUIO C
M3BECTHBIMH OMYOJIMKOBAHHBIMU PE3yJbTaTaMU) M BIEPBBIC TIOJYUYUTh PEIICHUS IS
MIPOU3BOJIBHBIX BBIMTYKJIBIX KOHTEHHEPOB.

[Tomy4yeHHBIE pe3yabTaThl UCHOJB3YIOTCS B yueOHOM mporiecce. Pe3ymbratsl
JAHHOTO HCCIIEIOBAHUS MOTYT HUMETh TPUIIOKEHHUS, HAMNPUMEpP, B aJTUTHUBHBIX
TEXHOJIOTUSAX, MaTepPUaJOBEACHUHU, JIOTUCTUKE, KOCMUYECKOM MAIlMHOCTPOECHUH,
OpPTOIIEINYECKOU XUPYPTHH.
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PazpaboTanHblii  MPOrpaMMHBI ~ MOAyJdb  ONTUMHU3ALMKA  YHIAKOBKU
IPOU3BOJIBHBIX MHOTOTPAaHHMKOB HCHOJb3yeTcsl Ha Kadenpe «lIpukiagHoro
MaTepuaioBeeHuss U 00paboTKku MaTepuanoB» HannoHalibHOTO YyHUBEpCHUTETA
«JIpBOBCKasl IONMTEXHUKA» JUIsl PELICHUS 3aJa4d ONTHUMAJIBHOIO 3allOJHEHUs
3aJJaHHOTO 00beMa YacTullaMu Hecepruyeckon (popmsl.

[TpennoxeHHble B pabOTE CPEACTBA, MOJIEIH, METO/IbI M IPOrPaMMHBIE MOJYJIN
ucnoab3ytorcss B OO0 «Cloud Works» 1st pemienus 3aaad onTUMHU3alUy Ipolecca
3D-meuyatu, koTOpoe HCMOIB3yeT SLS TEXHONIOTHIO, a TakkKe Ui pelieHHs 3ajad
ONTUMAJILHON YITaKOBKH T'PY30B B MMPOU3BOJIbHBIX KOHTEITHEpaX B chepe JIOTUCTUKH.

[TomyueHHbIE HAy4YHbBIE PE3YJIBTATHI SBISIOTCA JATbHEHIIIMM Pa3BUTHEM TEOPUU
MaTeMaTUYECKOr0 MOJEIIUPOBAHUS U BBIUMCIUTENBHBIX METOJOB B F€OMETPHUECKOM
MPOEKTUPOBAHUH.

KuroueBble c10Ba: ynakoBKa, BBITYKJIbIE KOHTEHHEPHI, HEOPUEHTHUPOBAHHbIE
MHOTOTPaHHHUKH, JONYCTUMBIE pPACCTOSHUS, OrpaHuuYeHus OanaHca, KBazu phi-
(YHKIIMM, MaTeMaTHYECKOE MOJEIMpPOBaHHE, HEIWHEWHAas ONTHMHU3ALUSL, METO[
JEKOMITO3ULINH.

ABSTRACT

Stoian Y.E. Mathematical modeling and methods for solving optimization
problems of arbitrary polytopes packing. — Qualifying scientific work on the
manuscript.

Thesis for a candidate degree in specialty 01.05.02 — «Mathematical modeling
and computational methods». — A.N. Podgorny Institute for mechanical engineering
problems of National Academy of Science of Ukraine, Kharkiv national university of
radioelectronics of Ministry of Education and Science of Ukraine, Kharkiv, 2019.

The thesis studies the problem of optimal packing of arbitrary polytopes into a
convex container that is formed by spherical, cylindrical, elliptical surfaces and planes.
The polytopes allow continuous rotations and translations. The given minimum
allowable distances as well as equilibrium constraints are taken into account. The
problem is called the optimal polytopes packing (OPP). The thesis is devoted to the
development of tools of mathematical and simulation modelling, mathematical models
and solution methods for OPP problem.

Constructive tools of mathematical modelling of placement constraints in OPP
problem are developed in the form of new classes of pseudonormalised phi-functions
for modelling containment of arbitrary polytopes within the arbitrary convex container
taking into account the given minimum allowable distances and pseudonormalised
quasi-phi-functions for modelling non-overlapping of arbitrary polytopes taking into
account given minimum allowable distances.

The mathematical model of OPP problem is constructed and investigated in the
form of non-linear programming problem. Basic realizations of OPP problem are
developed depending on the form of objective function (metric characteristics of the
container or homothetic coefficient), the form of the container (cylinder, cuboid,
sphere, convex polytope, ellipsoid, arbitrary convex domain), combinations of
constraints (minimum allowable distances and equilibrium constraints). The strategic
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of solution of OPP problem, based on the multi-start method is proposed. The efficient
methods are developed for the construction of efficient starting points and local
optimization (decomposition method), employing IPOPT solver for the search for local
extrema in non-linear programming subproblems.

Proposed methods allow to search for local-optimal solutions of OPP problem
with the best value of the objective function (in comparison with the known published
results) and first obtain the solutions for arbitrary convex containers.

The obtained results are used in the educational process. Results of this work
can have applications in additive technologies, material science, logistics, space
engineering, orthopedic surgery.

Keywords: packing, convex containers, non-oriented polytopes, allowable
distances, equilibrium constraints, quasi phi-functions, mathematical modeling,
nonlinear optimization, decomposition method.
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