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The most im
p
o
rtant problem, which represent of practical interest for specialists of UHF 
electronics 
and electrodynamics, is problem adequate describing of physical process occur in crossed-field systems. The most difficult problem is solution Laplace equation with complex boundary conditions.


Here it was described the solution process of Laplace equation for defining electrostatic contribution potential for systems with complex geometry.




Introduction




The research and simulation of crossed-field systems both classical and inverted construction require together solution of motion equation,  equation of excitation and Poisson’s equation.


In many problems of vacuum electronics  in electron devices  it is necessary to define the distribution of electrostatic potential between electrodes.


On the first stage of theoretical research of physical processes we must define begin and boundary conditions which influence on device operation. One from such conditions is the distribution of electrostatic potential in interaction space.


Often electrode configuration such systems is complex.




Problem Formulation




Let us consider the following Laplace’s equation for system shown in fig. 1.
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The Laplace’s equation for such systems may be expressed as [1 — 3]


�EMBED Equation.2���


To generalize the system for any dimension it is advisable took dimensionless cylindrical coordinates. Then we had have


�EMBED Unknown���,                                                (1)

where s=r/rc.


Thus it is necessary  to find  the solutions of equation (1) under such boundary conditions


U(1) = 0;        

U(�SYMBOL 71 \f "Symbol" \s 11�G�) = Ua,          					                                    	(2)

where  �SYMBOL 71 \f "Symbol" \s 11�G� — anode surface.



Laplace’s Equation Solution




To  solve the equation (1) was used separation of variables.


Thus the general solution of equation (1) used separation of variables was had such expression


�EMBED Equation.2���.


As shown in fig. 1 the period of slow wave structure is angle AOE or in azimuth dimension 2�symbol 112 \f "Symbol" \s 11�p�/N,  where N – number of anode system cavity. Then we had have


�EMBED Equation.2���.          (3)




To find the equation (3)  solution for 
such
 system it is necessary used the boundary conditions.


Cathode boundary condition



	u(1,�symbol 106 \f "Symbol" \s 11�j�) = 0.


Then we have gotten Dn = - Cn. After coefficient Dn was determine the solution (2)  had have such expression


�EMBED Equation.2���.


Anode boundary condition


Arc AB



	s = sL

	- �symbol 113 \f "Symbol" \s 11�q� �symbol 163 \f "Symbol" \s 11�Ј� �symbol 106 \f "Symbol" \s 11�j� �symbol 163 \f "Symbol" \s 11�Ј� �symbol 113 \f "Symbol" \s 11�q�

�EMBED Equation.2���

Segment BC



	sa �symbol 163 \f "Symbol" \s 11�Ј� s �symbol 163 \f "Symbol" \s 11�Ј� sL


	�symbol 106 \f "Symbol" \s 11�j� = �symbol 113 \f "Symbol" \s 11�q�


           
�EMBED Equation.2���


Arc CD



	s = sa

	�symbol 113 \f "Symbol" \s 11�q� �symbol 163 \f "Symbol" \s 11�Ј� �symbol 106 \f "Symbol" \s 11�j� �symbol 163 \f "Symbol" \s 11�Ј� 2�symbol 112 \f "Symbol" \s 11�p�/N - �symbol 113 \f "Symbol" \s 11�q�

�EMBED Equation.2���

5. Segment BC



	sa �symbol 163 \f "Symbol" \s 11�Ј� s �symbol 163 \f "Symbol" \s 11�Ј� sL

	�symbol 106 \f "Symbol" \s 11�j� = 2�symbol 112 \f "Symbol" \s 11�p�/N - �symbol 113 \f "Symbol" \s 11�q�

�EMBED Equation.2���


Let us compare conditions 3 and 5   


�EMBED Equation.2���


We can get 


�EMBED Equation.2���


from this expression we had have AnCnsinNn�symbol 113 \f "Symbol" \s 11�q�, = 0.


� EMBED Equation.2  ���                                 (4)


Thus we must find A0  and  An factors in equation (4)




Coefficient Determination




To define the coefficients in expression (4) it is used many methods such as expansion method to Fourier’s  series, variation method, method of nets, method of finite differences etc.


We were made Fourier  series expansion the expression (4) to find coefficients Ai. To note the expression (4) is even function, so the Fourier  series’ coefficients were defined as [4]

� EMBED Equation.2  ���.

Let us expand the left part from expression (4) 

� EMBED Equation.2  ���

 � EMBED Equation.2  ���.

Let us expand the first addend of right part from expression (4)

� EMBED Equation.2  ���

� EMBED Equation.2  ���.

Let us expand the second addend of right part from expression (4)

� EMBED Equation.2  ���



When m = n

� EMBED Equation.2  ���.

When m ( n

� EMBED Equation.2  ���




When the coefficients are defined we can find distribution of electrostatic potential in any real devices constructions.




Magnetron Diode




The simplest construction of crossed–field systems is magnetron diode. To magnetron diode we can get analytical solution


� EMBED Equation.2  ���,

and the potential distribution are coaxial circumferences as shown in fig. 2.

� EMBED PBrush  ���


Fig
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Cylindrical Magnetron 




The cylindrical magnetron is periodical complex construction as shown in fig. 1 a.


The coefficients had defined by Fourier method for magnetrons with different cavity is shown in table 1.


										     Table  1

�Cavity number     ��аі�6                                                         �8�10�12��а0�1.3970�1.394914304�1.457679883�1.529610919��а1�-8.0426  10-4�-3.2502 10-5�-3.7739 10-7  �-2.6837 10-7  ��а2�-1.5532  10-7�-4.0461 10-9�-7.9148 10-12�-6.6736 10-13��а3�5.3288 10-10�-4.5171 10-13�-1.3896 10-16�-1.0385 10-18��а4�4.5091 10-13�-3.4569 10-18�-2.4607 10-21�-4.7322 10-25��а5�-6.4604 10-16�8.5250 10-21�-4.4089 10-26�9.1518 10-31��а6�-1.0623 10-18�1.6079 10-24�-7.9871 10-31�4.1252 10-36��а7�4.2498 10-22�1.8997 10-28�-1.4616 10-35�8.7933 10-42��


 The potential distribution for six cavity magnetron is shown in fig. 3.
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Inverted Cylindrical Magnetron




The inverted cylindrical magnetron is too periodical complex construction as shown in fig. 1 b.


The coefficients had defined by Fourier method for inverted magnetrons with different cavity is shown in table 
2
.




     Table  2

�Cavity number��аі�6                                                         �8�10�12��а0�-1.338983936            �-1.309797184�-1.249865869�-1.221390006��а1�-1.8141 10-3�-2.1178 10-4�-1.8616 10-5  �-1.9584 10-6  ��а2�4.7263  10-6 �6.7276 10-7�5.6258 10-10�6.8108 10-12��а3�-1.1489 10-8 �-1.8067 10-11�-1.3741 10-14�-1.8824 10-17��а4�2.3765-11�3.8425 10-15�2.551 10-19�3.9278 10-23��а5�-4.1002 10-14�-6.42346 10-19�-3.5193 10-24�-6.072 10-29��а6�5.8477 10-17�8.3411 10-22�3.3927 10-29�6.5494.2132 10-35��а7�-6.8103 10-20�-8.1522 10-27�-1.8738 10-34�-4.0437 10-41��


The potential distribution for six cavity inverted magnetron is shown in fig. 4.
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Conclusion





	Using the 
Laplace equation solu
tion 
(4) and defining unknown coef
f
icients 
by Fourier methods it is 
possible to find e
lectrostatic potential distribution
 in systems with c
omplex electrod
e
s
‘
 configuration.

	Off
e
r
ing method may be used to define initial conditions be
f
ore
 
 
the simulation such 
important
 systems as crossed–field systems.
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