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Obtaining the Local Extremum in the Problem of Covering the Fields by the Circles

of Variable Radius

Paccmotpena 3amava mokpsITHs 006J1aCTH KpyraMi IEepeMEeHHBIX paauycoB. IlocTpoeHa MaTeMaTHdeckas MoJeb MOKpsITHs. [Ipemro-
’KEH HOBBIH KPUTEPH OKPBITHS, HA OCHOBAaHWH KOTOPOT0 aHAJIUTHYECKH OIMcaHa 00JacTh AOIYCTUMBIX pelleHui 3anaun. Mexons u3
aHaJIM3a CBOICTB MOJENH, TI0KA3aHO, YTO PEIICHHE 3a1a4l MOXKET ObITh CBEACHO K PEIICHUIO I10CJIE0BATEIbHOCTHU 331a4 HEJIMHEHHOro
[IPOrpaMMHPOBaHUS.

KiroueBble cJ10Ba: TOKPBITHE KPyraMy IIEPEMEHHBIX Py CcOB, KPUTEPHIl IIOKPBITHUS, ONTHMHU3ALIMS, HEITMHEHHOE IIPOrPaMMUPOBaHHUE.
The problem of covering the area of the variable radius circle is considered. The mathematical model of the coating is built. A new
coverage criterion is offered, based on which the range of permissible solutions of the problem is analytically described. Based on the
analysis of the model properties, it is shown that the solution of the problem can be reduced to the nonlinear programming sequence so-
lution of problems.

Keywords: circle of variable radius coverage, coverage criteria, optimization, nonlinear programming.

PosrnsayTO 3amady mOKpuTTS 00JIacTi KoJlaMy 3MiHHUX pajiyciB. [100y1oBaHO MaTeMaTHYHY MOJENb IOKPUTTS. 3alpONOHOBAaHO HO-
BUH KPHUTEPil MOKPHUTTS, HA MIJCTaBI KO0 aHAIITHYHO OIKCAHO O0JIACTh OMYCTHMUX PO3B’s3aHb 33j1a4i. Buxoasun 3 aHami3y Biac-
TUBOCTEH MOJIEII, MIOKa3aHo, 10 PO3B’sI3aHHS 3aaui MOKe OYTH 3BEICHO IO PO3B’S3aHHS IMOCIIIOBHOCTI 33a7a4y HENIHIITHOTO mporpa-

MYBaHHA.

Formulation of the problem. In various indus-
tries of the economy there are the problems asso-
ciated with the processing and transformation of
geometric information. These questions are re-
ferred to a class of the optimization geometric de-
sign problems [1], which solution as well as the
development of their methods is important. This
class of problems includes the matter of optimal
material cutting (both regular and irregular), the
problems of building the optimal ways and linking
networks, coverage, partition, some scheduling,
and others. [1-2].

Analysis of publications

An important class of geometric design prob-
lems are the matters of an irregular covering the
field by geometric objects [3], as well as regular
[3—7]. In the problems of covering, it is set up a
claim that all points of the field were covered by
geometric objects, while the conditions of non-
intersection of objects between themselves and
their placement in the field may be violated. The
results and detailed reviews on given researches
are in [8—10]. The problems of single covering a
limited area by N-circles (such as in a Euclidean
metric, and in some other metrics) is also known
as the problem of N-centers. For this in different
metrics it is offered a variety of heuristics and al-
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gorithms using Voronoy’s regions [11]. The prob-
lems of coverage are the models of many practical
problems. In [12] it is set and solved the problem
of interaction between militarized security subdi-
visions of the railroad and fire-rescue units, which
is reduced to covering the area by the circles of
different radii. In [13] it is set the problem of the
placement optimization for the observation points,
which arises, when designing ground video moni-
toring systems. The problem is reduced to the ques-
tion of covering the area by the circles of variable
radii, the value of which depends on the class of fire
danger and its relief. Thus, the important practical
problems require the developing the methods of
covering the fields by circles of variable radius.

In our article, we propose an approach to ob-
taining a local extremum of covering problem.

Setting the problem
There is a polygon P, defined by a set of verti-

ces p,, k=L2,..,n and a set of circles C,,
i=12,..,N, with varying radius 7, <r and cen-
ters v; = (x;, ;).

Suppose u =(v,,7,...,vy,1) — vector of vari-
ables, F(u) — the objective function (for example,
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N
the total area of the circles TEZI’;Z),

N
E(u) = Uci(”i’ri) .
i=1
By a definition Z(u) — coverage of polygon P
if PcEw)eEw)()P=, where E(u)=
= R*\intZ(u).

Note 1. In this study, we consider only such
coverings, which met the following conditions

i—1 N
intC, ¢ Z.(u), Z.(u)= Ulcj(vj,rj)kulck(vk,rk)
j= =i+
and intC,(v,,r)[ |intP=@, i=12,.,N.
Problem of circular coverage of polygon. The
start point — vector u’ = (vf,no,...,v,()v,rlg), where
Z(u’) covers a polygon P. The task — to deter-
mine the vector u' =(v1*,lq*,...,v;,r;,), in which
F(u) reaches the extreme and Z(u’) is cover-
age of a polygon P.
The problem of covering polygon by circles

Mathematical model of the circular coverage
problem can be represented as follows:

ethVr F(u), (D)
where
W={ueR" :Ew(\P=02}. )

As a criterion of covering for a fixed # can
be used phi-function method[14]:

EwP=2 <o >0,

where ®=7 — phi-function of objects = '(u)
and P [14].

Since the description of admitted region of the
form (2) in an analytical form is extremely difficult
theoretical problem and requires significant com-
putational cost, in this study we propose the cov-
erage criteria based on the following statement.

We say that a relative position of the circle C
and the points p € frP satisfies the condition 1, if

p e C and for any arbitrarily small €>0 in ¢-

neighborhood of the point p there is a point p
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suchthat p € fiP and p €C.Here fiP —the
boundary of the set P (Figure 1.).

We say that the relative position of the inter-
section point z of circle C, and C, with the cen-
ters in the points v, and v, radius 7 and r,

with the circle C satisfies the condition 2, if teC
and there is a positive number 6 such that for
any arbitrarily small strictly positive €< inter-

section point ¢ of circles C, and C, and ra-
dius ,+¢ and r,+¢ with centers in points v,

and v, also belongs to the circle C (Figure 2).

a T\‘
a

Fig. 1. a and b — the relative position of the point and the circle
satisfies the condition 1; ¢ — the relative position of the point
and the circle does not satisfy the condition 1

Fig. 2. a and b — the relative position of the point and the circle
satisfies condition 2; ¢ — the relative position of the point
and the circle does not satisfy the condition 2

Note that if ¢#eintC, the relative position of
the point of intersection ¢ and the circle C satisfies
the second condition.

Statement. In order =(u) to cover the poly-
gon P, it is necessary and sufficient that the vector
u=(v,n,...,vy,ry,) satisfies the condition:

1) for each vertex p, of the polygon P there is
at least one circle C; such that their relative posi-
tion satisfies the first condition (Figure 3);

2) for any point ¢e frCiﬂ frP, the relative
position with the circle C, satisfies the first con-
dition, there is a circle C.i#J, which the rela-

tive position of the point also satisfies the first
condition (Figure 4);
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5 o > Note 3. It is assumed that for item 4 the points
k . .
c, c, c, L,y 4= 1,2 are different and even in the case of
a b c their superposition (circles C; and C; are contig-

Fig. 3. Three types of the relative position of the vertex of the field uous) each of them belongs to its circle (Figure 6b).
d the circle, which satisfy the first it . . :
and the circle, which satisfy the first item Items 1 — 4 can be rewritten in the equivalent

form
C/i?%N ﬁi? 1) Vp, kel , exists such circle C,, that
j j
p,eC, CzP.
Fig. 4. Two types of relative position of the intersection point of . .
the circle with the field and the circle for the item 2) 2) If there is a pomt 7€ f rCi ﬂ f e, Ci zr,

3) for cach point f=ﬁ”C,-ﬂﬁ’Cj e fiP then there are a circle C, and a point Vsl # ],

2\ .
exists C,s#1i,s# j, such that the relative posi- such that v €C v €€, v ER \int P

tion of the point # and the circle C, satisfies the 3)if there is a point ¢=frC()fC, and
second condition (Figure 5); wherein fe frP, there is C, and a point vy,
s#i,s# j,suchthat v, €C,, v, €C,, v, €C;

4) If there is a point 7, = frCiﬂ SfrC; and

t, eintP, g=1,2, i# j, then there is a circle

Fig. 5. Two types of relative position of the intersection point of CS and a point Vijsq ,S#1,8 # ] , such, that
circles and the circle for the item 3)
Vijsg € Cis Vijsq

On the figure 7 there is an example of a poly-

eC; s Viigg € C. .
4) for each point t, = frCI,ﬂ frC_i NN 1,2 J2 Tysq sq

i#j,there are C,s#i,s# j,such that the rela-  gon coverage by the set of circles with the points

tive position ¢ g and C, satisfies the second of type Viis Viiss Vit > Vijs2 -

condition (Figure 6).

Fig. 6. Two types of relative position of the intersection point of

circles and the circles for the item 4) . . ) i
Fig. 7. Example of coverage by circles with system of auxiliary

Note 2. Further when forming set of constraints points
for the p roblgm to item 4, we do not take. into ac- With this in mind, the inequalities describing
count two circles for which both points 7,  the admitted region of the problem based on the
g=1,2, belong to inner part of the circle C,, information about the start point can be written as:

since taking into account these conditions appear
to be excessive.
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1) for the vertices of the polygon Vp, kel ,
and the corresponding circles C,, p, €C,

C, ¢ P, inequality:
(5 —x)" + (v —y)” <77, (3)

2) for points ¢t e firC, ﬂ frP, circles C, ¢ P
and the corresponding circles C; — the inequali-
ties system in the form

(xi _xij)z +(yi _yij)z < 7}2;
2 2 o2,
(X =x,)" + (v, =p)" <175 “4)
13 (X 9) 20,
where f.(x;,y,)20 — the membership function
of the set R*\int P of points v, (maximum of
k linear functions);

3) for points = ﬁfCl.ﬂﬁij , te frP and
the corresponding circles C, — the inequalities
system in the form

()Cl. _xljs)Z +(y,- _yljs)z < 7}2;
(x_,' _xgjs)z +(y_,' _ygjs)z Srjz; (5)
('xs _'xijs)2 +(ys _yijs)z < rsz’

4) for points t, = frC, ﬂ SrC, and l, eintP,

q=L2,

Cyq — the inequalities system in the form:

i#j and the corresponding circles

2 2 2,
(xi_xijsl) +(y1_y,jél) S”; 5
2 Sy
O =x)" + (v, = ya)” <77

2 e ©
(xsl _'xijsl) +(ysl _yijsl) < r:vl’
f(‘x[jsl’ yijsl) < 09
where  f(x;,,,V;,) <0 —membership function of

the point Vg4 =12 setP and

(x; _xijSZ)z +( _yijs2)2 < riz;
(X, =X.)" + (¥, = yn) <7
(x,, _x[js2)2 + (¥ — yijsz)z < rszl;
S (X525 Yii2) <0.

(7
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It is necessary to find an extremum of the given
objective function at admitted region W, given by
constraints systems in the form (3) — (7).

The problem belongs to non-smooth optimiza-
tion problems due to the presence of non-smooth
functions belonging to the type f(x;,»,;)=0

7]
(4) and  f(x;,,y,,) <0 in (6) and (7). Admitted

region can be divided into sub-areas, described by
the inequality systems with the smooth functions.
Thus, the solution of the problem can be reduced
to solving the sequence of tasks of nonlinear pro-
gramming. As the objective function can be cho-
sen an arbitrary smooth function, including:
minimizing the radii of the covering circles,
minimizing the number of circles (if it is possible
to reduce one of the radii down to zero) and the
reliability (maximization areas of overlap).

Figure 8 — 13 shows examples of test problems
of covering a circle by the circles, where local op-
timization was produced from the obtained points
with the different objective functions.

Fig. 8. Original cover (produced by hand) of the field with radius 4,
covering 27 circles, radii of the circles is 1

Fig. 9. Local extremum with objective function — the minimization
of the maximum radius of the covering circles. Time of cal-
culating 0,09 s., the radius is 0,941
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Fig. 10. Local extremum with objective function — the minimiza-
tion of the radii sum of the covering circles. Time of cal-
culating is 0,125 s., the sum is equal to 22,942

Fig. 11. Local extremum with objective function — the minimiza-
tion of the squares of the radii sum for the covering cir-
cles. Time of calculating is 0,047 s., the sum of the radii
squares is 22,106

Fig. 12. Local extremum with objective function — the minimiza-

tion of the cubes of the radii sum for the covering circles.

Time of calculating is 0,062 s., the sum of cubic radii is
equal to 20,693

26

Fig. 13. Local extremum with objective function — maximizing the

radius of the field at the fixed radii of the circles. Time of
calculating is 0,093 s., radius of the field is 4,251

Conclusions. The constructed model of cover-
ing the polygon by the circles of variable radii and
a method for obtaining the local extremum can be
used for a wide range of the practical questions, in
particular for the problem of locating points of
video surveillance, when designing ground video
monitoring systems.
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Oxonuanue cmamvu H K. Tumogeesoti

JKAMIero cocefa M <OKaJHOTO» aJIrOpUTMa 3aBHCHUT OT
CTPYKTYpPBI BXOAHBIX TaHHBIX. J[IsI OAHUX CTPYKTYyp perie-

uue pasHo A(F,, ,F(W"))=0, a a1 Apyrux MoxeT 6bITh
A(F,
eTCsl 3a OIHY MTEPALHIO.

in 2

F(w"")) > 1. D10 pemenne, KaKk MpaBuiIo, JOCTHTa-

in ?

The Proof of the Algorithms Convergence for Combinatorial Optimization with the Using Subclasses of
the Solved Problems

Keywords: combinatorial optimization, combinatorial configuration, objective function, traveling salesman problem, structure-alphabetical
search method, nearest neighbor method, «greedy» algorithm.

The proof of the approximate solutions convergence sequence to a global solution of the combinatorial optimization problem,
which is based on a particular algorithm, is rather complicated problem. This is due to the fact that some classes of problems are
unsolvable because of their computational complexity. A lot of researches are devoted to the problem of the methods and
algorithms convergence within the mathematical programming. They enter the formal level features required and sufficient
conditions for their convergence.

The original way to prove some convergence combinatorial optimization methods, based on recognition of the structure of input
data (structure-alphabetical search method nearest neighbor method, “greedy” algorithm) is presented. For this purpose, the
subclasses of the traveling salesman problems is used. A sequence of the convergence solutions that are built specifically is proved.

To assess the methods accuracy, which are decided on a set of permutations, the input data of combinatorial optimization
problems defines the functions of the natural argument, one of which is combinatorial. This allows to define a set of values of the
objective function for basic problem and to establish some error of interpretation algorithm.

An solvable case for the traveling salesman problem is shown, in which the input data requires the linear combinatorial
function for which analytically the global minimum and maximum are found. Using this case proves that the convergence of a
solutions sequence built by the structural alphabet search for the traveling salesman problem is close to zero. The optimal solution
for subclasses coincides with the global. The speed of the described method is polynomial of computational complexity. The
convergence of the nearest neighbor method and of the “greedy” algorithm depends on the structure of input data. For some, the
solution structures coincides with the global, while others may be far from optimal.
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