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Abstract—A boundary value problem is considered on the scattering of the field of a radial magnetic dipole
by a semi-infinite perfectly conducting cone with periodic longitudinal slots. Tt is shown that the solution of this
problem is equivalent to the solution of a singular integral equation with a Cauchy-type kernel. Numerical
results are presented for a cone with a single slot. The Fourier coefficients of electromagnetic field components

are investigated as functions of the parameters of a cone.

INTRODUCTION

The design and development of wideband and
superwideband radio engineering systems and radar
complexes with controlled radiation patterns and polar-
ization are topical problems in modern antenna tech-
nique and radar. Of special importance are wideband
(superwideband) antennas and reflectors, both direc-
tional and omnidirectional. These include, in particular,
cones. bicones, as well as conical and planar angular
strips (sectors). The development of an adequate math-
ematical model plays an important role in studying the
underlying physical processes and obtaining their
important characteristics. However, the solution of an
appropriate mathematical problem often requires either
the development of new approaches and methods or the
modification of the existing ones.

In this paper, we consider a model problem on the
excitation of a conical slot antenna by a time-harmonic
point source. The conical structure represents a thin
semi-infinite perfectly conducting circular cone with
longitudinal slots. In [1-3], we investigated the excita-
tion of a perfectly conducting semi-infinite circular
cone, with periodic slots cut along the generatrices, by
a radial electric dipole. To solve this time-harmonic
electromagnetic problem, we used an approach based
on the Kontorovich-Lebedev integral representation
and the method of the Riemann—Hilbert problem. In
certain particular cases, we presented analytic solutions
to the problem, which substantially restricted the level
and scale of investigations. The application of the
method of the Riemann—Hilbert problem to the scatter-
ing of electromagnetic waves by impedance structures
is associated with great difficulties; therefore, it was
suggested to reduce the problem to solving a singular
integral equation with the use of the method of discrete
singularities [4].

The aim of this work is to construct an algorithm for

reducing the problem of exciting a perfectly conducting
semi-infinite circular cone with periodic longitudinal

slots by a radial magnetic dipole to a singular integral
equation and carry out a numerical experiment.

. FORMULATION OF THE PROBLEM.
FUNCTIONAL EQUATIONS

Let us consider a semi-infinite perfectly conducting
circular cone with N periodic slots cut dlong the gener-
atrices. We denote by 2y the opening angle of the cone.
by I = 2m/N, the period of the structure, and by d, the
width of a slot (/ and d are bihedral angles formed by
the planes passing through the axis of the cone and the
edges of two neighboring conical strips). We introduce
a spherical system of coordinates r, 6, ¢ with the origin
at the vertex of the cone (Fig. 1). In this system. the
cone is represented by the set of points

Y ={(rn8,9)¢€ R re]0,+),0=v.0c L},

where

A(r. 6. 0)

B(rg. B9 0p)
S

Fig. 1. Geometry of the problem.
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L, = ((s=1)+d/2,sl-dl2),
and CL = [0.2r]\L;

L, corresponds to a conical strip with number s.

Let us place a radial magnetic dipole with a unit
moment at point B(ry, 8y, @y): the time variation of the
field radiated by this dipole is given by exp(iwr). The

- -9 % .
total field £, H, which we represent as a sum of the

S -
field (Eo. Ho) of the dipole and the field (Es, Hy)
scattered by the cone, satisfies the Maxwell equations,
the boundary condition (the vanishing of the tangential
components of the electric field on the strips of the
cone). the radiation condition at infinity, and a condi-
tion that the energy must be finite. The problem in this
statement has a unique solution. To solve this electro-
magnetic boundary value problem, it is convenient to
introduce a Debye magnetic potential in terms of which
the components of the electromagnetic field are
expressed. Thus, it is required to find Debye potential u
that satisfies a homogeneous Helmholtz equation out-
side the cone and the source, the Neumann boundary
condition on the strips of the cone, the limit absorption
principle, and the edge condition near the irregularities
of the boundary (near the edges of the strips and the
vertex of the cone). We represent the required potential
I exp(—ikR)
as u = iy + u,, where yy = ——————=
o R
potential for the field of the source, & is a wavenumber,

is the Debye

Imk<0.R= ﬁ — 7‘01. . and ug is the potential for the scat-
tered field. To solve the second boundary value prob-
fem of mathematical physics, we apply the Kontorov-
ich-Lebedev integral transform

T HD (k)
§(1) = | g(r)—=—dr, (1)
[
= Hgl) f s
g(r) = —%JTsinhrctexp(nt)’g(_r)-l—TL—i—)dt (2)

7

0

where H7'(kr) is the Hankel function of the second
kind. The unknown function ug is sought for in the form
of the Kontorovich integral (1), (2):

o HY (kr
j tsinlm‘cexp(m)——M
0 ‘ﬂ.
(3)

;< 2 a, (T, k)V,(8, p)dt,

n = —eo

-
1{5:—;-7‘
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F(é —m+ i‘c)

F(s +m+ l"'C)

+ 1
(_1 )HI Tc )
a. . =+t —exp(—imQg)
mt Fy COShTCT P( (P()

H 2 (krg) 8 e
X —— : O)P—I/2+ir(_cose())_( P_ 1124 i2(COSY),
ro dy

o0
VHIT = Z ‘Xln, !l(T) )
m+nN

d
)= oo d_YP—l/2+i~c(iCOSY)

" 4
PN (£cosO) @

xexp(i(m+nN)p), Y< B¢,
where T'(z) is the gamma function, Pfl"'(cose) is the
associated Legendre function of the first kind, x,,, ,, are

. m
unknown coefficients, v = N my, —1/2<v < 1/2, and

my is an integer closest to m/N. The upper and lower
signs in (3) and (4) correspond to the domains 0 < 8 <
yand y < 8 <, respectively. To obtain functional equa-
tions containing x,, ,, we use the boundary conditions
on the strips of the cone and the matching condition in
the slots:

Jdu

— = =y, I 5
76 0, 8=y, @€ (5)
W=u, 0=y, ¢9eCL, (6)

where 1 = utlg -y + -

The application of conditions (5) and (6) (due to the
periodicity of the structure, we consider them on a
period) results in the following system of functional
relations:

z X, exp(inN@) = exp(imyNg),
veme ()
Qe Ly 7f/L[ <|N¢| <,
5 ——l———l—,d(l —€)x,, exp(inNg) = 0,
“ N(n+v)n Sl ®)

@eC%wN@s%i

L
N(n+Vv)n

(l —8”)

(D" eoshntD(1/2 +it+ (n+ V)N) ©)
n(siny)z C(1/2+it—-(n+V)N)
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1

1 n+v)i

;—YP (o
When N(n + v) > 1, the following estimate holds
fore, (9):

(n+v)N

Y)— 112+i1(=COSY)

) O(N (n]+ 28 )

Below, we consider the functional relations (7) and (8)
as equations in the unknown coefficients x,, , that are
contained in the Hilbert space of sequences {E,}.

+o0

3 JE S 1+ 1pl) < oo,

p=—c

2. SINGULAR INTEGRAL EQUATION

Let us introduce

o)
=71+ N,
0 ®

=y

E= Nyn = Xm,n(_l) 2

8=/——_711n.

Then, system (7), (8) is reduced to

©

Y Naexpliny) = exp(imyW),

=i=0o

z 1 |/zl
N(+v)n

nE =

ye Ly [yl<d

EH)"]IH.HeXp(i’IW) = 0’ (lo)
ye CLy d<|yl<n

Multiplying both sides of (10) by exp(ivy) and differ-
entiating with respect to \, we obtain

S Il _g, om,expling) = 0. ve CL,.
n

n=—co

Since some coefficients are lost during the differentia-
tion, we add an additional condition

1 in|
2 N(n+v)n

n ==o0

m l,)( 1) n,,, i = 0.

Thus, the original electromagnetic problem reduces to
the following system of equations inm,,

co

Z T]IH. ”exp(i,lw) =

n=—co

exp(imgy), we Ly, (11)
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Z ‘_jj—l(l *Sm.17)”171.776)\'])(/./1\,[) = WE (4[’“'(]2)

subject to the additional condition

I Inl “
2]\/H-{-V)H l-¢ ””’) 1)]]/7771—O~ (I‘%)

Let us introduce the function

F(y) = ) l%l“ — €, M eXp(imy),

= 14)
Ve [-m ]
It follows from (12) that
F(y) =0, wye CL,. (15)

Taking into account (13)—(
cients 1, , in terms of f(\v)

(15), we express the coeffi-

1
nm.n - 27'[ l(l m " J.r(t)txp( l”&,)(/k_,
Ly

it O (16)

1 (& nexp(ivg) ]) @

1 = —— — |dg&,

.0 Al 2N=w J. E ( SinTv v) e

7” /
where

v I In| | .
=———(l —-¢ | —=1- .
mT N(” +V) n ( H).II)!”=O7 ] Em.u

Taking into account that

el Y nexp(ive) |
Z(t)/ +v Ry = sinmty Vv’
n#

‘_”_'3 i £ == i“l’
Z ; exp(in(y—¢)) = —icot 7

n#0

from (11), (13), and (16) we obtain the following sin-
gular integral equation (SIE) with a Cauchy kernel for
the function F(§):
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Fig. 2. The dependence of (a) |xy| and (b) |xi| on the slot
width d for various values of y; curves /-4 correspond to
¥ =5°30° 60° and 90°, respectively.

where
Py = =ik, (22)
dL=r
r], = coszl2 1n are the roots of the Chebyshev poly-
q

nomial of the first kind, and f(,, = cosén are the roots

of the Chebyshev polynomial of the second kind.

Taking into account relation (22) between F(t) and
V(1) and applying the Gauss quadrature formula

j g(t) dr Zq(r

p=1
we obtain the fo]lowmg formulas for calculating coef-
ficients Ny and M,

|8

No = —X—“ZI V(’ (23)

n, = ””'(1—8”)52V(11,)pr( 17751,,) (24)
i=1

Solving SLAE (20), (21) yields V(l ), using which we
determine 1, and 1, from Eqgs. (23), (24). which are
related to the sought-for coefficients x,(d. v, 7). We
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Fig. 3. The dependence of (a) |vgl and (b) |y, on the half-
flare angle v for various values of d: curves /-4 correspond
to d = 243°, 1807, 90°, and 30°, respectively.

investigate x, as functions of the problem parameters.
The table presents coefficients x, versus the slot width
in the case of a cone with asingle slot (N=1,1=1.vy=
n/8). The imaginary parts of the coefficients are negli-
gible in absolute value as compared with the real parts:
in the case of a narrow conical strip, |vo| < |v,|.n = 1.2,
3. ..., 19. As the strip width decreases. the signs of real
pam of the coefficients with different numbers alter-
nate, while their moduli decrease. In the limit case of a
narrow conical strip (8 = 1°, = 359), the moduli are of
order 10~ This result is in good agreement with the
asymptotics for the coefficients in the case of a narrow
strip (& < 1) [5]:

1) A sinz(nﬁ/ﬂ

sinz(n5/2) )
TS 8n A + sin (nb/’)

78/2)

= B
A+ sin’(

Figure 2 presents |xg| versus the slot width for various y
(N=1and t=1). As the slot width increases (the width
of a conical strip decreases). |xy(¢/)] monotonically
decreases to zero; the smaller the half-flare angle y of
the cone, the gentler the curves.

In contrast to |x,(d)], the graph of |x,(d)| has a maxi-
mum that moves as vy is varied (Fig. 2b; N = [ and
T=1). The graphs of |x,| and |x] versus y for various
are shown in Figs. 3a and 3b.
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a cone with a single slot (N = 1, v = 0). Taking into

I ¢ F(E)
%z‘.é dE.~+ _/[K(E,, V) F(E)dE = iexp(impy), (17 account that
Ve ly lim —lex (~ivdt) | = itd,
p
. B voo\SinTy v
and the additional condition
J’ F(E)dE = we transform SIE (18) into
: (1 |
i — B
o l,jmdmﬁjk(r, WFOd = 1, <1
) {:}_\“ l nlglf'_to L
REWi= sm=g==po )
[ (nup(z\@) l)__l_ jF(’)df =0
’) / v e
. 2N\ sinmv VIAY l
i~ Il : t—1t 1
7SZ_SHLNeXPI,l”(W7&.)]' K(t, t)) == __96_____.._ 19
e (t:10) = 2 2 (t—1,)0 (2
By the change of variables y/d = 1, and £/8 = 1, we
reduce lhe integrals in (17) to the integrals over the 1 o1 i
interval (1, 1): +=18—— ) € sindn(t-1t,).
- 2 AI n=1
I ¢ F(1)
Frjr dt 4 = J-I\(t t)F(1)dt = iexp(imydiy), In this case,
|
ol < 1, (18)
l 1 Mo = ————JF(r )dr,
T—th(r)dr = 0,
| Il '
where 1 |n - ,
[ | .= 5l ,)SJ.f(z‘)cexp(—mﬁt)dt,
K(t, 1) = +cot =105 — .
(1, 1) Zu 3 (I—to)f)
3 A = coshmt |
@ (mexp(ivor) lj_l_ L= .2 ol . 51 S
2N SinTV A msin Yy P— l/2+it((‘OSY)1 —I/Z+it( LOSY)

mt

7%2Mém‘ Sl B, 3. ANALYSIS OF NUMERICAL RESULTS
awriL To solve SIE (19), we apply the method of discrete
singularities [4]. According to this method, SIE (19) is

Let us consider the case of axially symmetric excitation equivalent to the following system of linear algebraic
(0, =1, ¢y =0, m = 0; henceforth, we omit index m) of  equations (SLAE):

.
V(1) N

Z i ,)(1 szk(r,,, 1V, (] )— i, j=1,q-1, (20)

,>=1r/7_’~/[ i=1

1

| i

YV () =0, j=gq, (21)

\i=p
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Xy

0.9
0.8
0.7
0.6
0.5
0.4

| I H I | |

50 100 150 200 250 300 d

Fig. 4. The dependence of (a) || and (b) |x3 on the slot
width d for various values of y: curves /-4 correspond to 'y =
90°, 60°, 30°, and 5°, respectively; N=Tand 1= 1.

) and |xs(d)| for various vy is
illustrated in Figs. 4a and 4b. As the number of coeffi-
cients increases, the number of maxima and minima of
the curves also increases, while their magnitudes
depend on y. Comparing the behavior of |x,(d)], |x,
and Jx3(d)] (Figs. 2b, 4a, and 4b), we observe that, as the
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number of x, increases, the maxima move and their
magnitudes decrease for appropriate fixed values of y.

CONCLUSION

In this work, we proposed an algorithm for solving
a model problem for the excitation of a conical slot
antenna. This algorithm consists in reducing the prob-
lem to a smoulal integral equation with a C(mch\ ker-
nel. The nummcal solutmn of the singular equation is
performed by the method of discrete singularities for a
cone with a single slot. On the basis of this solution. we
investigated the Fourier coefficients of the electromag-
netic field components as functions of the angular
dimensions of the conical structure. For fixed slot
width, the absolute values of the coefficients of nonzero
harmonics increase as the opening angle of the cone
increases. In the limit case of a single narrow strip. the
numerical results are in good agreement with analytical
results.
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